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Abstract. We study the preservation of certain properties under products
of classes of finite structures. In particular, we examine age indivisibility,
indivisibility, definable self-similarity, the amalgamation property, and the
disjoint n-amalgamation property. We explore how each of these properties
interact with the wreath product, direct product, and free superposition of
classes of structures. Additionally, we consider the classes of theories which
admit configurations indexed by these products.

1. Introduction

When examining classes of structures, it is natural to ask which properties
of a class are preserved under certain operations on classes. In this paper,
we will primarily be interested in properties of classes of finite structures that
are related to structural Ramsey theory. These properties include age indivis-
ibility, indivisibility, definable self-similarity, the amalgamation property, and
the disjoint n-amalgamation property. We study which of these properties are
preserved under product operations on classes of structures.

Though we do not study the Ramsey property itself in this paper, our work
is guided by previous work on the Ramsey property. A survey of recent work
in structural Ramsey theory is given in [20] and a definition of classes with
the Ramsey property (see Definition 2.8) and a development of the theory of
Ramsey classes is given in [19].

Recently, there has been interest in when the Ramsey property for an age
transfers between different classes of structures, and one approach has been
to study which operations on classes will preserve the property. A categorical
approach dates back to Leeb, Graham and Rothschild in [7], and in [17, 18]
category-theoretic methods are given to transfer the Ramsey property between
classes naturally interpreted as categories. In Lemma 6.7 of [13] several op-
erations on groups are described which preserve the Ramsey property of the
age of the associated canonical ordered structure. The third author stud-
ied the natural model-theoretic construction associated to one of these group
operations, referred to as the “semi-direct product” of structures in [23]. A
slightly modified definition that does not require the ordering is more aptly
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named as the “wreath product” of structures in this paper. A finitary proof for
the preservation of the Ramsey property under the ordered wreath product of
structures is given in [23] though a finitary argument was already given in [28],
as discussed in Remark 3.3. In [28], M. Sokić comments on the relationship
between the automorphism group of the Fräıssé limit and a certain semi-direct
product of groups with reference to [13]. We provide a detailed argument in
Proposition 3.4 based on the exposition in [2]. The wreath product is closely
related to a construction in [11] as explained further in Remark 3.2.

The previous example naturally falls under the technique of using certain
products to preserve the Ramsey property. M. Sokić proves the natural gener-
alization of the product Ramsey theorem in [6] to products of Ramsey classes
in Theorem 2 of [25]. In [1], M. Bodirsky shows that the Ramsey property
is preserved under the free superposition of structures, and there is an im-
provement of this result in [26]. To prove this result, M. Bodirsky examines
an intermediate operation, which he calls the “full product.” In this paper,
we study this product in its own right (generalizing it to the case when the
structure does not necessarily have a definable linear order); see Definition 3.6.

One of the applications of the Ramsey property to model theory is to guar-
antee the modeling property for generalized indiscernible sequences. For ex-
ample, in [22], the third author establishes a connection between a class having
the Ramsey property and generalized indiscernible sequences indexed by a rep-
resentative of that class having the “modeling property,” which is the ability
to create generalized indiscernibles locally based on EM-types. In that paper,
the author establishes the equivalence of NIP for first order theories with the
collapse of ordered graph indiscernibles. This phenomenon is examined fur-
ther in [9], where the authors look at particular dividing lines in model theory
based on the collapse of generalized indiscernibles.

In [8] and [10], the authors study a related approach to examining model
theoretic dividing lines using the notion of configurations, which “code” classes
of structures into a theory. All of the current dividing lines obtained using
configurations coincide with known dividing lines (e.g., stability, NIP, etc.). An
interesting open question from [8] and [10], restated as Question 5.6 below, is
whether there are new dividing lines which can be obtained this way. We study
the preservation of configurations under products in an attempt to answer this
question.

As with the Ramsey property and generalized indiscernible sequences, age
indivisibility can be used to give a certain uniformity to configurations (see
Remark 5.3 below). This is utilized in [10] to aid in calculations for the con-
figuration ranks of types in structures. Though we do not expand on that
connection here, we hope to in future work.
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In this paper, we examine what properties are preserved under the wreath
product, direct product, and the free superposition of classes of structures.
First, we define the wreath product and the direct product for classes of struc-
tures in the natural way; that is, in a way that preserves ages (Lemma 4.4).
We use this, and the fact that these products preserve homogeneity, to show
that the products preserve Fräıssé limits (Proposition 4.5). On the other hand,
Fräıssé classes are not preserved under free superposition (Example 4.6). We
show that age indivisibility is preserved under both the wreath product and
the direct product, under certain mild assumptions (Theorem 4.9 and Theorem
4.11). We show that indivisibility is preserved under wreath product (Proposi-
tion 3.10) but not under direct product (Example 3.11). We show that disjoint
n-amalgamation is preserved under free superposition for all n (Theorem 4.20),
under wreath product only for n = 2 (Example 4.17 and Theorem 4.19), and
under direct product for no n (Example 4.17 and Example 4.18). Finally, the
wreath product, the direct product, and the free superposition all generate the
same classes of theories via the admission of configurations (Theorem 5.21).
This suggests that the product constructions studied in this paper may not be
a fruitful approach towards answering Question 5.6.

2. Preliminaries

Until we talk about configurations in Section 5, we will work in a relational
language L. We will consider both L-structures A and classes of finite L-
structures K that are closed under isomorphism. If A and B are L-structures,
let embL(A,B) denote the set of all L-embeddings from A to B. Let AutL(A)
denote the set of all L-automorphisms of A. We drop the L on these if the
language is understood. If A is an L-structure, we write B ⊆ A to denote that
B is an L-substructure of A.

Definition 2.1 (Fräıssé Classes). Let L be a relational language and let K
be a class of finite L-structures closed under isomorphism.

(1) We say that K has the hereditary property if, for all A ∈ K and B ⊆ A,
B ∈ K.

(2) We say that K has the joint embedding property if, for all A,B ∈ K,
there exists C ∈ K, f ∈ embL(A,C), and g ∈ embL(B,C).

(3) We say that K has the amalgamation property if, for all A,B0, B1 ∈
K, f0 ∈ embL(A,B0), and f1 ∈ embL(A,B1), there exists C ∈ K,
g0 ∈ embL(B0, C), and g1 ∈ embL(B1, C) such that g0 ◦ f0 = g1 ◦
f1. If, furthermore, we can choose this such that g0(B0) ∩ g1(B1) =
g0(f0(A)), we say K has the strong amalgamation property (or the
disjoint amalgamation property).
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(4) We say that K is a Fräıssé class if it has countably many isomorphism
classes of structures, it has the hereditary property, the joint embedding
property, and the amalgamation property.

Throughout this paper, we will be interested primarily in classes that have
at least the hereditary property. We will see that it helps to have the joint
embedding property for certain results to hold, but typically amalgamation is
not necessary.

Example 2.2. Consider the following examples, which will be referenced through-
out the paper, in their natural languages.

(1) Let G be the class of all finite graphs. Then, G is a Fräıssé class.
(2) For each k ≥ 2, let Hk be the class of all finite k-uniform hypergraphs.

Then, Hk is a Fräıssé class.
(3) Let LO be the class of all finite linear orders. Then, LO is a Fräıssé class.
(4) Let E be the class of all finite sets equipped with a single equivalence

relation. Then, E is a Fräıssé class.
(5) Let PG be the subclass of G that contains only planar graphs (graphs

that can be embedded into R2). Then, PG has the hereditary property
and the joint embedding property, but it does not have the amalgama-
tion property (see Proposition A.1).

(6) Let F be the subclass of G that contains graphs with no cycles (forests).
Then, F has the hereditary property and the joint embedding property,
but not the amalgamation property (see Proposition A.2).

(7) Let PO be the class of all finite partial orders. Then, PO is a Fräıssé class.
(8) Let T be the class of all finite tournaments (digraphs obtained by

assigning a direction to each undirected edge of a complete graph).
Then, T is a Fräıssé class.

Below we define the age of a structure and note how it interacts with the
properties in Definition 2.1.

Definition 2.3 (Age). Let L be a relational language and let M be an L-
structure. The age of M , denoted age(M), is the class of all finite L-structures
A so that embL(A,M) 6= ∅.
Theorem 2.4 (Theorem 7.1.1 of [12]). Let L be a relational language and let
K be a class of finite L-structures closed under isomorphism that has countably
many isomorphism classes of structures. Then, K has the hereditary property
and the joint embedding property if and only if there exists an L-structure M
such that K = age(M).

Definition 2.5 (Homogeneity). Let L be a relational language and let M be
an L-structure. We say that M is homogeneous if, for all finite A ⊆ M and
for all f ∈ embL(A,M), there exists g ∈ AutL(M) extending f .
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Theorem 2.6 (Fräıssé’s Theorem, [4]). Let L be a relational language and let
K be a class of finite L-structures closed under isomorphism that has countably
many isomorphism classes of structures. Then, K is a Fräıssé class if and only
if there exists a unique (up to isomorphism) countable structure M such that
M is homogeneous and K = age(M).

When the conditions of Fräıssé’s Theorem are met, we callM the Fräıssé limit
of K, and denote it by M = Flim(K).

Example 2.7. The Fräıssé limit of G is the “Random Graph.” The Fräıssé limit
of LO is (Q;<).

We repeat a definition from [19] followed by a related definition from [3].

Definition 2.8 (Ramsey Property). For L-structures A and C, let
(
C
A

)
denote

A-subobjects of C where this can be defined to be the set of embeddings of A
into C, embL(A,C), or embL(A,C)/ ∼, where for f, g ∈ embL(A,C), f ∼ g if
and only if there exists h ∈ AutL(A) such that g = f ◦ h. In the following, we
can identify the element f ∈

(
C
A

)
, such that f : A → A′ which its range, the

structure A′.
We say that a class of finite L-structures K has the Ramsey property if for

all A,B ∈ K and for any integer k ≥ 2, there exists C ∈ K such that for any
c :
(
C
A

)
→ k, there is a structure B′ ∈

(
C
B

)
such that for any A′, A′′ ∈

(
B′

A

)
,

c(A′) = c(A′′). If we interpret
(
C
A

)
:= embL(A,C), then this property is

referred to as the Ramsey property for embeddings ; if we interpret
(
C
A

)
:=

embL(A,C)/ ∼, then this property is referred to as the Ramsey property for
objects. In the case that a linear ordering is definable in the language, the two
properties are equivalent.

Definition 2.9 (Age Indivisibility). Let L be a relational language and let K
be a class of finite L-structures closed under isomorphism. We say that K is
age indivisible if, for all A ∈ K and k ≥ 2, there exists B ∈ K such that, for
all c : B → k, there exists f ∈ embL(A,B) such that |c(f(A))| = 1.

Example 2.10. The classes G, Hk for k ≥ 2, LO, E, PO, and T are age
indivisible. However, PG is not age indivisible (because of the Four Color
Theorem, for example) and F is not age indivisible (by alternating colors).

Definition 2.9 is equivalent to the usual notion of age indivisible in [3] (when
K is the age of a countable L-structure).

Lemma 2.11. Suppose that L is a relational language, M is a countable L-
structure, and K = age(M). Then, K is age indivisible if and only if, for all
k < ω, for all c : M → k, there exists i < k such that age(c−1({i})) = K.

Proof. This follows the proof of Theorem 1 of [3]. �
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Definition 2.12 (Indivisibility). Let L be a relational language and let M be
an L-structure. We say M is indivisible if, for all k ≥ 2 and c : M → k, there
exists N ⊆M such that |c(N)| = 1 and N is L-isomorphic to M .

By Lemma 2.11, we see that the indivisibility of M implies age indivisibility
of age(M).

Lemma 2.13. Let L be a relational language and let M be a countable L-
structure. If M is indivisible, then age(M) is age indivisible.

The converse does not hold.

Example 2.14. Let L be the language with two binary relation symbols, E0

and E1, and let M be the L-structure with universe ω × ω where, for all
a, b, c, d < ω,

M |= E0((a, b), (c, d))⇐⇒ a = c, and

M |= E1((a, b), (c, d))⇐⇒ b = d.

Then, it is not hard to check that age(M) is age indivisible (see, for example,
Theorem 4.11). However, M is not indivisible. For example, consider the
coloring c : M → 2 given by

c(a, b) =

{
1 if a < b

0 if a ≥ b
.

It is clear that there is no N ⊆M with N ∼= M such that |c(N)| = 1.

These notions are related to the notion of definable self-similarity from [10].

Definition 2.15 (Definably Self-Similar). Let L be a relational language and
let K be a class of finite L-structures closed under isomorphism. We say K
is definably self-similar if, for all A,B,C ∈ K, for all f ∈ embL(A,B), for
all complete, quantifier-free, non-algebraic 1-L-types p(x) over a subset of C
such that p(C) 6= ∅, and for all g ∈ embL(A, p(C)), there exists D ∈ K,
j ∈ embL(C,D), and h ∈ embL(B, j(p)(D)) such that h ◦ f = j ◦ g.

For the above definition, a type p(x) in C is non-algebraic if, for all n < ω,
there is an extension of C in K where p(x) has at least n realizations.

Lemma 2.16 (A.4.9 of [5], Lemma 3.15 of [10]). Let L be a relational language
and let K be a class of finite L-structures closed under isomorphism. If K is
a Fräıssé class, K has the strong amalgamation property, and K is definably
self-similar, then Flim(K) is indivisible. Therefore, K is age indivisible.

In A.4.9 of [5], N.W. Sauer writes: “If the restriction of the homogeneous re-
lational system H to any of its orbits is isomorphic to H then H is indivisible.”
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Here, a homogeneous relational system is exactly a countable homogeneous re-
lational structure. An orbit is an orbit of A for some finite set of parameters
A ⊆ H, which is exactly the set of realizations of a complete, quantifier-free
1-type over A of some element x /∈ A. Under the assumption in [10] that
age(H) is algebraically trivial, an orbit as defined in the Appendix of [5] is
exactly the set of realizations of a non-algebraic, quantifier-free 1-type over a
finite set of parameters. (In fact, if K contains finite structures of arbitrarily
large cardinality, the condition “the restriction of the homogeneous relational
system H to any of its orbits is isomorphic to H” is only nonvacuous in the
case that K is algebraically trivial.) Thus, Lemma 2.16 above follows from
A.4.9 in [5], and the argument in [5] appears to be the same as the argument
for Lemma 3.15 in [10], though the authors did not know of it at the time.
The authors in [10] assume a finite relational language, but by a comparison
of the two arguments, it is clear that a relational language suffices. Theorem
2.6 in [21] gives a more nuanced account of when a countable, oligomorphic,
homogeneous relational structure is indivisible.

The following example shows that the assumption of the strong amalgama-
tion property is needed in Lemma 2.16.

Example 2.17. Let K be the subclass of G such that, for all A ∈ K, each
vertex in A has degree at most 1. It is easy to show that K is a Fräıssé class
and that K does not have the strong amalgamation property. Moreover, K
is definably self-similar. To see this, note that the formula R(x, a) for any a
is algebraic, hence any complete, quantifier-free, non-algebraic 1-L-type over
C0 ⊆ C must imply ¬R(x, a) for all a ∈ C0. However, K is not age indivisible,
hence Flim(K) is not indivisible. To see this, let A ∈ K be the path of length 1
and, for any B ∈ K, color any pair of vertices connected by an edge a different
color. Then, there is no monochromatic embedding of A into B.

For the following two definitions, let (P,E) be a finite partial order with a
E-minimum element. For p, q ∈ P , let p∧ q denote the E-maximal r ∈ P such
that r E p and r E q. This exists since P has a E-minimum element. We can
generalize the strong amalgamation property to higher dimensions, following
Section 3 of [15], suitably modified for classes of structures.

Definition 2.18. Let L be a relational language and let K be a class of finite
L-structures closed under isomorphism. A (P,E)-amalgamation system in K
is

• Ap ∈ K for all p ∈ P , and
• fp,q ∈ emb(Ap, Aq) for all p, q ∈ P with pE q

such that

• (identity) for all p ∈ P , fp,p is the identity embedding,
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• (commutivity) for all p, q, r ∈ P , if pE q E r, then

fp,r = fq,r ◦ fp,q,
and
• (disjointness) for all p, q, r ∈ P with p, q E r,

fp,r(Ap) ∩ fq,r(Aq) = fp∧q,r(Ap∧q).

If P = ((Ap)p∈P , (fp,q)p,q∈P,pEq) is a (P,E)-amalgamation system in K and
P ′ ⊆ P , then P ′ = ((Ap)p∈P ′ , (fp,q)p,q∈P ′,pEq) is clearly a (P ′,E)-amalgamation
system in K. We say that P extends P ′. For n ≥ 2, let P(n) be the power set
of n, which is a partially ordered set under inclusion.

Definition 2.19. Let L be a relational language and let K be a class of
finite L-structures closed under isomorphism. For n ≥ 2, we say that K has
the disjoint n-amalgamation property if every (P(n) \ {n},⊆)-amalgamation
system in K can be extended to a (P(n),⊆)-amalgamation system.

The following is the commuting diagram for disjoint 3-amalgamation:

A∅

A{0} A{1} A{2}

A{0,1} A{0,2} A{1,2}

A3

Note that disjoint 2-amalgamation is equivalent to strong amalgamation.
Moreover, if K has the disjoint n-amalgamation property for some fixed n ≥ 2,
then it has the disjoint m-amalgamation property for all 2 ≤ m ≤ n.

Lemma 2.20. Let L be a relational language and K a class of finite L-
structures closed under isomorphism. Suppose further that L contains a binary
relation symbol E, E is transitive on each A ∈ K, there exists exactly one sin-
gleton in K up to isomorphism, K has the hereditary property, and there exists
A,A′ ∈ K, each with universe {0, 1}, so that A |= E(0, 1) and A′ |= ¬E(0, 1).
Then, K does not have disjoint 3-amalgamation.

Proof. For each X ⊂ 3, let AX be an L-structure with universe X and suppose
that

A{0,1} |= E(0, 1), A{1,2} |= E(1, 2), and A{0,2} |= ¬E(0, 2).

Let f{i},{i,j}(i) = i for all i, j < 3. Check that this is a (P(n) \ {n},⊆)-
amalgamation system in K. Then, if there were an extension to a (P(n),⊆)-
amalgamation system in K, then A3 would contain a0, a1, a2 with

A3 |= E(a0, a1) ∧ E(a1, a2) ∧ ¬E(a0, a2),
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contrary to the fact that E is transitive on A3. Thus, no such system exists,
and K does not have the disjoint 3-amalgamation property. �

Example 2.21. For all k ≥ 2 and all n ≥ 2, Hk has the disjoint n-amalgamation
property (see [15]). Moreover, T has the disjoint n-amalgamation property for
all n ≥ 2 (clear). The classes LO, E, and PO have the disjoint 2-amalgamation
property (i.e., strong amalgamation), but, by the previous lemma, these classes
do not have the disjoint n-amalgamation property for n ≥ 3.

Under mild assumptions, having the disjoint 3-amalgamation property im-
plies being definably self-similar.

Proposition 2.22. Let L be a relational language and let K be a class of
finite L-structures closed under isomorphism. If K has exactly one singleton
structure up to isomorphism, K has the hereditary property, and K has the
disjoint 3-amalgamation property, then K is definably self-similar.

Proof. Suppose thatA,B,C ∈ K, f ∈ emb(A,B), p(x) is a complete, quantifier-
free, non-algebraic 1-L-type over C0 ⊆ C such that p(C) 6= ∅, and g ∈
emb(A, p(C)). Without loss of generality, we may assume |B| = |A| + 1.
Let A∅ = ∅, A{0} = A, A{1} be a singleton, and A{2} = C0. Let A{0,1} = B and
A{0,2} = A{1,2} = C. Let f{2},{0,2}, and f{2},{1,2} be the identity embeddings,
let f{0},{0,1} = f , let f{0},{0,2} = g, let f{1},{0,1} be any embedding of A{1} into
B \ g(A), and let f{1},{1,2} be any embedding of A{1} into p(C) (these exist
since K contains exactly one singleton up to isomorphism). It is easy to check
that this is a (P(n) \ {n},⊆)-amalgamation system. Since K has disjoint 3-
amalgamation, this extends to a (P(n),⊆)-amalgamation system. Then, let
D = A3, let j = f{0,2},3, and let h = f{0,1},3. Clearly h(b) |= j(p)(D) and
h ◦ f = j ◦ g. Therefore, K is definably self-similar.

∅

A A{1} C0

B C C
f

g
j

h
D

�

Example 2.23. The converse of Proposition 2.22 is in general false. For exam-
ple, consider LO the class of all finite linear orders. There is only one singleton
up to isomorphism and LO is definably self-similar. However, LO does not
have the disjoint 3-amalgamation property.
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Example 2.24. The assumption of having exactly one singleton structure in K
up to isomorphism in Proposition 2.22 is necessary. For example, let L be the
language with a single unary predicate P and let K be the class of all finite
L-structures. Then, K has the disjoint 3-amalgamation property (and in fact
the disjoint n-amalgamation property for all n ≥ 2), but K is not definably
self-similar.

3. Products of Structures

In this section, we will define various products of structures. To begin, we
need two relational languages, L0 and L1.

Definition 3.1 (Wreath Product). Let L0 and L1 be relational languages, let
B be an L1-structure, and, for each b ∈ B, let Ab be an L0-structure. Let
L2 be the language whose signature is the disjoint union of the signatures of
L0 and L1 together with a new binary relation symbol, E. Then, the wreath
product of Ab along B, denoted

⊔
b∈B Ab, is the L2-structure with universe

{(a, b) : b ∈ B, a ∈ Ab}

such that, for all R ∈ sig(L2) of arity n, for all b0, . . . , bn−1 ∈ B, for all
a0 ∈ Ab0 , . . . , an−1 ∈ Abn−1 ,⊔

b∈B

Ab |= R((a0, b0), . . . , (an−1, bn−1))

if and only if

(1) if R ∈ sig(L0), b0 = · · · = bn−1 and Ab0 |= R(a0, . . . , an−1); and
(2) if R ∈ sig(L1), B |= R(b0, . . . , bn−1); and
(3) if R = E (and n = 2), b0 = b1.

If Ab = A for all b ∈ B, then we let

A oB =
⊔
b∈B

Ab.

This is called the wreath product of A and B.

Remark 3.2. This notion of wreath product is related to the notion of compo-
sition from [11]. If L0 and L1 are relational languages with disjoint signatures,
A is an L0-structure, and B is an irreflexive L1-structure, then A oB = B[A]s

as in Definition 2.13 of [11]. (Technically, for B[A]s to make sense, A and B
must be in the same language, which can be easily accomplished.) The au-
thors in [11] are pursuing slightly stronger assumptions and conclusions around
indivisibility of these structures.
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Remark 3.3. In Definition 5.6 of [23], the third author defines “semi-direct
product structures” according to the group construction in [13]. In summary,
given relational signatures L1, L2 that intersect on an ordering {≺}, an L2-
structure N orderd by ≺ and L1-structures (Mi : i ∈ N ) ordered by ≺, we
create a convex ordering on Ii∈N (Mi), where each Mi is defined to be an
equivalence class under some new equivalence relation E. In Theorem 5.13 of
[23] it is proved that if age(N ) has the Ramsey property and there is a class
K such that age(Mi) = K for all i ∈ N such that K has the Ramsey property,
then the age of Ii∈N (Mi) has the Ramsey property.

Up to some decisions about where the ordering lies in the languages, the age
of Ii∈N (Mi) is exactly C[L∗]E [K∗] as in the work of M. Sokić, and Theorem 4.4
of [28] proves that if L∗ has JEP, then K∗ and L∗ have the Ramsey property
if and only if C[L∗]E [K∗] has the Ramsey property.

Since K, age(N ) are assumed to be ordered Ramsey classes, they must have
the amalgamation property, and so the results from [13] were known to provide
an alternate proof of the transfer of the Ramsey property to the semi-direct
product structure. However, the third author was unaware of the finitary
argument in [28] at the time of publication of [23], so we mention it here.

The construction in Definition 3.1 is called the “wreath product” because
of the relationship between the automorphism group of A o B and the auto-
morphism groups of A and B.

Let G and H be groups and let G act on a set B. The wreath product of
H and G, denoted H o G, is the group with underlying set (

∏
BH) × G and

group operation given by, for all g, g′ ∈ G and hb, h
′
b ∈ H for b ∈ B,

((hb)b∈B, g) · ((h′b)b∈B, g′) = ((hb · h′g−1·b)b∈B, g · g′).

Proposition 3.4. Let L0 and L1 be relational languages, let A be an L0-
structure, and let B be an L1-structure. Then,

Aut(A oB) ∼= Aut(A) o Aut(B).

This follows from an analysis of embeddings on wreath products. This can
be found in Section 7 of [2], but we include the argument here for completeness
of presentation.

Lemma 3.5. Fix relational languages L0 and L1 and let L2 be the language
of the wreath product. Let B and D be L1-structures. For each b ∈ B,
let Ab be a non-empty L0-structure, and, for each d ∈ D, let Cd be a non-
empty L0-structure. For all f ∈ embL2

(⊔
b∈B Ab,

⊔
d∈D Cd

)
, there exists g ∈

embL1(B,D) and, for each b ∈ B, hg(b) ∈ embL0(Ab, Cg(b)) such that, for all
b ∈ B and a ∈ Ab,

f(a, b) = (hg(b)(a), g(b)).
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Moreover, for any such g and (hg(b) : b ∈ B), constructing f in this manner
gives an L2-embedding from

⊔
b∈B Ab to

⊔
d∈D Cd.

Proof of Proposition 3.4. The map ϕ : Aut(A oB)→ Aut(A) oAut(B) defined
by ϕ(f) = ((hb)b∈B, g), where g and hb are as in Lemma 3.5, is a bijection.
Moreover, if ϕ(f) = ((hb)b∈B, g) and ϕ(f ′) = ((h′b)b∈B, g

′), then

ϕ(f ◦ f ′) = ((hb ◦ h′g−1(b))b∈B, g ◦ g′).
Therefore, ϕ is an isomorphism. �

Definition 3.6 (Direct Product). Let L0 and L1 be relational languages, let
A be an L0-structure, and let B be an L1-structure. Let L2 be the language
whose signature is the disjoint union of the signatures of L0 and L1 together
with two new binary relation symbols, E0 and E1. The direct product of A
and B, denoted A�B, is the L2-structure with universe A×B such that, for
all R ∈ sig(L2) of arity n, for all a0, . . . , an−1 ∈ A, for all b0, . . . , bn−1 ∈ B,

A�B |= R((a0, b0), . . . , (an−1, bn−1))

if and only if

(1) if R ∈ sig(L0), A |= R(a0, . . . , an−1); and
(2) if R ∈ sig(L1), B |= R(b0, . . . , bn−1); and
(3) if R = E0, a0 = a1; and
(4) if R = E1, b0 = b1.

Remark 3.7. The notion of direct product here is related to the full product
structure from [1]. If L0 and L1 are relational languages with disjoint signa-
tures and, for each t < 2, At is an Lt-structure which a definable linear order,
then A0 � A1 as in Definition 3.6 is interdefinable with A0 � A1 as in Section
3 of [1]. The only difference here from [1] is that we do not necessarily assume
the existence of definable linear orders.

As with the wreath product, the use of the name “direct product” here is
because of the relationship between the automorphism groups of A � B, A,
and B.

Proposition 3.8 (Proposition 3.1 of [1]). Let L0 and L1 be relational lan-
guages, let A be an L0-structure, and let B be an L1-structure. Then,

Aut(A�B) ∼= Aut(A)× Aut(B).

Lemma 3.9 ([1]). Let L0 and L1 be relational languages, let A and C be L0-
structures, and let B and D be L1-structures. For all f ∈ emb (A�B,C �D),
there exists g ∈ emb(A,C) and h ∈ emb(B,D) such that, for all a ∈ A and
b ∈ B,

f(a, b) = (g(a), h(b)).
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Moreover, for any such g and h, constructing f in this manner gives an em-
bedding from A�B to C �D.

3.1. Indivisibility and Products of Structures. Indivisibility interacts
nicely with wreath products but not with direct products.

Proposition 3.10. Let L0 and L1 be relational languages, let A be an L0-
structure, and let B be an L1-structure. If A and B are indivisible, then so is
A oB.

Proof. Fix k < ω and c : A o B → k. For each b ∈ B, let cb : A→ k, be given
by, for each a ∈ A, cb(a) = c(a, b). Since A is indivisible, there exists ib < k
and Cb ⊆ A such that Cb

∼= A and cb(Cb) = {ib}. Define c′ : B → k by setting,
for all b ∈ B, c′(b) = ib. Since B is indivisible, there exists D ⊆ B and i < k
such that D ∼= B and c′(D) = {i}. Let E =

⊔
d∈D Cd. It is easy to show that

E ⊆ A oB, E ∼= A oB, and c(E) = {i}. �

The analogue of Proposition 3.10 does not hold for direct products.

Example 3.11. Let L be the language with an empty signature and let A be the
L-structure that is countably infinite. Then, A is indivisible (by the Pigeonhole
Principle). However, A�A is not indivisible. In fact, A�A is isomorphic to
the structure from Example 2.14.

Using Lemma 3.5 and Lemma 3.9, we obtain the following result.

Proposition 3.12. Let L0 and L1 be relational languages, let A be an L0-
structure, and let B be an L1-structure. If A and B are homogeneous, then
both A oB and A�B are homogeneous.

The proof for the fact that A � B is homogeneous is essentially in [1],
though the author uses a slightly different definition of A � B. However, for
completeness, we will include a proof of both statements here.

Proof of Proposition 3.12. Assume A and B are homogeneous.
First, take C ⊆ A o B finite and f ∈ emb(C,A o B). Clearly there exists

D ⊆ B finite and, for each d ∈ D, Ed ⊆ A finite and non-empty such that
C =

⊔
d∈D Ed. Then, by Lemma 3.5, there exists g ∈ emb(D,B) and, for each

d ∈ D, hg(d) ∈ emb(Ed, A) such that, for all d ∈ D and e ∈ Ed,

f(e, d) = (hg(d)(e), g(d)).

Since B is homogeneous, there exists g′ ∈ Aut(B) extending g. For each
d ∈ D, since A is homogeneous, there exists h′g(d) ∈ Aut(A) extending hg(d).

For each d ∈ B \ D, let h′g(d) be the identity automorphism on A. Then, let

f ′ : A oB → A oB be given by, for all a ∈ A and b ∈ B,

f ′(a, b) = (h′g(d)(a), g′(b)).
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It is easy to check that f ′ ∈ Aut(A oB) and f ′ extends f .
Second, take C ⊆ A � B finite and f ∈ emb(C,A � B). Choose E ⊆ A

finite and D ⊆ B finite such that C ⊆ E �D and E and D are minimal such.
By minimality, we can extend f to an embedding from E �D to A� B. By
Lemma 3.9, there exists g ∈ emb(E,A) and h ∈ emb(D,B) such that, for all
e ∈ E and d ∈ D,

f(e, d) = (g(e), h(d)).

Since A is homogeneous, there exists g′ ∈ Aut(A) extending g and, since B is
homogeneous, there exists h′ ∈ Aut(B) extending h. Then, let f ′ : A � B →
A�B be given by, for all a ∈ A and b ∈ B,

f ′(a, b) = (g′(a), h′(b)).

Clearly f ′ ∈ Aut(A�B) and f ′ extends f . �

4. Products of Classes

In this section, we are interested in extending our definitions of products
from Section 3 to classes of structures.

Definition 4.1. For each t < 2, let Lt be a relational language and let Kt be
a class of finite Lt-structures closed under isomorphism.

(1) Let K0 o K1 be the class of all structures isomorphic to
⊔

b∈B Ab for
some B ∈ K1 and Ab ∈ K0 for each b ∈ B. This is called the wreath
product of K0 and K1.

(2) Assume K0 and K1 have the hereditary property. Let K0�K1 be the
class of all structures embeddable into A � B for some A ∈ K0 and
B ∈ K1. This is called the direct product of K0 and K1.

(3) Let L2 be the language whose signature is the disjoint union of the
signatures of L0 and L1. Let K0 ∗K1 be the class of all L2-structures
A such that A|L0 ∈ K0 and A|L1 ∈ K1. This is called the free superpo-
sition of K0 and K1.

Remark 4.2. For brevity, when using these definitions in proofs, we will forgo
writing “up to isomorphism.” That is, we will assume that a structure in
K0�K1 is a substructure of A�B for A ∈ K0 and B ∈ K1 (instead of merely
isomorphic to such a structure) and similarly for K0 oK1.

Remark 4.3. One could, in general, define the free superposition of two struc-
tures, A and B given an accompanying bijection from A to B. Let f : A→ B
be a bijection from A to B and define A∗f B to be a structure in the language
whose signature is the disjoint union of the signatures of the language of A
and the language of B. The universe of A ∗f B is A and we superimpose the
structure of B on it via f . Note that this is the same (up to interdefinability)
as taking the f -diagonal of A�B.
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This is, in some respect, the “correct” generalization of products to classes
of structures, as the age commutes with the wreath product and the direct
product.

Lemma 4.4. Let L0 and L1 be relational languages, let A be an L0-structure,
and let B be an L1-structure. Then,

(1) age(A oB) = age(A) o age(B); and
(2) age(A�B) = age(A)� age(B).

Proof. Follows from definition. �

Using Proposition 3.12 and Lemma 4.4, together with Fräıssé’s Theorem,
we obtain the following result.

Proposition 4.5. For each t < 2, let Lt be a relational language and let Kt

be a Fräıssé class of finite Lt-structures closed under isomorphism. Then,

(1) K0 oK1 is a Fräıssé class and

Flim(K0 oK1) = Flim(K0) o Flim(K1).

(2) K0 �K1 is a Fräıssé class and

Flim(K0 �K1) = Flim(K0)� Flim(K1).

Proof. (1): Since Flim(K0) and Flim(K1) are homogeneous, by Proposition
3.12, Flim(K0) oFlim(K1) is homogeneous. It is clearly countable. Finally, by
Lemma 4.4,

age(Flim(K0) o Flim(K1)) = age(Flim(K0)) o age(Flim(K1)) = K0 oK1.

Therefore, by the uniqueness of Fräıssé limits,

Flim(K0 oK1) = Flim(K0) o Flim(K1).

(2): Follows similarly as (1). �

Example 4.6. The analogue of Proposition 4.5 does not hold for free superpo-
sition. Let L be the language consisting of a single unary predicate, P , and let
K be the class of all finite L-structures A where |P (A)| ≤ 1. Then, it is easy
to check that K is a Fräıssé class. However, K ∗ K does not have the joint
embedding property (nor the amalgamation property). For more information,
see Example 3.4 of [10].

Remark 4.7. If we assume, further, that K0 and K1 are Fräıssé classes with
the strong amalgamation property, then K0 ∗K1 is a Fräıssé class (with the
strong amalgamation property). For more of a discussion of this, see [1] and
[10].
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4.1. Properties of an Age and Products of Classes. By Proposition 4.5,
the conjunction of the hereditary property, the joint embedding property, and
the amalgamation property is preserved under wreath and direct products.
This is noted for wreath products in Lemma 3.3 of [28]. One might ask whether
each of these properties, in isolation, is preserved. It is easy to see that the
hereditary property is preserved under wreath products (and it is assumed for
direct products). Next, we will see that the amalgamation property is also
preserved under wreath and direct products, under mild assumptions. The
joint embedding property works similarly.

Proposition 4.8. For each t < 2, let Lt be a relational language and let Kt

be a class of finite Lt-structures closed under isomorphism.

(1) If K0 has the joint embedding property and K0 and K1 have the amal-
gamation property, then K0 oK1 has the amalgamation property.

(2) If K0 and K1 have the hereditary property and the amalgamation prop-
erty, then K0 �K1 has the amalgamation property.

Proof. (1): This is similar to the proof that wreath products preserve strong
amalgamation (see the proof of Theorem 4.19 below). However, we do need
the joint embedding property for K0 in case, in the language of that proof,
g10(B1

0) ∩ g11(B1
1) 6= g10(f 1

0 (A1)).
(2): Fix A,B0, B1 ∈ K0 �K1 and embeddings f0 ∈ emb(A,B0) and f1 ∈

emb(A,B1). Then, there exists A0, B0
0 , B

0
1 ∈ K0 and A1, B1

0 , B
1
1 ∈ K1 such

that A ⊆ A0 � A1 and Bt ⊆ B0
t � B

1
t for each t < 2. Moreover, choose these

structures minimal such. By Lemma 3.9, there exists f s
t ∈ emb(As, Bs

t ) for
each t, s < 2 such that, for all a0 ∈ A0 and a1 ∈ A1, ft(a0, a1) = (f 0

t (a0), f
1
t (a1))

for each t < 2. For each s < 2, since Ks has the amalgamation property, there
exists Cs ∈ Ks and gst ∈ emb(Bs

t , C
s) for each t < 2 such that gs0 ◦f s

0 = gs1 ◦f s
1 .

Let C = C0�C1 and, for each t < 2, define gt : Bt → C by setting, for b0 ∈ B0
t

and b1 ∈ B1
t ,

gt(b0, b1) = (g0t (b0), g
1
t (b1)).

Check that gt ∈ emb(Bt, C) for each t < 2 and that g0 ◦ f0 = g1 ◦ f1. �

4.2. Age Indivisibility and Products of Classes. Age indivisibility is pre-
served under the wreath product and under the direct product (with some
additional assumptions).

Theorem 4.9. For each t < 2, let Lt be a relational language and let Kt

be a class of finite Lt-structures closed under isomorphism. If K0 has the
joint embedding property, K0 is age indivisible, and K1 is age indivisible, then
K0 oK1 is age indivisible.

Proof. Fix A ∈ K0 oK1 and k < ω. Therefore, there exists B ∈ K1 and Db ∈
K0 for all b ∈ B such that A =

⊔
b∈BDb. Since K0 has the joint embedding
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property and B is finite, there exists D ∈ K0 and fb ∈ embL0(Db, D) for all
b ∈ B. Since K0 is age indivisible, there exists D′ ∈ K0 such that, for all
c : D′ → k, there exists an g ∈ embL0(D,D

′) such that |c(g(D))| = 1. Since
K1 is age indivisible, there exists B′ ∈ K1 such that, for all c : B′ → k, there
exists h ∈ embL1(B,B

′) such that |c(h(B))| = 1. Let A′ = D′ o B′. We claim
that this works.

Fix c : A′ → k. For each b ∈ B′, let cb : D′ → k be given by, for all
d ∈ D′, cb(d) = c(d, b). Therefore, there exists gb ∈ embL0(D,D

′) such that
|cb(gb(D))| = 1. Let tb < k be such that cb(gb(D)) = {tb}. Define c′ : B′ → k
by setting, for each b ∈ B′, c′(b) = tb. By construction, there exists h ∈
embL1(B,B

′) such that |c′(h(B))| = 1. Let t < k be such that c′(h(B)) = {t}.
Finally, define j : A→ A′ by setting, for each b ∈ B and d ∈ Db,

j(d, b) = (gh(b)(fb(d)), h(b)).

We claim that j ∈ emb(A,A′) and that |c(j(A))| = 1.
Fix b ∈ B and d ∈ Db. Then,

c(j(d, b)) = c(gh(b)(fb(d)), h(b)) =

ch(b)(gh(b)(fb(d))) = th(b) = c′(h(b)) = t.

Therefore, c(j(A)) = {t}. It is easy to see that j ∈ emb(A,A′). �

Example 4.10. In Theorem 4.9, the assumption of K0 having the joint em-
bedding property is necessary. For example, let L0 be the language with two
binary relation symbols, R0 and R1, and let L1 be the language with empty
signature. Let K0 be the class of all finite L0-structures A where R0 and R1

are symmetric and irreflexive on A and

A |= ¬(∃x, y, z, w)(R0(x, y) ∧R1(z, w)).

In other words, K0 is the union of the class of all finite R0-graphs and the class
of all finite R1-graphs. Let K1 be the class of all finite sets. Then, it is clear
that K0 does not have the joint embedding property. Moreover, K0 is age
indivisible (because G is age indivisible) and K1 is age indivisible. However,
K0 oK1 is not age indivisible.

Take A ∈ K0 oK1 where A is composed of two E-classes. The first E-class
consists of an R0-path of length 1 and the other E-class consists of an R1-path
of length 1. Then, it is easy to check that, for any B ∈ K0 oK1, if we color
c : B → 2 by setting c(b) = 0 if and only if b belongs to an E-class with an
R0-edge, then there exists no f ∈ emb(A,B) such that |c(f(A))| = 1.

Theorem 4.11. For each t < 2, let Lt be a relational language and let Kt

be a class of finite Lt-structures closed under isomorphism with the hereditary
property. If K0 and K1 are age indivisible, then so is K0 �K1.



18 V GUINGONA, M PARNES, AND L SCOW

Proof. Fix A ∈ K0�K1 and k < ω. So there exists D ∈ K0 and B ∈ K1 such
that A ⊆ D � B. Since K0 is age indivisible, there exists D′ ∈ K0 such that,
for all c : D′ → k, there exists f ∈ embL0(D,D

′) such that |c(f(D))| = 1.
Since K1 is age indivisible, there exists B′ such that, for all c : B′ → k ×
embL0(D,D

′), there exists f ∈ embL1(B,B
′) such that |c(f(B))| = 1. Let

A′ = D′ �B′. Clearly A′ ∈ K0 �K1. We claim that this works.
Let c : A′ → k. For each b ∈ B′, consider the coloring cb : D′ → k given by,

for all d ∈ D′, cb(d) = c(d, b). By assumption, there exists fb ∈ embL0(D,D
′)

such that |cb(fb(D))| = 1. Let tb < k be such that cb(fb(D)) = {tb}. Next,
define c′ : B′ → k× embL0(D,D

′) by setting, for all b ∈ B′, c′(b) = (tb, fb). By
assumption, there exists g ∈ embL1(B,B

′) such that |c′(g(B))| = 1. That is,
there exists f ∈ embL0(D,D

′) and t < k such that, for all b ∈ B, c′(g(b)) =
(t, f). Let h : A→ A′ be given by, for all (d, b) ∈ A,

h(d, b) = (f(d), g(b)).

Clearly h ∈ emb(A,A′). Moreover, for each (d, b) ∈ A, c′(g(b)) = (t, f), thus
tg(b) = t and fg(b) = f . Therefore,

c(h(d, b)) = c(f(d), g(b)) = cg(b)(f(d)) =

cg(b)(fg(b)(d)) = tg(b) = t.

Therefore, c(h(A)) = {t}. �

Together Theorem 4.9 and Theorem 4.11 say that, at least when the classes
under consideration have the hereditary property and the joint embedding
property (i.e., are the ages of some structure), then the wreath product and
the direct product preserve age indivisibility. Whether or not this holds true
for the free superposition is an open question.

Question 4.12. For each t < 2, let Lt be a relational language and let Kt be
a class of finite Lt-structures. Under what conditions on K0 and K1 do we
have that, if K0 and K1 are age indivisible, then so is K0 ∗K1?

If K is a Fräıssé class, we say K is indivisible if Flim(K) is indivisible.
We can only ask about preservation of indivisibility under free superposition
when all classes have Fräıssé limits. However, even in this situation, free
superposition does not preserve indivisibility.

Example 4.13. Consider E, the class of all finite sets with a single equivalence
relation. Even though Flim(E) is indivisible (and E ∗ E is a Fräıssé class),
Flim(E ∗ E) is not indivisible. See, for instance, Example 3.18 in [10].

4.3. Definable Self-Similarity and Products of Classes. Neither wreath
products nor direct products preserve definable self-similarity.
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Example 4.14. Let K be the class of all finite sets with no structure. It is easy
to verify that K is definably self-similar. However, both K oK and K�K are
not definably self-similar.

For KoK, let A be a singleton, let B be contain two E-inequivalent elements,
and let C contain two E-equivalent elements. Say C = {c0, c1} and let p(x) =
qftpC(c0/c1). Let f be any embedding of A into B and let g be an embedding
of A into {c0}. Then, it is easy to check that there is no D, j ∈ emb(C,D),
and h ∈ emb(B, j(p)(D)) such that h ◦ f = j ◦ g.

For K � K, let A be a singleton, let B = {b0, b1} with B |= E0(b0, b1) ∧
¬E1(b0, b1), and let C = {c0, c1} with C |= ¬E0(c0, c1)∧E1(c0, c1). Let p(x) =
qftpC(c0/c1). Let f be the embedding of A into {b0} and g be the embedding
of A into {c0}. Then, it is easy to check that there is no D, j ∈ emb(C,D),
and h ∈ emb(B, j(p)(D)) such that h ◦ f = j ◦ g.

As long as K has the hereditary property, free superposition preserves de-
finable self-similarity.

Proposition 4.15 (Proposition 3.16 of [10]). For each t < 2, let Lt be a rela-
tional language and let Kt be a class of finite Lt-structures with the hereditary
property. If K0 and K1 are definably self-similar, then so is K0 ∗K1.

Although Proposition 3.16 of [10] assumes that L0 and L1 are finite and K0

and K1 are Fräıssé classes with the strong amalgamation property, these as-
sumptions are clearly not used in the proof provided. Moreover, the proof uses
the “class characterization” of definable self-similarity, so no limit structure is
needed.

Example 4.16. Consider K from Example 2.17 (graphs whose vertices have
degree at most 1). As previously noted, this is definably self-similar, hence so
is K∗K. However, though K itself is a Fräıssé class, K∗K is not a Fräıssé class;
it fails the amalgamation property. Let A be a singleton, let B0 be a pair of
vertices connected by both kinds of edges, and let B1 be a triple of vertices so
that one “base point” is connected via one kind of edge to one of the vertices
and via the other kind of edge to the other. Take f0 any embedding of A into
B0 and f1 the embedding of A into the “base point” of B1. Then, there exists
no way to amalgamate this system.

4.4. Disjoint n-amalgamation Property and Products of Classes. The
disjoint n-amalgamation property is preserved under free superposition for all
n, is preserved under the wreath product for only n = 2, and is preserved
under the direct product for no n.

Example 4.17. For n ≥ 3, the disjoint n-amalgamation property is not pre-
served under wreath products or direct products. Indeed, if K is the class of all
finite sets with no structure, then clearly K has the disjoint n-amalgamation
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property for all n. However, K oK and K�K satisfy the conditions of Lemma
2.20. Hence, they do not have the disjoint n-amalgamation property for any
n ≥ 3.

Example 4.18. The disjoint 2-amalgamation property is not preserved under
direct products. Let K be the class of all finite sets with no structure and
consider K�K. Let A = {(0, 0), (1, 1)} and B0 = B1 = {(0, 0), (1, 1), (0, 1)},
each equipped with the usual structure, and let f0 ∈ emb(A,B0) and f1 ∈
emb(A,B1) be the identity embeddings. Then, there exists no C ∈ K�K and
embeddings g0 ∈ emb(B0, C) and g1 ∈ emb(B1, C) such that g0 ◦ f0 = g1 ◦ f1
and g0(B0)∩ g1(B1) = g0(f0(A)) (there exists at most one element c ∈ C such
that C |= E0(c, g0(f0(0, 0))) ∧ E1(c, g0(f0(1, 1)))).

Though the disjoint n-amalgamation property is not preserved under wreath
products for n ≥ 3, it is preserved when n = 2. In other words, the strong
amalgamation property is preserved under wreath products.

Theorem 4.19. For each t < 2, let Lt be a relational language and let Kt be
a class of finite Lt-structures closed under isomorphism. If K0 and K1 have
the strong amalgamation property, then K0 oK1 has the strong amalgamation
property.

Proof. Fix A,B0, B1 ∈ K0 o K1 and embeddings f0 ∈ emb(A,B0) and f1 ∈
emb(A,B1). Then, there exists A1, B1

0 , B
1
1 ∈ K1, A

0
a ∈ K0 for each a ∈

A1, B0
t,b ∈ K0 for each t < 2 and b ∈ B1

t such that A =
⊔

a∈A1 A0
a and

Bt =
⊔

b∈B1
t
B0

t,b for each t < 2. Moreover, by Lemma 3.5, there exists f 1
t ∈

emb(A1, B1
t ) for each t < 2 and f 0

t,a ∈ emb(A0
a, B

0
t,f1

t (a)
) for each t < 2 and

a ∈ A1 such that, for all a ∈ A1 and a∗ ∈ A0
a, ft(a

∗, a) = (f 0
t,a(a

∗), f 1
t (a)).

Since K1 has the strong amalgamation property, there exists C1 ∈ K1 and
g1t ∈ emb(B1

t , C
1) for each t < 2 such that

g10 ◦ f 1
0 = g11 ◦ f 1

1 and g10(B1
0) ∩ g11(B1

1) = g10(f 1
0 (A1)).

For each c ∈ C1, we have three cases:

• If c ∈ C1 \
(⋃

t<2 g
1
t (B1

t )
)
, then set C0

c to be any element of K0.
• If, for some t < 2, c ∈ g1t (B1

t ) \ g11−t(B1
1−t), then set C0

c = B0
b where

b ∈ B1
t is such that g1t (b) = c and let g0t,b be the identity embedding on

B0
b .

• If c ∈ g10(f 1
0 (A1)), then let C0

c ∈ K0 and g0
t,f1

t (a)
∈ emb(B0

t,f1
t (a)

, C0
c ) for

each t < 2 such that

g00,f1
0 (a)
◦ f 0

0,a = g01,f1
1 (a)
◦ f 0

1,a, and

g00,f1
0 (a)

(B0
0,f1

0 (a)
) ∩ g01,f1

1 (a)
(B0

1,f1
1 (a)

) = g00,f1
0 (a)

(f 0
0,a(A

0
a)),
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where a ∈ A1 is such that c = g10(f 1
0 (a)). This exists since K0 has the

strong amalgamation property.

Set C =
⊔

c∈C1 C0
c and, for each t < 2, define gt : Bt → C by setting, for all

b ∈ B1
t and b∗ ∈ B0

t,b,

gt(b
∗, b) = (g0t,b(b

∗), g1t (b)).

Check that gt ∈ emb(Bt, C) for each t < 2, that g0 ◦ f0 = g1 ◦ f1, and that
g0(B0) ∩ g1(B1) = g0(f0(A)). �

For all n ≥ 2, the disjoint n-amalgamation property is preserved under free
superposition (so long as the classes in question have the hereditary property).

Theorem 4.20. For each t < 2, let Lt be a relational language and let Kt

be a class of finite Lt-structures closed under isomorphism with the hereditary
property. For all n ≥ 2, if K0 and K1 have the disjoint n-amalgamation
property, then K0 ∗K1 has the disjoint n-amalgamation property.

Proof. Suppose that AX ∈ K0 ∗K1 for X ⊂ n and fX,Y ∈ emb(AX , AY ) for
X ⊆ Y ⊂ n is a (P(n) \ {n},⊆)-amalgamation system in K0 ∗ K1. Then,
for each t < 2, ((AX |Lt)X⊂n, (fX,Y )X⊆Y⊂n) is a (P(n) \ {n},⊆)-amalgamation
system in Kt. Since Kt has disjoint n-amalgamation, there exists an exten-
sion of this to a (P(n),⊆)-amalgamation system in Kt, say with An,t and
fX,n,t ∈ emb(AX |Lt , An,t) for X ⊂ n completing the system. Since Kt has
the hereditary property, we may assume that An,t =

⋃
X⊂n fX,n,t(AX). Define

g : An,0 → An,1 as follows:
Fix a ∈ An,0. Fix X ⊂ n minimal such that a ∈ fX,n,0(AX). Such an X is

unique; if there were X 6= X ′ so that a ∈ fX,n,0(AX) ∩ fX,n,0(AX′), then, by
disjointness, a ∈ fX∩X′,n,0(AX∩X′). Let b ∈ AX be such that a = fX,n,0(b) and
set g(a) = fX,n,1(b). Note that X is also minimal such that g(a) ∈ fX,n,1(AX);
if g(a) ∈ fX′,n,1(AX′) with X ′ ⊆ X, then, by commutivity, a ∈ fX′,n,0(AX′),
hence X ′ = X by minimality of X. Therefore, this process is reversible, and
g is a bijection.

We can endow An,0 with an L1-structure via g; call it An. By construction,
for all X ⊂ n, g ◦ fX,n,0 = fX,n,1. Thus, fX,n,0 ∈ emb(AX , An) and this is a
(P(n),⊆)-amalgamation system in K0 ∗K1. �

5. Configurations

There has been significant interest in model theoretic dividing lines that are
given by the presence or absence of a certain definable combinatorial objects.
In [8] and [10], the authors investigate a general framework for studying these
dividing lines called configurations. This led to a natural partial ordering on
dividing lines; see Example 5.5. Some open questions remained in terms of
our understanding of this partial order.
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Since configurations study the relationship of a combinatorial object to the
model “containing” it, we will employ two languages, an index language, L0,
and a target language, L. We demand that L0 is a relational language, but
we allow L to be any language. Our index object K will be a class of finite
L0-structures closed under isomorphism. Our target object M will be an L-
structure. We study configurations from the index K to the target M .

If L is a language, M is an L-structure, and A ⊆ M , let Fml(L,A) denote
the set of all L-formulas with parameters in A.

Definition 5.1 (Configuration). Let L0 be a relational language and let K be
a class of finite L0-structures closed under isomorphism. Let L be a language,
M an L-structure, and n < ω. A K-configuration into Mn is a sequence of
functions (I, fA)A∈K such that

(1) I : sig(L0)→ Fml(L,M),
(2) for all A ∈ K, fA : A→Mn, and
(3) for all R ∈ sig(L0), for all A ∈ K, for all a ∈ Aarity(R),

A |= R(a)⇐⇒M |= I(R)(fA(a)).

We say that a K-configuration (I, fA)A∈K is injective if fA is injective for each
A ∈ K.

If T is an L-theory, we say that T admits a K-configuration if there exists
M |= T , n < ω, and a K-configuration into Mn. Let CK denote the class of
all complete theories with infinite models that admit a K-configuration.

Remark 5.2. Definition 5.1 is a generalization of the notion of K-configuration
from [10]. Suppose that L0 is a relational language and Γ is an L0-structure.
Suppose that L is a language, M is a |Γ|+-saturated L-structure, and n < ω.
Then, by the proof of Lemma 4.2 of [10], there exists a age(Γ)-configuration
into Mn if and only if there exists I : sig(L0) → Fml(L,M) and f : Γ → Mn

such that, for all R ∈ sig(L0) and a ∈ Γarity(R),

Γ |= R(a)⇐⇒M |= I(R)(f(a)).

Remark 5.3. If a class is age indivisible, then configurations can be made uni-
form. Let L0 be a relational language and K be a class of finite L0-structures
that has the joint embedding property and is age indivisible. Let L be a lan-
guage, M be a sufficiently saturated L-structure, C ⊆ M small, and n < ω.
If there exists a K-configuration into Mn, then there exists a K-configuration
(I, fA)A∈K into Mn such that, for all A,B ∈ K, a ∈ A, and b ∈ B,

tpL(fA(a)/C) = tpL(fB(b)/C).

Remark 5.4. The class CK coincides with the class of theories that admit a
non-collapsing K-generalized indiscernible, assuming that K is a Fräıssé class
with the Ramsey property. For more information on this, see [8] and [9].
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Example 5.5. The class CG is the class of all theories with the independence
property. More generally, for all k ≥ 2, CHk

is the class of all theories with
the (k − 1)-independence property. The class CLO is the class of all unstable
theories. The class CE is the class of all theories with infinite models. In
particular, we get the following strict chain of classes:

CE ⊃ CLO ⊃ CG = CH2 ⊃ CH3 ⊃ CH4 ⊃ . . . .

For more details on this, see [8] or Section 6 of [10].

This leads to the following question:

Question 5.6. Are there any other classes, CK? If so, do these classes remain
linearly ordered under inclusion?

Example 5.7. It turns out that trying other examples given in this paper does
not help answer this question. For example,

CPO = CT = CG.
See Appendix B for a proof of this fact (Proposition B.3).

Another approach to answering this question is to take known classes, such
as LO and G, and consider their products. For example, what is CLO�G or
CLO∗G? Do we obtain anything new from this procedure?

In the remainder of this section, we explore how each of the products ex-
amined in this paper interacts with the class of theories (with infinite models)
admitting a K-configuration.

Suppose that T has infinite models. In the next two lemmas, we show that,
if T admits a K-configuration and M |= T is sufficiently saturated, then there
exists an injective K-configuration into Mn for some n < ω. This will simplify
our analysis.

Lemma 5.8. Let L0 be a relational language and let K be a class of finite
L0-structures closed under isomorphism with fewer than κ-many isomorphism
classes of structures for some cardinal κ ≥ ℵ1. Let L be a language and let T
be an L-theory with infinite models. If T admits a K-configuration, M |= T ,
and M is κ-saturated, then there exists a K-configuration into Mn for some
n < ω.

Proof. This follows by compactness and κ-saturation. �

Lemma 5.9. Let L0 be a relational language and let K be a class of finite L0-
structures closed under isomorphism. Let L be a language, M be an infinite
L-structure, and n < ω. If there exists a K-configuration into Mn, then there
exists an injective K-configuration into Mn+1. In particular, if an L-theory
with infinite models admits a K-configuration, then it admits an injective one.



24 V GUINGONA, M PARNES, AND L SCOW

Proof. Suppose that (I, fA)A∈K is a K-configuration into Mn. Define the func-
tion I ′ : sig(L0)→ Fml(L,M) by setting, for each R ∈ sig(L0) of arity n,

I ′(R)(y0, z0, y1, z1, ..., yn−1, zn−1) = I(R)(y0, y1, ..., yn−1).

For each A ∈ K, define f ′A : A → Mn+1 as follows: First, since M is infinite
and A is finite, there exists an injective function g : A→M . For each a ∈ A,
let f ′A(a) = (fA(a), g(a)). It is easy to check that (I ′, f ′A)A∈K is an injective
K-configuration into Mn+1.

Finally, suppose that an L-theory T with infinite models admits a K-
configuration. Then, by Lemma 5.8, for any sufficiently saturated (infinite)
M |= T , there exists a K-configuration into Mn for some n < ω. Hence, there
exists an injective K-configuration into Mn+1. �

We first turn our attention to the interaction between configurations and
the wreath product.

Proposition 5.10. For each t < 2, let Lt be a relational language and let Kt be
a finite class of Lt-structures closed under isomorphism. Let L be a language,
M an L-structure, and n0, n1 < ω. If there exists a K0-configuration into Mn0

and an injective K1-configuration into Mn1, then there exists a (K0 o K1)-
configuration into Mn0+n1.

Proof. For each t < 2, let (It, fA,t)A∈Kt be a Kt-configuration into Mnt . Let
L2 be the language of K0 oK1 and define I : sig(L2)→ Fml(L,M) as follows:

(1) if R ∈ sig(L1) of arity n, let

I(R)(y0,0, y0,1, y1,0, y1,1, ..., yn−1,0, yn−1,1) =

I0(R)(y0,0, y1,0, ..., yn−1,0) ∧
∧
i,j<n

yi,1 = yj,1.

(2) if R ∈ sig(L1) of arity n, let

I(R)(y0,0, y0,1, y1,0, y1,1, ..., yn−1,0, yn−1,1) = I1(R)(y0,1, y1,1, ..., yn−1,1).

(3) I(E)(y0,0, y0,1, y1,0, y1,1) = [y0,1 = y1,1].

Fix B ∈ K1 and Ab ∈ K0 for each b ∈ B and let C =
⊔

b∈B Ab. We define
fC : C →Mn0+n1 as follows: For all b ∈ B and a ∈ Ab, let

fC(a, b) = (fAb,0(a), fB,1(b)).

We show that (I, fC)C∈K0oK1 is a (K0 oK1)-configuration into Mn0+n1 .
Fix B ∈ K1 and Ab ∈ K0 for each b ∈ B and let C =

⊔
b∈B Ab. Fix

R ∈ sig(L2) of arity n, b ∈ Bn, and a such that ai ∈ Abi for all i < n. If
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R ∈ sig(L0), then

A |= R((a0, b0), . . . , (an−1, bn−1))⇐⇒
bi = bj for all i, j and Ab0 |= R(a)⇐⇒
fB,1(bi) = fB,1(bj) for all i, j and M |= I0(R)(fAb0

,0(a))⇐⇒
M |= I(R)(fC(a0, b0), . . . , fC(an−1, bn−1)).

(Note that we are relying here on the fact that fB,1 is injective.) If R ∈ sig(L1),
then

A |= R((a0, b0), . . . , (an−1, bn−1))⇐⇒
B |= R(b)⇐⇒M |= I1(R)(fB,1(b))⇐⇒
M |= I(R)(fC(a0, b0), . . . , fC(an−1, bn−1)).

Finally, if R = E (and n = 2), then

A |= E((a0, b0), (a1, b1))⇐⇒ b0 = b1 ⇐⇒ fB,1(b0) = fB,1(b1)

⇐⇒M |= I(E)(fC(a0, b0), fC(a1, b1)).

(Again, the relies on the fact that fB,1 is injective.) This concludes the proof.
�

Proposition 5.11. For each t < 2, let Lt be a relational language and let Kt

be a class of finite Lt-structures closed under isomorphism that contains a sin-
gleton structure. Let L be a language, M an L-structure, and n < ω. If there
exists a (K0 oK1)-configuration into Mn, then there exists a K0-configuration
into Mn and a K1-configuration into Mn.

Proof. Let (I, fA)A∈K0oK1 be a (K0 o K1)-configuration into Mn. For each
t < 2, let {bt} ∈ Kt. For any A ∈ K0, consider C = A o {b1}. For a ∈ A, let
f ′A(a) = fC(a, b1). Then, for all R ∈ sig(L0) of arity n and for all a ∈ An,

A |= R(a)⇐⇒ C |= R((a0, b1), . . . , (an−1, b1))⇐⇒
M |= I(R)(fC(a0, b1), . . . , fC(an−1, b1))⇐⇒M |= I(R)(f ′A(a)).

Thus, (I, f ′A)A∈K0 is a K0-configuration into Mn. Similarly, for any A ∈ K1,
consider C = {b0} o A. For a ∈ A, let f ′A(a) = fC(b0, a). Then, we similarly
see that (I, f ′A)A∈K1 is a K1-configuration into Mn. �

Corollary 5.12. For each t < 2, let Lt be a relational language and let Kt be a
class of finite Lt-structures closed under isomorphism that contains a singleton
structure. Then,

CK0 ∩ CK1 = CK0oK1 .

Proof. Follows from Lemma 5.9, Proposition 5.10, and Proposition 5.11. �
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Example 5.13. For this anaylsis, it is important that CK only contains complete
theories with infinite models. For example, suppose that K is the class of all
finite sets with no structure. Then, K oK is the class of all finite equivalence
relations, E. Any consistent theory admits a K-configuration, but only a
theory with an infinite model admits a E-configuration.

Next, we analyze the the interaction between configurations and the direct
product.

Proposition 5.14. For each t < 2, let Lt be a relational language and let Kt

be a class of finite Lt-structures closed under isomorphism with the hereditary
property. Let L be a language, M an L-structure, and n0, n1 < ω. If there
exists an injective K0-configuration into Mn0 and an injective K1-configuration
into Mn1, then there exists a (K0 �K1)-configuration into Mn0+n1.

Proof. For each t < 2, let (It, fA,t)A∈Kt be a Kt-configuration into Mnt . Let
L2 be the language of K0�K1 and define I : sig(L2)→ Fml(L,M) as follows:

(1) for t < 2 and R ∈ sig(Lt) of arity n, let

I(R)(y0,0, y0,1, y1,0, y1,1, ..., yn−1,0, yn−1,1) = It(R)(y0,t, y1,t, ..., yn−1,t).

(2) for t < 2, let

I(Et)(y0,0, y0,1, y1,0, y1,1) =
[
y0,t = y1,t

]
.

For each t < 2, fix At ∈ Kt and let A ⊆ A0 � A1. Define fA : A→Mn0+n1 as
follows: For all (a0, a1) ∈ A, let

fA(a0, a1) = (fA0(a0), fA1(a1)).

Similarly to Proposition 5.10, we see that (I, fA)A∈K0�K1 is a (K0 � K1)-
configuration into Mn0+n1 . �

Proposition 5.15. For each t < 2, let Lt be a relational language and let Kt

be a class of finite Lt-structures closed under isomorphism with the hereditary
property. Let L be a language, M an L-structure, and n < ω. If there exists
a (K0 �K1)-configuration into Mn, then there exists a K0-configuration into
Mn and a K1-configuration into Mn.

Proof. This is similar to Proposition 5.11. �

Corollary 5.16. For each t < 2, let Lt be a relational language and let Kt be
a class of finite Lt-structures closed under isomorphism that has the hereditary
property. Then,

CK0 ∩ CK1 = CK0�K1 .

Proof. This is similar to the proof of Corollary 5.12. �
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Finally, we look at the relationship between configurations and the free
superposition. This was examined in [10], though in a less general setting.
Nevertheless, the proofs there easily generalize to our current framework.

Proposition 5.17. For each t < 2, let Lt be a relational language and let Kt be
a class of finite Lt-structures closed under isomorphism. Let L be a language,
M an L-structure, and n0, n1 < ω. If there exists a K0-configuration into Mn0

and a K1-configuration into Mn1, then there exists a (K0 ∗K1)-configuration
into Mn0+n1.

Proof. This is essentially Proposition 4.10 of [10]. �

Definition 5.18. For each t < 2, let Lt be a relational language and let Kt

be a class of finite Lt-structures closed under isomorphism. We say that K0

and K1 have comparable cardinalities if, for all t < 2 and for all A ∈ Kt, there
exists B ∈ K1−t such that |A| = |B|.

Proposition 5.19. For each t < 2, let Lt be a relational language and let Kt

be a class of finite Lt-structures closed under isomorphism. Assume K0 and
K1 have comparable cardinalities. Let L be a language, M an L-structure, and
n < ω. If there exists a (K0 ∗K1)-configuration into Mn, then there exists a
K0-configuration into Mn and a K1-configuration into Mn.

Proof. Let (I, fA)A∈K0∗K1 be a (K0∗K1)-configuration into Mn. Fix t < 2 and
fix A ∈ Kt. Since K0 and K1 have comparable cardinalities, there exists B ∈
K1−t with |A| = |B|. We can use any bijection from A to B to superimpose the
L1-structure of B onto A to obtain C ∈ K0 ∗K1 with C|L0 = A; see Remark
4.3. Set f ′A = fC . It is easy to check that (I, f ′A)A∈Kt is a Kt-configuration
into Mn. �

Corollary 5.20. For each t < 2, let Lt be a relational language and let Kt be
a class of finite Lt-structures closed under isomorphism. If K0 and K1 have
comparable cardinalities, then

CK0 ∩ CK1 = CK0∗K1 .

We can stitch together the results from this section to get the following
theorem, which basically says that all products act in the same manner with
respect to configurations.

Theorem 5.21. For each t < 2, let Lt be a relational language and let Kt

be a class of finite Lt-structures closed under isomorphism with the hereditary
property. If K0 and K1 have comparable cardinalities, then

CK0�K1 = CK0oK1 = CK0∗K1 = CK0 ∩ CK1 .

Proof. Follows from Corollary 5.12, Corollary 5.16, and Corollary 5.20. �
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Example 5.22. Theorem 5.21 says that using products will not help answer
Question 5.6. For example,

CLO�G = CLOoG = CLO∗G = CLO ∩ CG = CG.

6. Conclusion

Let K0 and K1 be classes of finite structures in a relational language that
are closed under isomorphism. The following table summarizes the known
results on the preservation of properties under products of classes of structures.
Where K0 and K1 having a property implies that product also has the property
(sometimes under mild assumptions on K0 and K1), we will write “yes”.

K0 oK1 K0 �K1 K0 ∗K1

Age Indivisibility Yes Yes Open

Indivisibility Yes No No

Definable Self-Similarity No No Yes

Amalgamation Property Yes Yes No

Strong Amalgamation Yes No Yes

Disjoint n-Amalgamation, n ≥ 3 No No Yes

Although we have answered some of the questions about the interaction be-
tween properties of classes of structures and products on classes of structures,
there are a few questions that remain open. For example, in Question 4.12,
we asked if age indivisibility is preserved under the free superposition. It is
known that, assuming the hereditary property, being definably self-similar is
preserved under the free superposition (Proposition 4.15). Moreover, when
working with Fräıssé classes with strong amalgamation, being definably self-
similar implies being age indivisible (Lemma 2.16). Therefore, it seems pos-
sible that age indivisibility is preserved under free superposition, at least for
Fräıssé classes. On the other hand, indivisibility is not preserved under free
superposition (Example 4.13).

Addressing Question 5.6, whether there are additional dividing lines of the
form CK, would be of interest, from the standpoint of finding model-theoretic
dividing lines. Evidently, using wreath products, direct products, or free su-
perpositions does not help answer this question with our current knowledge.
However, if there were classes K0 and K1 such that CK0 and CK1 were in-
comparable, then CK0∗K1 would produce a new class. Moreover, we are only
analyzing the effect of products on configurations at the level of theories. It
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may be of interest to develop a K-rank like what was done in [10] using an-
other product in place of free superposition. Would such a product produce a
rank that behaves more “rank-like” (e.g., has additivity, as in Open Question
5.4 of [10])? In future work, we hope to explore this avenue.
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Appendix A. Graph Classes and Amalgamation

In Example 2.2, we stated that the class of planar graphs and the class
of forests do not have the amalgamation property. These claims are justified
below.

Proposition A.1. The class of all planar graphs, PG, does not have the
amalgamation property.

Proof. Let A = 4, B0 = 6, and B1 = 5. Let A have no edges,

B0 |=
∧
i<3

R(i, 4) ∧R(i, 5), and B1 |=
∧
i<4

R(i, 4).

Let f0 and f1 be the identity embeddings of A into B0 and B1 respectively.
Then, it is clear that any completion of this amalgamation induces a K3,3,
which does not belong to PG [16].

�

Proposition A.2. The class of all graphs with no cycles, F, does not have
the amalgamation property.

Proof. Let A = 2, B0 = 3, and B1 = 4. Let A have no edges,

B0 |= R(0, 2) ∧R(2, 1), and B1 |= R(0, 2) ∧R(2, 3) ∧R(3, 1).

Let f0 and f1 be the identity embeddings of A into B0 and B1 respectively.
Then, it is clear that any completion of this amalgamation contains a 5-cycle,
which does not belong to F. �
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Appendix B. More on Configurations

Proposition B.1. For each t < 2, let Lt be a relational language and let
Kt be a class of finite Lt-structures closed under isomorphism. Suppose that
there exists I : sig(L0) → Fml(L1, ∅) such that, for all R ∈ sig(L0), I(R)
is a (parameter-free) quantifier-free L1-formula. Moreover, suppose that there
exists n < ω such that, for all A ∈ K0, there exists B ∈ K1 and an injective
function fA : A→ Bn such that, for all R ∈ sig(L0) and a ∈ Aarity(R),

A |= R(a)⇐⇒ B |= I(R)(fA(a)).

Then,
CK1 ⊆ CK0 .

Proof. This is essentially Proposition 4.12 of [10]. �

Abusing notation, we will call an (I, fA)A∈K0 as in Proposition B.1 a K0-
configuration into K1.

Lemma B.2. If DG is the class of all finite digraphs and G is the class of
all finite graphs, then there exists a DG-configuration into G.

Proof. Let R be the binary relation symbol for DG and let E be the binary
relation symbol for G. Let

I(R)(x0,0, x0,1, x1,0, x1,1) = E(x0,0, x1,1).

For any A ∈ DG, consider the graph on A×2 given by setting, for all a, b ∈ A,

E((a, 0), (b, 1))⇐⇒ E((b, 1), (a, 0))⇐⇒ A |= R(a, b),

and put no other E-relations on A× 2. Let fA : A→ (A× 2)2 be given by, for
all a ∈ A,

fA(a) = ((a, 0), (a, 1)).

Check that (I, fA)A∈DG is a DG-configuration into G. �

Proposition B.3. If PO is the class of all finite partial orders, T is the class
of all finite tournaments, DG is the class of all finite digraphs, and G is the
class of all finite graphs, then

CPO = CT = CDG = CG.

Proof. By Lemma B.2, there exists a DG-configuration into G. Since PO ⊆
DG and T ⊆ DG, then, in particular, this is also a PO-configuration and a T-
configuration. Moreover, since G ⊆ DG, the identity map is a G-configuration
into DG. In light of Proposition B.1, it suffices to show that there is a G-
configuration into PO and a G-configuration into T.

For the first, let

I(E)(x0,0, x0,1, x1,0, x1,1) = x0,0 C x1,1 ∧ x1,0 C x0,1.
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For any A ∈ G, consider the poset (A × 2,C) given by setting, for all
(a, t), (b, s) ∈ A× 2,

(a, t)C (b, s)⇐⇒ t < s and A |= E(a, b).

Clearly A× 2 ∈ PO. Finally, let fA : A→ (A× 2)2 be given by, for all a ∈ A,

fA(a) = ((a, 0), (a, 1)).

Check that (I, fA)A∈G is a G-configuration into PO.
For the second, use R as the binary relation symbol for T. Let

I(E)(x0,0, x0,1, x1,0, x1,1) = R(x0,0, x1,1) ∧R(x1,0, x0,1).

For any A ∈ G, consider the tournament (A × 2, R) given by setting, for all
(a, t), (b, s) ∈ A× 2,

R((a, t), (b, s))⇐⇒ t < s and a = b; or

t < s and A |= E(a, b); or

s < t and A |= ¬E(a, b).

Clearly A× 2 ∈ T. Finally, let fA : A→ (A× 2)2 be given by, for all a ∈ A,

fA(a) = ((a, 0), (a, 1)).

Check that (I, fA)A∈G is a G-configuration into T.
By Proposition B.1, we conclude that

CPO = CT = CDG = CG.
�
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