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Abstract. In earlier work it was shown that the union of two timed sce-
narios is not necessarily a timed scenario. We report on a comprehensive
study of the union operation for scenarios. We identify a sufficient con-
dition for the existence of the union of two scenarios, and prove that the
condition is also necessary. The condition provides a syntactic criterion
for the existence of the union of two scenarios.

1 Introduction

Using scenarios for specifying complex systems (including real time systems and
distributed systems [1,2]), and synthesizing formal models of systems from sce-
narios have been active areas of research for several decades [3-10].

In our earlier work [11] we developed a formal, yet simple notation for timed
scenarios. Intuitively, a scenario is a sequence of events along with a set of con-
straints between the times of these events, which can be used to specify the
partial behaviours of a system or a component of a system (see Sec. 2 for more
details). We defined the semantics of a timed scenario as the set of all behaviours
that are “allowed” by the scenario. All such behaviours must satisfy the same set
of constraints. We developed the notion of “stable distance table”, as a canonical
representation of the set of constraints of a scenario: it captures the tightest set
of constraints of the scenario. We used stable distance tables as the foundation
for various algorithms for determining the consistency and equivalency of scenar-
ios, as well as for optimizing scenarios [11, 12]. More recently, we used them for
developing the notions of intersection, union and subsumption for scenarios [13].
In particular, we studied the conditions under which the union of the behaviours
allowed by two scenarios can be represented by a single scenario, and presented
a sufficient condition for the existence of the union [13]. The problem of whether
the condition is also necessary was left open [13].

The operations on scenarios are directly relevant to the problem of synthesiz-
ing timed automata from a set of scenarios [14]. These operations are, in general,
also relevant to model-checking timed automata [15].

Model-checking [16] is a verification technique based on exhaustive explo-
ration of the reachable state space of a system: given a model of a system and
some property p, the goal is to determine whether there exists a state reachable
from the initial state in which p holds. A major obstacle to using model-checking
in practice is the state explosion problem. For real-time systems modeled as
timed automata the state space is infinite due to clock variables, therefore a
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complete search of the state space is impossible. Various abstraction techniques
have been developed to overcome this problem [17]. One such abstraction is using
clock zones, as symbolic representations of the states of timed automata. A clock
zone is a set of constraints, each of which puts a bound on the difference between
the values of two clocks. Each location of a timed automaton is associated with
a zone, and the reachability analysis involves manipulating clock zones along
various paths of the automaton. A location, in general, can be associated with
more than one zone, for example when it can be reached via different paths. In
that case, the union of all these zones must be taken, in order to get the zone
corresponding to the location. However, the union of zones, in general, cannot
be represented by a zone, and therefore, it is often approximated [18,17]. One
such approximation is obtained by taking the convex hull of the zones [17].

Various data structures for representing zones, and a variety of reachabil-
ity algorithms utilizing these data structures have been introduced [19,17,20].
Examples include using difference bound matrices (DBMs) [21], binary decision
diagrams (BDDs) [18], clock difference diagrams (CDDs) [19] and Numerical
decision digrams (NDDs) [22, 20].

As part of an earlier work [12,23] we showed how—in the case of a timed
automaton that corresponds to a single timed scenario—our distance tables can
be used to represent time zones similarly to DBMs. So the next natural step
for us is to investigate the necessary conditions under which it is possible to
form the union of two timed scenarios represented by two distance tables. More
specifically, we make the following contributions:

— We introduce the notion of z_pairs between two different constraints o and
£ of two scenarios £ and 7, respectively. Intuitively, « and g form a z_ pair,
if there exist behaviours whose times do not satisfy constraints o and 3, but
satify the constraints of the “quasi-union” of £ and » (see Sec. 2.1 for details).
That is, they do not belong to the semantics of either £ or 7, but belong to the
semantics of the “quasi-union” of £ and 1. We call such behaviours “zigzagging
behaviours”. We show that if there is no z_pair between scenarios £ and 7,
then £ U n exists. This will be another sufficient condition for the existence
of the union of two scenarios, but stronger than our previous condition [13].

— We prove that the existence of z_pairs is also a necessary condition for the
existence of zigzagging behaviours, and hence the non-existence of the union
of £ and n. This will address the problem that was previously left open [13].

2 Timed scenarios

This subsection briefly recounts our earlier work [11-13].

Let X be a finite set of symbols called events. A behaviour™ over X is a
sequence (eg,to)(e1,t1)(ea,t2) ... , such that e; € X, t; € RZ% and ¢;_; < t; for
i €{1,2...}. For a finite behaviour B = (eg,to)(e1,t1) ... (en—1,tn—1) of length

1

! The notion of “behaviour” is equivalent to that of Alur’s “timed word” [15]. We found
the term “behaviour” more suitable and intuitive in the context of timed scenarios.
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n, and for any 0 < i < j < n, the distance, in time units, of event j from event
i in B is denoted by 7. That is, t; = t; — t;.

A timed scenario (scenario for short) of length n € N over X' is a pair (£,C),
where £ = eye;...e,—1 is a sequence of events, and C C @(n) is a finite set of
constraints. Each constraint in @(n) is of the form b ~ a, where b is the symbol
7;; (for some integers 0 < i < j < n), ~€ {<,>} and a is a constant in the
set of rational numbers, Q. The interpretation is that 7; ; is the time distance
between the i-th and the j-th events in the behaviours described by a scenario.
The constraints 7; ; > 0 and 7 ; < 0o are called default constraints.

A behaviour B = (eg,to)(e1,t1) ... (€n—1,tn—1) over X' is allowed by scenario
E=(E,C)iff € =e€p...e,-1 and every 7;,; ~ a in C evaluates to true after
7i,j is replaced by tg. The semantics of scenario £, denoted by [£], is the set
of behaviours that are allowed by £. A scenario & is consistent iff [€] # 0. It is
inconsistent iff [€] = 0.

Fig. 1 shows the “external representation” of scenario {¢ = (abc, {191 >
3,7’0’2 S 7}), [[f]] = {(a,to)(b,tl)(c, tg) | to S tl S t2 A tl - to 2 3 /\tg - to S 7}

For a consistent scenario £ of length n, and for 0 < ¢ < j < n, mfj =
min{t; | B € [£]} and ij = maz{tf | B € [¢]}?. For any behaviour B in [£],
0< mfj < tg < Mf] < 00. Moreover, the following inequations hold [11]:

£ 3
I ¢ mg; + M, ¢ ¢ ¢
Mgy +mg < my < {Mfg +m§k < My, < My + M3, (1)

Let £ = (£,C) be a scenario of length n, such that, for any 0 < i < j < n,
C contains at most one constraint of the form 7; ; > ¢ and at most one of the
form 7;; < c. A distance table® for ¢ is a representation of C in the form of a
triangular matrix DS, For 0 < i < j < n, D8[i,j] = (lfj7 hfj)7 where lfj and hfj
are rational numbers. If 7; ; > ¢ € C then lfj = ¢, otherwise lfj =0if,; <cel
then hfj = ¢, otherwise hfj = 0o. A distance table for ¢ of Fig. 1 is shown in the
middle of the figure.

We will write just l;;, hij, m;; and M;; when £ is understood.

A distance table for a scenario of size n is valid iff I;; < h;j, for all 0 <4 <
j < n. A table that is not valid is invalid. If D¢ is invalid, then ¢ is inconsistent.

A valid distance table for a scenario of size n is stable iff, for all 0 < ¢ <
J < k < n, the inequations in (1) hold when m;;, m;i, m;; are replaced by l;;,
Lik, Lir and M;;, Mjy, M,y are replaced by hij;, hjk, hig. If Df is stable then ¢
is consistent. The table of a consistent scenario £ can be stabilized by applying
the following six rules:

Lij + Uik > lig — Lig := lij + Ljk ik > lij + hjr — lij := Lik — hj

lik > hij + ljk — ljk =l — hij lij + hjk > hi — hjk = hip — lij

hl‘j + ljk > hi — hij = hi, — ljk hip > hij + hjk — hi, = hij + hjk
2 The absence of an upper bound for some i and j will be denoted by ij = 00.

3 A detailed comparison with Dill’s Difference Bounds Matrices (DBMs) [21] can be
found in our earlier work [12].
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At least one rule is applicable if and only if some inequation in (1) does not hold.
The purpose of each rule is to tighten a constraint (i.e., increase a lower bound
or decrease an upper bound) just enough to establish a particular inequation. If
none of the rules is applicable, and the table is valid, then it is stable.

If ¢ is a scenario of length n and DS is its stable table, then for every 0 <
i< j<n, lfj = mfj and h”t ij, that is, DS, j] = (m fj,M ). Intuitively,
D5 (i, j] corresponds to a pair of constraints: the time distance between events i
and j in every behaviour in [¢] must be at least mfj and at most Mf] We use
C(D%) to denote the set of constraints represented by DS. All the constraints in
C(DS) are as tight as possible. Moreover, C(D$) 1ncludes all the constraints that
are implied [12] by the initial set of constraints.

A scenario £ can be transformed to an equivalent scenario 1 by optimizing
its set of constraints [23], so that 1 has a minimal set of constraints®. We call n
the optimized form of £. For an optimized scenario £ = (€,C) the members of C
will be referred to as explicit constraints. We know that D$ also includes implicit
constraints: default constraints and constraints that are implied by C. The table
on the right of Fig. 1 is the stable distance table of ¢ in that figure. D represents
the set of constraints {791 > 3,701 < 7,702 > 3,702 < 7,712 > 0,712 < 4}
Observe that, for example, DE[1,2] = (0,4): m$, = 0, which corresponds to a
default constraint, and Mfz = 4, which corresponds to an implied constraint.
The set of explicit constraints of £, which is already in optimized form, is {791 >
3,70,2 < 7}, while {791 < 7,70,2 > 3,712 <4} is the set of implicit constraints.

The interval If is {a € Q| mE <a< Ms} where D%[i,j] = (m fw]\/ﬁ)
Intuitively, Ifj specifies the set of all the possible values of t;; that can appear
in the behaviours allowed by &.

If ¢ = j, then by definition, t;; = 0, so my; = 0 and M;; = 0.

2.1 Combination of two timed scenarios

If £ and 7 are two consistent scenarios of length n with the same sequences of
events, £, such that Vo<i<j<n Ifj N Ig # (), then the combination (or the “quasi-
union”) of £ and 7, denoted by £ Un, is defined. In that case, £ U7 is a scenario
whose sequence of events is £ and whose constraints are given by DY", where
DY, 5] = (mln(mi m), rnaX(ME M%)

If £Un is defined, then [€] U [n] C [[§Un]] But, in general, [€Wn] Z [£]U[n].
This is because table D5Y" allows all the behaviours in [£] U [n], but there is
a possibility that it may also allow some extra behaviours, namely those that
satisfy all the constraints of the combination, but do not satisfy some of the
constraints in ¢ and some of the constraints in 7. That is, [§ U n] = [§] U [n] U
Z(&,m), where [§]NZ(&,n) = 0 and [n]NZ(&,n) = 0. We call members of Z(&,n)
zigzagging behaviours.

As an example consider scenarios £ of Fig. 1 and 7 of Fig. 2. Fig. 3 shows {Un
along with its stable table. Scenario ¢ of Fig. 3 represents a set of behaviours in
which the time distance between events a and b is exactly 2, and between events

4 That is, a constraint cannot be removed without changing the semantics.
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O0:a; ‘ 1 2 ‘ 1 ) O:a;
Lib {123} 5| 0[3,00) (0,7) 0B7@,7) |10
2:c{r02<T}.| 1 (0,00) 1 (0,4) 2:c{m2>4}.

Fig. 1. ¢, its initial table and its stable table Fig. 2. n and its stable table

O:a;
Cl1:b {01 > 2,701 <2}
2:c{m2>3,112<3}.| 1

12
(2,2) (5,5)
(3,3)

§un

Fig. 3. The combination of £ and 7 of figures 1 and 2, and ¢ with its stable table

0:a; O:a; 0:a;

1:b; 1:b; 1:by
§ 2:cq{rm,p2<3}; n 2:¢; LU 2:c;

3:d {r0,3 < 5}. 3:d {03 >2,1,3 <5} 3:d {n,3 <5}
12 3 | 12 3 | L2 3
0((0,3) (0,3) (0,5) 0[(0,00) (0,00) (2,00) 0{(0,00) (0,00) (0,00)
1 (0,3) (0,5) 1 (0,5) (0,5) 1 (0,5) (0,5)
2 (0,5) 2 (0,5) 2 (0,5)

Fig. 4. Two scenarios and their union

b and c is exactly 3 units of time. There is no behaviour in the semantics of ¢
that is allowed by either £ or n, yet [¢] C [€ W n]. That is, all behaviours in [(]
belong to Z(&,n). This indicates that the union of the sets of behaviours allowed
by & and n cannot be represented by a single scenario.

Given two consistent scenarios £ and 7 of length n with the same sequence
of events, £, such that £ W is defined, behaviour B*with the sequence of events
& belongs to Z(&,n) iff (1) For every 0 <i < j <n, t{j;-z € Ifjw", (2) There exist
0<i<j<mand0<k<I<nsuch that (a) i #k or j # L, (b) t5 ¢ I,

B* B* B*
5 e 11, and (o) tf € I, t ¢ I

There is a sufficient condition for the non-existence of zigzagging behaviours
[13]: if Z(&,m) # 0 then & and 7 each has at least one explicit constraint, such
that the constraints are not between the same events ¢ and j in both ¢ and 7.

If Z(&,n) =0, £ Un becomes their union, denoted by £ U 7. Then, scenario
& Un captures the union of the sets of behaviours allowed by &, n or both:
[€Un] =[] U [n]. Fig. 4 shows two scenarios and their union.
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3 Construction of zigzagging behaviours

In this section we develop a method for constructing zigzagging behaviours, along
with the necessary definitions and theoretical foundations.

Definition 1 is a generalization of our previously-introduced notion of com-
patibility of a timed sequence with a stable distance table [11].
Definition 1. Let & be a scenario of size n and DS be its stable distance table.
Let 0 < k < n and let J = {bo,b1,...,bx} C {i € N| 0 < i < n}, where
bo < by < --- < by. The sequence of real numbers S = tp,ty, ...ty is compatible
with DS iff the following three conditions hold:

k

1. by >0:>tb0 Zm()bo,
2.Vi,leJ(i<l=1t;<t) and
3. Vi, le T (i<l=ty€ ).

If £ = 0 then the sequence consists of one item. Conditions 2 and 3 are then
trivially true. An empty sequence is not compatible with any stable table.

The sequence tyty, where t; = 3 and t; = 4, is compatible with the stable
table for scenario £ of Fig. 4: t1 > mg1 =0, t1 <ts and t1o =t —t; =1 € Ifz.

Observation 1 Let & be a scenario of size n, let DS be its stable distance table
and let ey eq..en_1 be the events of . The sequence S = toty .. .t,_1 is compatible

with DS iff (eo,to)(e1,t1) - .- (€n_1,tn_1) € [€].

Intuitively, a sequence that is compatible with a stable table of a scenario is the
sequence of time values shared by the members of a set of behaviours allowed
by the scenario. If the sequence has n elements, then the set is a singleton, i.e.,
the sequence represents one “complete” behaviour. If the sequence has less than
n elements, it can be thought of as a “partial” behaviour. Such a behaviour can
always be extended to a complete behaviour, as shown in Theorem 1.

Theorem 1. Let ¢ be a scenario of size n and DS be its stable distance table.
Let J = {bo,b1,...,06 C{i eN|0<i<n}, k>0,by <b <-- <by and
let S = tyyty, . ..ty, be compatible with DS. Then, for anyr € {i e N| 0 < i <
n}\ J, there exists a real number t, such that

1. if by, <1 <mn, then ty, ...ty ...t is compatible with DS;
2. if by <1 < by, then ty, ...t ...ty is compatible with DS;
3. 4f 0 <r <bg, then t,...ty, ...ty is compatible with Dg.

Proof. (Fig. 5 illustrates the three cases of the theorem.) We show the proof for
Case 1. The complete proof is presented in Appendix A.
Case 1: If £ = 0, then let ¢ = by and by < r. We must show that there exists a
real number ¢, such that ¢t; < t,. and my, < t;- < M. But because m;, < M;,.,
it is always possible to find a t;, that satisfies the inequations.

Let £ > 0, by <r and let i = b, and j = by, where 0 < p < ¢ < k. We must
show that there exists a real number ¢, such that ¢; <t¢; <t, and

Mg < tjr < Mjr (2) My <t < M, (3>
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bo bp by by bo by by by bk
. PP o 6. T % . e
\/ .
i J r ) r J
bh<i<j<r<n bo<i<r<j<bg<n r<i<j<be<n

Fig. 5. Three cases of Theorem 1

Inequation (6) is equivalent to m;, < t; —t;; < Mj,, which is equivalent to
tij + mjr < i <ty + M, (4)

Clearly, ti; + mj, < t;; + Mj,, because mj,. < M;,. Moreover, 0 < t;; + mjy,
because neither of the terms is negative. So it is possible to find a t;,- that satisfies
(8), therefore (6) can be satisfied.

Inequation (7) is equivalent to m;, < tij +t;r < M, which is equivalent to

M — by < tjr < My — 135 (5)

Obviously, mg, — ti; < My, — t;;, because my, < Mj,.

It is easy to show that 0 < M, — t;;:

D is stable, so M;;+mj,. < M;,, therefore mj, < M. —M;;. Since t;; < M;;,
Mi?" — M'L'j S Mi?" — tij- But 0 S Mgjr, therefore 0 S Mir — tij-

So it is possible to find a t;, that satisfies (9), therefore (7) can be satisfied.

Next, we must show that the same value of ¢, can simultaneously satisfy
both (6) and (7), or—equivalently—both (6) and (9). We do so by showing that
mjr < My — ti; and my — t3; < M,

Dg is stable, so M;; + mj, < My, therefore mj, < My, — M;; < My, — U5
(because t;; < M;;).

Similarly, ms. < my; + Mj,, therefore m;,. — my; < Mj,.. But my,. —t;; <
My — My (because mij < tij), SO My — tij < Mjr.

Intuitively, this means that none of the lower bounds on ¢, imposed by (6)
and (7) exceeds any of the upper bounds imposed by these inequations, for any
choice of 7 and j that satisfies the assumptions. ad

For example, the sequence t1to, where t; = 3 and to = 4, which is compatible
with the stable table for scenario £ of Fig. 4, can be extended to tgtit2, where
to = 1, or to t1tots, where t3 = 6, or to totitats. All of the extended sequences are
compatible with the stable table for £. The last one corresponds to a complete
behaviour allowed by &: (a, 1)(b, 3)(c,4)(d, 6) € [£].

Definition 2. Let DS be the stable distance table for scenario & of length n. Let
0<i<j<n, my # My andv € Ifj The action of setting both l;; and h;j in
DS to v is called collapsing Ii”; to v. Then Ifj is a collapsed interval.

When an interval is collapsed to a value, the distance table may cease to be

stable. Moreover, both the table and the interval are now associated with a
different scenario, namely ¢ augmented with the additional constraint ¢;; = v.
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Observation 2 Let DS be the stable distance table for scenario & of length n.
After collapsing If] to a value in Ifj, DS can be successfully stabilised (i.e., sta-
bilisation does not make the table invalid).

Proof. Let v € I;’; Collapsing Ifj to v is equivalent to imposing the additional

constraints ¢;; > v,t;; < v. Consider the sequence s = t;t;, such that ¢; > mgi

and t;—t; = v. Clearly, s is compatible with DS. By Theorem 1, s can be extended
to a complete behaviour B € [¢]. Behaviour B corresponds to a scenario, say
n, such that for 0 < r < s < n, if 5, = u, then D"[r,s] = (u,u). That is,
ml, = Ml = u. We show that D" is stable:

For every 0 < i < j < k < m: mj; = M, :tiBj,m;’k:Mfk:tfk,
mj, = M =5 . Inequation (1) becomes
tij + ik < tix < {ij ig:} < tip <ty + b
By definition, ¢;; + tjx = (¢t; — t;) + (tx — tj) = tx — t; = tix. So D satisfies
all the inequations. That is, D" is stable, which means that, after collapsing Ifj,
stabilization could have not made DS invalid, since every interval in the stabilized
table must contain the corresponding interval of D". a

It will sometimes be convenient to not annotate the symbols with the name of
the scenario, i.e., to write I;; and D, instead of I,é- and DS,

Observation 3 Let D be a stable distance table for a scenario of length n,
0<i<j<n 0<k<l<nandi #kVj#l If I and Iy, are collapsed
intervals, then it is possible to construct a sequence S = tp, tp, to,tn, Such that

{bo,b1,ba,b3} C {i,4,k,l} and S is compatible with D.

Proof. The proof is presented in Appendix B.

4 2z pairs

In our earlier work [13] we proved that if £ = (£,C;) and n = (€,C2) are two
optimized scenarios of length n, such that Z(£,n) # 0, then there are constraints
a=m7,;~a¢€C and =1, ~be Cy (for some a,b e Q,0<1i<j<n,
0 <k <l<mn),such that « ¢ Ca, B ¢ C; and (i # k or j # I). That is, the
absence of such a pair of explicit constraints implies that there is no zigzagging.

It turns out that in the presence of zigzagging behaviours the constraints of £
and 7 are involved in some interesting relations, which depend on the positions
of i, j, k and | with respect to each other. This will allow us to formulate a
stronger condition: zigzagging is present if and only if the condition is satisfied
(Theorem 2 and Theorem 3).

Definition 3. Let & andn be two scenarios of length n. If behaviour B* € Z(&,n)
is such that t5 ¢ IS5, 5 € I, 5 € If, 5 ¢ Il and i # kVj # 1
0<i<j<n,0<k<l<n) then we say B* zigzags through ij and kl.
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i J i J i J
k l k l k l
Fig. 6. case 1 of Observation 3 and of Definition 4

i i J i J
@o 0/\_/0 e .
k l k l
Fig. 7. cases 2, 3 of Observation 3 and of Definition 4

As an example consider € and 7 of figures 1 and 2. Behaviour B* = (a, 0)(b, 2)(c, 5)
zigzags through 01 and 12: ¢85 ¢ IS, t8 € IJ), t5, ¢ I], and t5, € IS,
Definition 4. Let £ and n be two scenarios of length n with the same sequences
of events, such that €  m, n € & and £ Wn is defined. Let « = 7; ; ~ a € C(D)
and B =1y ~ b € C(DY) (a,b € Q), such thati #kVj#1, a ¢ C(D?) and
B ¢ C(DS). Constraints o and B form a z_ pair if one of the following conditions
holds (see the diagrams in figures 6 and 7):

(1) 0<k<i<j<l<n and
(a) o =7;;>a, =T, >b, mZ’] <a, mil <b, or
(b) a=m;>a B=715<b m<a, b< M,fl, and additionally
M+ a+ MY > b, or
ki jl ’
(C) a:Ti,jSafﬂsz,le7a<Minj:
mi?”—i—a—f—m?lw" <b, or
() a=7;<a, B=751 <b, a< M,
(2) 0<i<k<j<l<nand
(o) a=1i5>a, B="112>b, m; <a, mil < b, and additionally

mil < b, and additionally

b< M,

mfl@"—a<b—m$", or
(b)) a=m7;>a, f="15; <D, m?j<a,b<M,§l, and additionally
a—+ M > mE 4 b, or
Jl ik 2
(c) ozzn,jSa,,@sz,lzb,a<MZ’j,mil<b, and additionally
§Un §uUn
a+m; < M5+ b, or
i ik 2
() a=71;<a, B=751 <b, a< M,
MG*" —a>b— M.
(3) 0<i<j<k<l<nand
o) a=1,;>a, =1, >b ml <a, mi, <b, or
5] , 17 kl
b) a=1,;>a, B="1, <b, m! <a,b< M, or
5 ) ij kl
(¢c) a=m;<a, B=15>b a< M,

(d)a:Ti,jga,Bsz)lgb,a<MZ7j,

b< M,fl, and additionally

mil <b, or
b< M,
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3 £ 3
I @ M;; Ly My My,
] ]
M) ml, ——— b

Fig. 8. Definition 4 cases (1)(b), (2)(b) and (3)(b): 7i,; > a, Tky < b, m]; < a,b< Mg,

In each case there are four other subcases which can be obtained by interchanging
¢ and n.

The three cases of Definition 4 cover all® the possibilities of the positions of 4,
J, k and [ with respect to each other. The “main” subcases of each case cover
all the possible combinations of the forms of o and (3, and the relations between
the minima and maxima of distances between events i and j and between events
k and [ in £ and 7). Intuitively, the conditions capture all the possibilities for
I[j’- \ Ifj # 0 and I,fl \ I} # 0, to guarantee “there is room” for behaviours to
zigzag through ij and kl. But these are only half of the possibilities: The cases
for Ifj \ Ij # 0 and I} \ Ilfl # () are obtained by exchanging £ and 7.

Fig. 8 is a schematic illustration of the main conditions of cases (1)(b), (2)(b)
and (3)(b): a =175 > a, B =7, <b,m; <a,b< M,fl. Because of constraint

o, mfj = a and because of constraint 3, M}, = b. Therefore, I} \ 15 ={u €

Qs | m}, <u<a}#0and IS\ [ ={ve Qs | b<v< M} #0.

The additional conditions specify certain relations that must hold between
various minima and maxima in ¢ and 7 for there to be zigzagging behaviours.

It is worth mentioning that if o and 8 form a z_pair, then neither of them
can be a default constraint.

In the rest of the paper we are going to prove theorems that will show the
following relations between the existence of a z pair and the existence of the
union of two scenarios:

— 1o z_ pair = no zigzagging = union (Theorem 2);
— z_pair = zigzagging = no union (Theorem 3).

5 A sufficient condition for the existence of union

Theorem 2. Let £ and n be two scenarios of length n with the same sequences
of events, such that £ £ n and n € &. If B* € Z(&,n) zigzags through ij and kl,
then there exist o = 7 ; ~a € C(DS) and B =14, ~ b € C(D") (a,b € Q) such
that o and B form a z_ pair.

Proof. We show the proof for case (1) of Definition 4: 0 < k <i < j <l <n.
The complete proof is presented in Appendix C.

5 Strictly speaking, there are three other cases where ij and kil are interchanged, but
we need not consider them in the definition.
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Let B* be a behaviour in Z(&,n) that zigzags through ij and kl. There are
two cases to consider:

(1) & ¢ 15, 15 e I t5 ¢ I and t5) € I,

70 70
Since tB ¢ It § j, one of the following two cases must hold:
(a) tB < m . Since tB € I}, we must have m]; < tB . It follows that
mnj < m Therefore mgj > 0: there exists a non- default constraint

=T 2 a in C(DS), where a = mfj.
Since tk; ¢ I,?l, one of the following two cases must hold
-5 < mkl Since 5 € Ikl, we must have mkl < tB". Tt follows that
mil < mj,. Therefore mj}, > 0: there exists a non—default constraint
B =Tpy > be C(DI), where b = m},.
So « and 8 form a z_pair (case (1)(a) of Definition 4).

— M}, < tB°. Since t8 € If,, we must have t& < M. Tt follows
that M), < M,gl. Therefore M}, < oo: there exists a non-default
constraint § = 7,; < b € C(D?), where b = M,),.

The constraints « and 3 fit case (1)(b) of Definition 4. We must show
M+ a+ M5 > b,

Assume M,iw” +a+ Mfl@" <b.

By definition, t5 = 8" + th + th Because B* € [ U], we have
B < MY and t5 S < Mgun Therefore 8 < MY+ tg-z —I—Mflw".
Slnce tB < mw and m = a, we have 5, < M,fzun +a+ Mjgl@". By
the assumption, M,flu K + a+ M5" < b. So it follows that 5, < b.
But M}, < 8, so M}}, < b: a contradiction.

So a and § form a z_pair (case (1)(b) of Definition 4).

(b) ij < t8”. Since t& € I}, we must have 8 < M} Tt follows that
ij < MZZ Therefore ij < oo: there exists a non—default constraint
a=r1; <ainC(DS), where a = ij
Since tflz ¢ Ikl, one of the following two cases must hold

tkl < mkl Since tkl € Ikl, we must have mil < t . It follows that

mil < mkl. Therefore mkl > 0: there exists a non—default constraint

B =Tk >be C(DY), where b = m},.

The constraints « and § fit case (1)(c) of Definition 4. We must show
m,m”Jra+m§U77 < b.

Assume m5Y" + a + mgw’ > b.

By definition, t5 = 8" + tB + tBZ Because B* € [£ U], we have
8 > miun and tB > mgl " Therefore B > mém7 + tB + mgun.
Since t& > Mg and Mg = a, we have t5 > mkw’ +a+ mgun By
the assumption, mk T4+ a+ mgun > b. So it follows that tkl > b.

But m}, > tkl ,soml, >b:a contradiction.
So « and B form a z_pair (case (1)(c) of Definition 4).
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— M}, < tB°. Since t8 € If,, we must have t8 < MS,. Tt follows
that M;, < M§,. Therefore M, < oco: there exists a non-default
constraint § = 7,; < b € C(D?), where b = M,),.

So a and § form a z_pair (case (1)(d) of Definition 4).

(2) 8 € I5, ¢85 ¢ 11 5 € I and 5] ¢ I
The proof can be obtained by exchanging ¢ and 7 in case (1).

O

As an example consider £ and 7 of figures 1 and 2 along with their stable distance
tables once more. As we mentioned before, Z(£,n) # () and there is a behaviour
that zigzags through 01 and 12. For example, B* = (a,0)(b,1)(c,4) is such a
behaviour: t8 =1—0¢ I}, and t& =4 —1 ¢ I},. According to Theorem 2 at
least one z_pair must exist between ¢ and 7. Indeed, constraints oo = 797 > 3
in € and 8 = T2 > 4 in 7 satisty the requirements of Definition 4 (case 3.a),
and therefore, form a z pair: i =0,j=k=1,1=2i<j=k <, a=3,b=4,
mil, =0<a=3and m, =0<b=4.

As another example consider scenarios ¢ and 7 of Fig. 4. Constraints 792 < 3
infand 793 >2inndomnot forma z_pair:i=k=0,7=2,l=3,anda=3<
M, = 00, m§5 = 0 < b =2 (case 1.c), but m5y" +a+m53" = 04340 £ b=2.
Constraints 793 < 5 in £ and 733 < 5 in 1 do not form a z_ pair: 1153 = I
Constraints 792 < 3 in £ and 71,3 < 5 in 1 do not form a z_ pair for the same
reason. Of course, constraints 793 < 5 in § and 793 > 2 in 77 do not form a
z pairii=k=0,j=10=3,s0i=kAj=1I.

In fact, none of the constraints of £ and 7 satisfy the conditions of any of the
cases of Definition 4: there is no z_pair between constraints of £ and 7. This is
in accordance with Theorem 2: as we mentioned before, Z(&,n) = (.

The consequence of Theorem 2 is that if there is no z_pair between scenarios
¢ and 7, then Z(¢,n) = 0, therefore £ U n exists. That is, the non-existence of
z_pairs between two scenarios is a sufficient condition for the existence of the
union between the two (provided & U n is defined).

In our earlier work [13] we identified another such condition: if scenarios £
and n are optimized and Z(£,7n) # 0, then ¢ and 1 must each have at least one
explicit constraint that the other does not have, such that the two constraints
are not betwen the same events in both £ and 7. The absence of such a pair of
explicit constraints is also a sufficient condition for the existence of £ U n, but
the pair need not be a z_ pair.

The existence of a z_pair turns out to be not only a necessary, but also a
sufficient condition for the existence of zigzagging behaviours (see Theorem 3).

Consider scenarios ¢ of Fig. 9 and 7 of Fig. 10: Z(£, 1) # 0. Indeed, constraints
To,2 < 2 of £ and 713 > 4 of n are two different explicit constraints between
different events, events 0 and 2, and events 1 and 3, respectively. However, the
two constraints do not form a z_pair: their form fits case (2)(c) of Definition 4,
however a = 2 £ M}, = 2. But, of course, there must exist at least one z_pair.
Constraint 792 > 1 of £, which is an implied constraint, and constraint 7 3 > 4
of n form a z_pair.
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0:a; 14 ‘ 1 2 3
1:b{ro1 >1}; tb {01 <1}5 | 0[(0,1)(0,2) (4, 00)
2:c{m0,2 <2}; te{mn2 <1} 1 (0,1) (4, 00)
3:d. rd{ms >4} . 2 (3,00)
Fig. 9. £ and its stable table Fig. 10. n and its stable table

6 A sufficient condition for the non-existence of union

Our goal is to show that the existence of a z pair between two scenarios £ and
7 is a sufficient condition for the non-existence of £ Un, because of the existence
of zigzagging behaviours between the two scenarios. More precisely, if there is
a z_pair between £ and 7, then there exist 0 < i < j < n,0 <k <[ < n,
u € Ifjw", v € IS and behaviour B* € [€ W], such that tg-z =ué€ Ifj \ j; and
5 =ve I\ I,

Observation 4 Let D be a stable distance table for a scenario of length n and
let 0 <i < j <k <n be integers.

Let t;; satisfy ms; < ti; < M;;. Then, after replacing m;; and M;; with t;;
and stabilising the table, if m;y, changes, it will increase to at most t;; + my.

Proof. The proof is presented in Appendix D.

Observation 5 Let D be a stable distance table for a scenario of length n and
let 0 <i < j <k <n be integers. Let t;; satisfy m;; < t;; < M;;. Then, after
replacing m;; and M;; with t;;, if the inequation t;; + mjr < my, holds, then
during stabilisation my, will not change.

Proof. Assume my, will change during stabilisation. In that case, m;; < My,
and By Observation 4, m;, < t;; +mji.

By the assumption, the inequation t;; + mjr < my; holds. It follows that
m;r < myk: a contradiction with m;, < my. O

Theorem 3. Let £ and n be two scenarios of length n with the same sequences
of events, such that £ £ n, n € € and £V is defined. If there are o =7 5 ~ a €
C(DS) and B = 74, ~ b € C(DV) (a,b € Q), such that a and B form a z_pair,
then there is a B* € Z(&,m), such that B* zigzags through ij and kl.

Proof. Just as in Definition 4, there are three cases, determined by the relative
positions of 4, j, k and [. Each of these cases has four subcases, determined by
the relations between the minima and maxima of the relevant intervals. We show
the proof for case (1)(a). The complete proof is presented in Appendix E.
Case (1):0<k<i<j<l<n(i#kVj#l).

We show the proof for the case 0 < k <t < 5 <l < n. The proofs for k =1
or j = [ are special cases of the proof shown below.

We must show that there is a behaviour B* € [¢ W ] such that B* zigzags
through ij and kl. Because k < i < j < [, we must have tgz < tflz.
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(a) a=m;>a, B=741 >0, m < a, mkl<b

Because of constraint o, mfj = a and because of constraint 3, m}], = b.
v v .
mfj M= mln(mfj,m?j) = m’7 and mil m= mln(mil, myl,) = mil.
v v
Both Ifj "\ s ={u € Qso | m” <wu<a}and I§P\I) = {w € Qs | m$, <

w < b} are non empty. So it is possible to pick a value t;; =a—0 (§ € Qx0)
in the interval I&un \ [f
Next we must show that after collapsing Ly Sunof DY to ti; (i.e., setting

mfjun MgU" = t;; and stabilizing DY), hence obtaining D§Y", it is still

possible to plck a value t;; in the interval Iif" of table D§U", such that ty;
belongs to I5,, but does not belong to 17, and that t;; < ty.
(We use bold font to distinguish items that are updated during stabilization.)

In D§Y" we have mgm7 + mgu77 < mijun and mgm7 + mgu77 < mgun.

We set mgun Mgw7 = t;; in interval IEU" of DgU” stabilise it to obtain

DSV, After this one of the following two thmgs will happen:

(i) The inequation mifmﬂij < mifm holds, in which case, by Observation 5,
m,ﬁun will not change: m5?" = m${Y". The inequation mgun +m 5U" <

J J =
EUn

my, - will then continue to hold. Therefore mw" will not, Change. mif" =

miP" = mé,. Hence, I5)"\ Il = {w € Qo | m§, < w < b}.
(ii) The inequation m5:" 4t;; < miw’ does not hold. In that case, to restore

the inequation, m£ " will be set to m&”7 + t” By Observation 4, me"

gun £Un

cannot further increase, therefore m;." = mkl Y 4 g — 5. But since my

has changed, the inequation mkU"—i—mgU" < méun might not hold. There
are two cases to consider: .
1. If the new value of miU" does not affect the satisfiability of the

inequation mkU" + mgun < miun then m5 7 will remain the same,
so just as in case (i), IEU"\I,?Z ={w e Q> | mkl < w < b}.

2. If mk;m + mEU" < mEU” is not satisfied, the inequation will be re-
stored by setting mkf” to mfun + mgU". mil@n = miun +m gun =

mkl - (5+m§l . Now the mequatlon mk Y1 4m EU” < méw7 holds
and by Observatlon 5, mkl cannot be further 1ncreased Next, we
show that mk < b. For that, we show that miun +a+ mgu77 <b.

Assume b < miun +a+ mfw7 Because mil < b, we will have mil <

kf" +a+ mgun Since mgun < mii and m?lw" < mgl, we will have

13 3
my, <mp.+a-+ mjl.

But mii+m§l < mil, SO minrmfl < mi +a+m§l. Therefore mf.l <
a—l—m%. But mfj —|—m§l < mgl, and m”- =a. So a—|—m§l <a+ m?l:
a contradiction.

Because mEU" +a+ mgw7 < b, we will have mgun < b.

So Ij" \ Iy = {w € on | m§}" < w < b} will be non-empty.
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If (i) or (ii).1, because ¢ is consistent, we have mfj < mil. Since t;; = a — 0,
any value that is picked for ¢z; from Iitlum \ I will satisfy ¢;; < tp.

If (ii).2, since mP" = m$P" + b, + m?l@”, we have t;; < mS;". Then any
value ty; in Iil@m \ [} = {w e Qx| m%”m < w < b} will satisty t;; < tg.
Obviously, t;; € I%UJ" and t; € Ifl@". Moreover, 0 < k < i < j <l < n, so,
by Observation 3, it is possible to form a sequence t;, < ¢; < t¢; < t; that is
compatible with D5Y7. By Theorem 1, S can be extended to a behaviour,
say B, in [¢€ U n]. Clearly, tgz o4 Ifj and tflz ¢ 1. Therefore, B* zigzags
through 75 and kl. a

The consequence of Theorem 3 is that if £ and 7 have constraints that form a
z_pair, then £ Un does not exist.

7 Conclusions

In our earlier work [13] we had found a sufficient condition for the existence of
the union of two optimized timed scenarios £ = (€,C1) and n = (£,Ca): if Cy
and Cy do not contain a pair of constraints o = 7; ~ a and 8 = 7, ~ b,
respectively, such that i # k or j # I, « ¢ C2 and 8 ¢ Cy, then there will be no
“zigzagging” behaviours between £ and 7, and therefore £ U n exists. Zigzagging
behaviours belong neither to [£], nor to [n], even though they belong to [€ Wn],
i.e., the semantics of the combination (or the “quasi-union”) of £ and 7.

In the current paper we investigate, in more depth, the conditions under
which [¢ Un], where € and 5 are consistent, can be represented by a single sce-
nario, namely the union £ U 7. Our investigation reveals that in the presence
of zigzagging behaviours the constraints of £ and 7 must satisfy certain addi-
tional criteria. Based on this observation we formulate a sufficient and necessary
condition for the existence of the union (Theorem 2 and Theorem 3).

The union operation is directly relevant to the problem of synthesizing timed
automata with minimal numbers of clocks from a set of scenarios [14]. It is
also relevant to various model-checking techniques based on timed automata, if
stable distance tables are used to capture zones corresponding to locations in
the automata.

A detailed comparison of timed scenarios with other related work, in partic-
ular with Difference Bounds Matrices (DBMs) [24], can be found in our earlier
work [10,12]. A union operation has been defined for DBMs, which are used for
representing zones in timed automata. However, the union of two zones (rep-
resented by DBMs) is—in general—a non-convex set, and therefore cannot be
represented by a DBM. So the union of two zones has to be approximated, e.g.,
by convex hulls [18], or some other safe abstraction [17]. Another method for
checking whether the union of two DBMs is itself a DBM has been developed
using convex hulls together with Clock Difference Diagrams (CDDs) [25].

Our necessary and sufficient condition provides a syntactic criterion for the
existence of the union of two timed scenarios. So the exact union can be computed
when it exists. Otherwise, the combination (i.e., the “quasi-union”) provides an
approximation for the exact union.
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A Appendix: The complete proof of Theorem 1

Theorem 1. Let £ be a scenario of size n and DS be its stable distance table.
Let J = {bo,b1,...,b5} C{ieN|0<i<n}, k>0,b <by < <by and
let S = tyty, - .-ty be compatible with DS. Then, for anyr € {i e N|0<i <
n} \ J, there exists a real number t, such that

1. if by, <1 <mn, then ty, ...ty, ..t is compatible with DS;
2. if bo <1 < by, then ty, ...t ...ty is compatible with DS;
3. if 0 <1 <bg, then t,...ty, ...ty, is compatible with DS.

o - ° k

Proof. (Fig. 5 illustrates the three cases of the theorem.)
Case 1: If £ = 0, then let i = by and by < r. We must show that there exists a
real number ¢, such that ¢; < ¢, and my,. < t;- < M. But because m;, < M;,.,
it is always possible to find a t;, that satisfies the inequations.

Let £ > 0, by < r and let i = b, and j = by, where 0 < p < ¢ < k. We must
show that there exists a real number ¢, such that ¢; <t; <t¢, and

mjr S tjr S Mjr (6) My S tir S Mir (7)
Inequation (6) is equivalent to m;, < t; —t;; < Mj,, which is equivalent to
tij +myr < tip < tij + My (8)

Clearly, t;; + mj, < t;; + Mj,, because mj,. < M;j,. Moreover, 0 < t;; + mjy,
because neither of the terms is negative. So it is possible to find a t;,- that satisfies
(8), therefore (6) can be satisfied.

Inequation (7) is equivalent to m;, < tij +tjr < My, which is equivalent to

Mapr — tij < tjr < My — 135 9)

Obviously, mg, — ti; < My, — t;;, because my, < Mj,.

It is easy to show that 0 < M, — t;;:

D is stable, so M;;+mj,. < M;y, therefore mj, < M. —M;;. Since t;; < M;;,
Mir — Mij S Mir — tij- But 0 S Mgy, therefore 0 S Mir — tij-

So it is possible to find a t;, that satisfies (9), therefore (7) can be satisfied.

Next, we must show that the same value of ¢, can simultaneously satisfy
both (6) and (7), or—equivalently—both (6) and (9). We do so by showing that
mjr < My — ti; and my — 35 < M,

D§ is stable, so M;; + mj, < My, therefore mj, < My, — M;; < My, — U5
(because t;; < M;;).

Similarly, m;, < m;; + Mj,, therefore m;, — m;; < M;,. But my, — t;; <
My — Myy (bccausc mgj < tij), SO My — tij < Mjr.

Intuitively, this means that none of the lower bounds on ¢, imposed by (6)
and (7) exceeds any of the upper bounds imposed by these inequations, for any
choice of 7 and j that satisfies the assumptions.

Case 2: Let k > 0, i = b, and j = by, where 0 <p < ¢ <k, and let i < r < j.
We must show that there is a real number ¢, such that ¢; <t¢, <t; and
M <ty < My, (10) My j < tT‘j < Mrj (11>
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Inequation (10) is equivalent to m;, < t;; — t,; < M;, which is equivalent to
tij — My <ty <ty — My (12)

Obviously t;; — My, < t;; — my,, because my, < Mj,.

It is easy to show that 0 < t;; — my,:

’D§ is stable, so Mg, + my; < myj, therefore m,; < my; — my <ty — My,
(because m;; < t;;). But m,; > 0, therefore t;; — m;, > 0.

So it is possible to find a t,; that satisfies (12), therefore (10) can be satisfied.

Inequation (11) is equivalent to m,; < t;; —t; < M,; which is equivalent to

tij — Mpj <ty <ty — My (13)

It is obvious that t;; — M,; < t;; — m,; (because m,; < M,;).

It is easy to show that 0 < t;; — my;:

D§ is stable, so m;, + m;; < my;. Therefore, m;, < my; — my; < 4 — My
(because m;; < t;;). But 0 < my,., therefore 0 < ¢;; — m,;.

So it is possible to find a ¢;, that satisfies (13), therefore (11) can be satisfied.

Next, we must show that a single value of ¢, can simultaneously satisfy both
(10) and (11), or—equivalently—both (10) and (13). We do so by showing that
My S tz‘j — Myj and tij — Mrj S Mir-

D§ is stable, so m;, + m,; < myj, therefore m;, < my; — my; <ty — my;
(because m;; < t;;).

Similarly, M” S Mir + Mrj; therefore Mij — Mrj S Mir- Since tij - M,«j S
M;; — M,;, we conclude that t;; — M,; < M;,.

Case 3: Let k > 06, i=b,, j=0b, for 0 <p < q<k,and let r < by. We must
show that there is a real number ¢, such that ¢, <¢; <t; and
Mg S tm’ S Mri (14) My S trj S Mrj (15)
Inequation (14) is equivalent to m,; < t,; —t;; < M,; which is equivalent to
Myy + 15 <ty < My + 135 (16)

Clearly, Mypi + tij < Mri + tij (because Myg < Mm) Moreover, 0 < Mri + tij;
because both m,; and t;; are not negative.

So it is possible to find a t,; that satisfies (16), and therefore (14) can be
satisfied.

Inequation (15) is equivalent to m,; < t,; +t;; < M,; which is equivalent to

My — i <ty < Myj — 1y (17)

Obviously, m,; —t;; < M,; — t;; (because m,; < M,;).

It is easy to show that 0 < M,.; — t;;:

Dg is stable, so m,; + Mij < M,«j, therefore m,; < M,aj — Mij < M.,-j — tij
(because t;; < M;;). But 0 < m,;, therefore 0 < M,; — t;;.

So it is possible to find a t,; that satisfies (17), therefore (15) can be satisfied.

Next, we must show that a single value of ¢, can simultaneously satisfy both
(14) and (15), or—equivalently—both (14) and (17). We do so by showing that
my; S MT»J‘ — tij and My; — tij S M,-i.

Dg is stable, so m,; + M;; < M,;, therefore m,; < M,; — M;; < M,; —t;;
(because t;; < M;;).

5 The proof for k = 0 is similar to that in Case 1, and is not presented.
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Similarly, m,; < M,; + m;;, therefore m,; — m;; < M,;. Since m,; — t;;
my; — m;j, we conclude that m,; —t;; < M,,.
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B Appendix: The proof of Observation 3

Observation 3 Let D be a stable distance table for a scenario of length n,
0<i<j<n 0<k<li<nandi #kVj#l If I and Iy are collapsed
intervals, then it is possible to construct a sequence S = tp,tp, to,tn, Such that
{bo,b1,b2,b3} C {i,4,k,l} and S is compatible with D.

Proof. We show how to construct a compatible sequence for each of three” cases:

1.0<k<i<j<l<n
2.0<i<k<j<l<n
3. 0<i<j<k<l<n

— Case 1: 0 <k <i<j<Il<n (see the diagrams in Fig. 6)
Let tx > mok, t; =t + myy, tj =t + mij and ¢, =t + my.
We must show that (a) tg; € ki, (b) tij € Iij, (¢) ta € I and (d) t;; € L.

(a)
(b)

()

By definition, tx; = t; — tg =t + mp; — tx = M € iy

By definition, t; = tx;+t;;. Because I;; is a collapsed interval, t;; = M;;.
Therefore, ty; = my; + M;;. But my; < my; + Mz < My, so ty; € I;.
By definition, tg; = tx; + t;;. So t;; = tg; — tg;. Because Iy is a collapsed
interval, ti; = my;. Therefore, t;; = mg — M.

We know my; + mq < mygg, so my < my — my;. That is, my < t;.

We know my; < my; + My, so my; — my; < Mj;. Therefore, t; < Mj;.
By definition, t;; = tij + tj1, 80 tj =ty — tij = Mpr — Mgg — tij.

I;; is a collapsed interval: t;; = m;;. So tj; = my — (M + mij).

We know my; + m; < myj, so, tj; > my — my;. But my; +mg < myy,
S0 My — my; > mj;. Therefore, t;; > mj;.

I;; is a collapsed interval: ¢;; = M;;. So tj = my — (mgi + M;;).

We know my; < my; + M;j, so, tj; < mygg — my;. But myy < my; + My,
so my — my; < Mj;. Therefore, t;; < Mj;.

— Case 2: 0 <i< k< j<l<n (see the diagram on the left of Fig. 7)
Let mo; < t; < My, tr, = t; + mp, tj =t + mij and t; =t + myy.
We must show that (a) t;x € Lix, (b) tu € Ly, (¢) txj € I; and (d) t;; € L.

(a)
(b)

(©)

By definition, t;x = tx — t; = t; + mp — t; = mug € L.

By definition, t;; = t;;+tx;. Because Ii; is a collapsed interval, tx; = M.
Therefore, t;; = m;r + My;.

We know my; < myp + My < My, so ty € I.

By definition, tr; = t; — tx = myj; — M.

We know my, + my; < myj, so my; < myj — myg. That is, my; < tg;.
AISO7 msj < muk + Mkj, 80 My — Mk < Mkj. Therefore, tkj < Mkj.

" There are three other cases, which can be obtained from the above by interchanging
i and j with k£ and [, but we do not need to consider them in the proof.
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(d) By definition, tj; = t; — t; =t + M — t; — m4ij = My + My — M.
I,y is a collapsed interval: my; = M. So tj; = m, + My — my;.
We know my; < my + My, so, tj > my — my;.
We know m; + mj; < my, so my — my; > my. Therefore, tj; > my;.
I;; is a collapsed interval: m;; = M;;. So, tj; = My, + mu — M;;.
We know mjx, + mp < my, so, T < my — M;.
We know m;; < Mij + Mjl, S0, My — Mij < Mjl. Therefore, tjl < Mjl.

— Case 3: 0 < i< j<Ek<l<n (see the diagrams on the right of Fig. 7)
Let mg; <t; < My;. Let tj =t + Mij, t = tj + mjg and ¢ =t + myy.
We must show that (a) tjx € L, (b) tix € Lik, (¢) tji € Ly and (d) t; € I.
(a) By definition, ik =1tk —t; =t; +myp —t; = my € L.
(b) By definition, ¢;; = t;;+t,5. Because ; is a collapsed interval, t;; = M;.
Therefore, t;, = M;; + mj.
We know myi, < My + mjp < Mg, 50 tix € Lig.
(c) By definition, t;; = tj5+tx. Because Ii; is a collapsed interval, tg; = M.
Therefore, tj; = mji + M.
We know mj; < mj + My < Mj, so t; € 1.
(d) By definition, t;; = t;; + tjr + te = M;; + mj, + tg. Because I is a
collapsed interval, tg; = M. So ty = M;; + mji, + Myy.
We know m;, < Mij + Mk, SO, iy = M4k + My But my < mg, + My,
SO Ty = my;.
Because Ij; is a collapsed interval, t; = my;. So ty = M;; + mji + M.
We know M;; +mjp < My, so, tyg < M, + myg. But My +myy < My,
so ty < My.
O

C Appendix: The complete proof of Theorem 2

Theorem 2. Let £ and n be two scenarios of length n with the same sequences
of events, such that £ € n and n € &. If B € Z(&,n) zigzags through ij and kl,
then there exist o = 7;j ~ a € C(DS) and B = 14y ~ b € C(DV) (a,b € Q) such
that o and 8 form a z_pair.

Proof. Case (1): 0<k<i<j<Il<n.
Let B* be a behaviour in Z(£,n) that zigzags through ij and kl. There are
two cases to consider:

(1) 8 ¢ 1§ tB e I 5 ¢ I and t5) € 15,

Since tgz ¢ Ifj, one of the following two cases must hold:

(a) tgz < mfj. Since tgz € I,
mg; fj Therefore mfj > 0: there exists a non-default constraint
a=rT;;>ain C(D5), where a = mfj.

Since t8" ¢ I, one of the following two cases must hold:

we must have m?j < tisz. It follows that

< m
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-8 < mkl Since t5 € Ikl, we must have mil < 8. Tt follows that
mil < mj,. Therefore mj, > 0: there exists a non-default constraint
B =1k, >beC(DY), where b=m
So a and § form a z-pair (case (1)(a) of Definition 4).

— M}, < 8. Since t8 € Ilfl, we must have 5 < M,fl. It follows
that M;, < M§,. Therefore M}, < oco: there exists a non-default
constraint § = 7,; < b € C(D?), where b = M,),.

The constraints « and /3 fit case (1)(b) of Definition 4. We must show
M+ a+ M5 > b,

Assume M,flun +a+ Mfl@" < b.

By definition, tf; = tf; + tgz + t]B;. Because B* € [¢€ U], we have
th < Mliun and t S < Mw". Therefore, t5 < M,iw" —l—tgz + Mflw”.
Smce tB < mgj and mE = a, we have 5 < M,f:um +a+ Mw’7 By
the assumption, Méu’7 +a+ Méu’7 < b. So it follows that 5 < b.
But M}, < 8, s0o M}, < b: a Contradlctlon.

So « and § form a z-pair (case (1)(b) of Definition 4).

(b) ij < tisz‘ Since tB € I}, we must have tB < M. Tt follows that
ij < MZ Therefore Mf] < oo: there exists a non—default constraint
a=r1; <ainC(DS), where a = ij
Since tkl ¢ 1 b one of the following two cases must hold:

— 8 < m],. Since 8 € I, we must have m$, < 5. Tt follows that

mil < le. Therefore le > 0: there exists a non-default constraint

B =Ty > be C(DI), where b = m},.

The constraints « and 3 fit case (1)(c) of Definition 4. We must show
mkln—i—a—&—m&" <b.

Assume m$" + a + m€U77 >b.

By definition, t5 = 5, + tB + tBZ Because B* € [ U 7], we have

8 > mifm and tfl > mé 3 o Therefore tkl >m EU" + tB + mflw".

Since t»B»z > M,E, and M-g- = a, we have t5 > msm7 +a+ m.gun By
the assumption, m$." + a + mEU" > b. So it follows that t5 > b.
But m}, > tkl ,somy, >b:a contradiction.
So a and § form a z-pair (case (1)(c) of Definition 4).
— M}, < 8. Since t8 € Ilfl, we must have 5 < M,fl. It follows
that M;, < M§,. Therefore M, < oco: there exists a non-default
constraint § = 7,; < b € C(D?), where b = M),.
So o and form a z-pair (case (1)(d) of Definition 4).
(2) t5 e I3, B ¢ I 15 € Il and tf ¢ I,
The proof can be obtalned by exchanging ¢ and 7 in case (1).
Case (2):0<i<k<j<l<n.
Let B* be a behaviour in Z(&,n) that zigzags through ij and kl. There are
two cases to consider:
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()thngf theI” t8° ¢ I and t8 € I,

17 ij°
Since tB §Z S, one of the following two cases must hold:
(a) tB < m . Since tB € Ij}, we must have mj; < tB . It follows that
m" < mg Therefore mé. > 0: there exists a non- default constraint

ij ij
a=rT;;>ain C(DS), where a = mfj.
Since tflz ¢ I}, one of the following two cases must hold:
— 8" < m],. Since t& € I,fl, we must have mil < 8. Tt follows that
mil < mj,. Therefore my/, > 0: there exists a non-default constraint
B =T >be C(DY), where b = m},.
The constraints « and S fit case (2)(a) of Definition 4. We must show
mfl@" a<b-— gun
Assume mfl T_q 2 b— miUn or equivalently mw’7 —a+ mék;U_Jn > b.
By definition, t5 =5 +15 =5 +18 —i8 . Sotf =15 —t5 +

tf;. Because B € [¢ U 7], we have t8° > m$”" and tfj > EJU".
Therefore tB > mgU" tB +mgun Since tB < mfj and mfj = a, we
have t5 > mgl T—a+m iLJJn By the assumption, mflw"faeriL?" > b.
So it follows that ¢ > b. But t8 < m],, som], > b: a contradiction.
So « and 8 form a z-pair (case (2)(a) of Definition 4).

— M}, < tB. Since t8 € If,, we must have t& < MS,. Tt follows
that M), < M,gl. Therefore M}, < oo: there exists a non-default
constraint § = 7,; < b € C(D?), where b = M,),.

The constraints o and f fit case (2)(b) of Definition 4. We must show
a + Mfl@n >m EUW + b

Assume a—i—M§U77 <m EUn + b, or equivalently, a + Mfl@" - mf,;w" <b.
By definition, tg tzk = t —t]l , SO tkl = tsz —|—t§3; —tﬁ:. Because
B* € [£Un], we have Mfkun < 8 and 5 < Mflw". Therefore
tflz < tisz + Mfl@" — mf,fm Since tisz < mfj and m% = a, we have
th < a—l—Mfl@" —m%". By the assumption, a—|—Mj§lw" —m&" < b. So
it follows that t5 < b. But M}, <t so M}, < b: a contradiction.
So a and § form a z-pair (case (2)(b) of Definition 4).

(b) ij < 8", Since t& € I}, we must have 8 < M} Tt follows that
M;; ¢ < M;; /. Therefore M;; ¢ < oo: there exists a non—default constraint
a—T” § a in C(DY), Where a= M5
Since tkl ¢ I,?l, one of the followmg two cases must hold

tkl < mkl Since tkl € Ikl, we must have mil < t . It follows that

mil < mkl. Therefore mkl > 0: there exists a non—default constraint

B =Tk >be C(DY), where b = m},.

The constraints « and 3 fit case (2)(c) of Definition 4. We must show
a+mS" < MG +b.

Assume a—i—mgU" > MfU" +b, or equivalently, a—&—mgun Mfk@” > b.
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By definition, tg —tB =B~ tﬂ 50t = t?jz +th2 — 15", Because
B* € [ U], we have Mfkun > B and tflz > miw". Therefore,
th > tBlz + mgl@” Mw" Since th > M5 and M5 = a, we have
B > aerEU’7 Mfkun By the assumption, a+m§u’7 Mfkw” >b. So
it follows that tk > b. But mkl > tkl , SO mkl > b a contradiction.
So « and 8 form a z-pair (case (2)(c) of Definition 4).
— M}, < tB". Since t8 € If,, we must have t& < M. Tt follows
that M), < M,fl. Therefore M}, < oo: there exists a non-default
constraint § = 7,; < b € C(D?), where b = M,),.
Constraints o and S fit case (2)(d) of Definition 4. We must show
MG —a>b— M.
Assume Mflw" —a<b— M,f;um, or equivalently Mfl@n —a—i—M,f;Um < b.
By definition, t5§ = 5" + 5 =8 415 — 8. So tf = th -
tgz + tf;. Because B* € [£ U 5], we have tﬁz < Mflw" and t S <
M,f;um Therefore tflz < Mflw” - tg-z + MEJ@J” Since ij < tZ» and
ij = a, we have t8 < Mfl@" —a+ ngwn By the assumption,
M3®" — a+ Mg < b. So it follows that t5 < b. But M}, < t5, so
M,!, < b: a contradiction.
So Q and S form a z-pair (case (5) (d) of Definition 4).
(2) t5 € L5, 8 ¢ 1, ¢ € Iy and 6 ¢ Iy,
The proof can be obtamed by exchanging £ and 7 in case (2).
Case (3):0<i<j<k<l<n.
Let B* be a behaviour in Z(£,n) that zigzags through ij and kl. There are
two cases to consider:

()thQfIé,tBZGIZZ,t ¢ I and tB € I,

Since tB ¢ IS, one of the followmg two cases must hold:
(a) tB < mg Since tB € I}, we must have mj; < tB It follows that
mZ’] < m Therefore mgj > 0: there exists a non- default constraint

o= T” 2 a in C(DS), where a = mf]

Since tkl ¢ Ikl, one of the followmg two cases must hold
-8 < mkl Since t5 € Ikl, we must have mil < t5 . Tt follows that

mil < mkl. Therefore mkl > 0: there exists a non—default constraint

B =Ty > be C(DI), where b = m},.
So « and S form a z-pair (case (3)(a) of Definition 4).

— M}, < tB". Since t8 € If,, we must have t& < M. Tt follows
that M), < M,fl. Therefore M}, < oo: there exists a non-default
constraint § = 7,; < b € C(D?), where b = M,),.

So a and § form a z-pair (case (3)(b) of Definition 4).
(b) M < t8°. Since t5" € I}, we must have 5 < M5 Tt follows that
ij < M:; Therefore ij < oo: there exists a non—default constraint

a=r1; <ainC(DS), where a = ij
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Since t5" ¢ I, one of the following two cases must hold:

— 8" < m],. Since t& € Ilfl, we must have mil < 8. Tt follows that
mil < mj,. Therefore mj/, > 0: there exists a non-default constraint
B =T >be C(DY), where b = m},.

So « and 8 form a z-pair (case (3)(c) of Definition 4).

— M}, < tB. Since ¢85 € I,fl, we must have 5 < M,fl. It follows
that M), < M,fl. Therefore M), < oo: there exists a non-default
constraint 8 = 75,; < b € C(D?), where b = M]".

So a and 8 form a z-pair (case (3)(d) of Definition 4).

(2) 8 e I5, 8 ¢ 11 5 € Il and 5] ¢ I
The proof can be obtained by exchanging £ and 7 in case (3).

D Appendix: The proof of Observation 4

Observation 4 Let D be a stable distance table for a scenario of length n and
let 0 < i <j <k <n be integers.

Let t;; satisfy m;; < t;; < M;;. Then, after replacing m;; and M;; with t;;
and stabilising the table, if m;, changes, it will increase to at most t;; +m;jy.

Proof. (We will use bold font to represent values in the modified table.)

After m;; and M;; have been replaced with t;;, i.e., m;; = M;; = t;;, there
are three possibilities for m;, to potentially change. We explore the possibilities
in the following order®:

1. The inequation m;, < myy + My, for some k < k', does not hold. Then
there are two cases:
(a) The inequation m;p < myr + My does not hold because My has
changed. If that is the case, then My, < Mg/, and the inequation will
be restored by setting my;, := myp — M.
But for this to happen, after setting m;; = M;; = t;;, the inequation
mik + My < M, has ceased to hold for the new values of some of these
three variables. That is, m;; + Myr > M. There are two reasons that
the inequation could not hold:
— my;, has increased. But this is not the case: by the assumption, m;j
has not changed yet.
— After setting ¢;; = M;; = m;;, M has changed. But in that case
M, must have changed first: My, := t;; + Mjj. As a result of this
change the inequation M < M, + My does not hold, that is,
M. + My < M. But because m;, < My, it follows that m;, +
My < M. But because M < myp + My, it follows that M <
M;: a contradiction.

8 We know the order in which the rules of stabilisation are applied does not affect the
outcome (confluence) [11].
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(b)
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The inequation my;p < myp + Mg does not hold because mgi: has
changed. If that is the case, then m; < Mk, and the inequation will
be restored by setting m;x := My — M.

But after setting m,;; = M;; = t;;, it would be impossible for m; to
change before m;, is changed.

2. There exists some i’ < ¢ such that m, < M;/; + m;, does not hold. Then
there are two cases:

(a)

The inequation m;, < M;; + m;, does not hold because m; has
changed. If that is the case, then m; < my, and the inequation will
be restored by setting m; 1= myp — M.
But for this to happen, after setting m;; = M;; = ¢;;, one of the follow-
ing three things must have happened:
— The inequation m;; + m;x < my did not hold. But this is not
possible because m;; has not changed yet.
— Inequation my;, < My + myy, for some i < @', did not hold. But
it would be impossible for m;~; to change before m; is changed.
— Inequation my/r < my, + My, for some k < k’, did not hold. But
it would be impossible for m;x to change before m;; being changed.
The inequation m; < M;; + m; does not hold because M;; has
changed. If that is the case, then M;; < M;/;, and the inequation will
be restored by setting m; 1= my — M.
For this to happen, after setting m;; = M;; = t;;, the inequation M;,; +
m;; < My ; has ceased to hold for the new values of some of these three
variables. Then the inequation was restored by setting My/; := M ; —1;5.
Then, myp = My — (Milj — tij) =Mk — Mi/j + tij.
We show that my, < ;5 +mjp.
We have my, < My ; + mji. Therefore, m;, — My; < mjy. It follows
that my, < t;; +mji.

3. The inequation m;; + m; i < my, does not hold. In that case the inequation
is restored by setting myy := ti; + mj.

O

E Appendix: The complete proof of Theorem 3

Observation 6 Let D be a stable distance table for a scenario of length n and
let 0 <i<j<k<mn be integers.

Let t;; satisfy my; < t;; < M;;. Then, after replacing my; and M;; with t;;
and stabilising the table, if My, changes, it will increase to at most t;; + Mjy.

Proof. The proof is very similar to the proof of Observation 4.

Observation 7 Let D be a stable distance table for a scenario of length n and
let 0 < i< j <k <n beintegers. Let t;; satisfy my; < t;; < M;;. Then, after
replacing m;; and M;; with t;;, if the inequation My, < ti; + Mj holds, then
during stabilisation M;;, will not change.
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Proof. The proof is very similar to the proof of Observation 5.

Theorem 3. Let & and n be two scenarios of length n with the same sequences
of events, such that £ £ m, n € £ and §Un is defined. If there are o = 74 5 ~ a €
C(DS) and 8 = 74, ~ b € C(D!) (a,b € Q), such that o and B form a z_pair,
then there is a B* € Z(&,m), such that B* zigzags through ij and kl.

Proof. Just as in Definition 4, there are three cases, determined by the relative
positions of 7, 7, k and [. Each of these cases has four subcases, determined by
the relations between the minima and maxima of the relevant intervals.
Case (1):0<k<i<j<l<n(i#kVj#l).

We show the proof for the case 0 < k < i < j <l < n. The proofs for k =i
or j = [ are special cases of the proof shown below.

We must show that there is a behaviour B* € [€ U 5] such that B* zigzags
through 75 and kl. Because ij is entirely within ki, i.e., k <1 < 7 < [, we must
have tisz < tflz

(a) a=m;>a, B=141 >D, m < a, mkl<b

Because of constraint «, mfj

= a and because of constraint 3, m}], = b.
§un _ (5 ny _ " d méY" = mi ¢ ny _ .8
mi; min m”,m”) =m; and my, " = min(my,, my,) = my,.

U
Both Ifjun\ = {u€Qxo | m?j <wu < a}and I,flU"\I,Zl ={w e Q>0 mil <
w < b} are non-empty. So it is possible to pick a value ¢;; = a— ¢ (0 € Qo)
in the interval Ifjwn \ [fj
Next we must show that after collapsing Iy £Un f DY to t;; (i.e., setting

mf]U" M;; sun t;; and stabilizing D§Y"), hence obtaining DS, it is still
possible to ple a value ty; in the interval I} EU" of table DEU", such that ty;
belongs to I,fl, but does not belong to I}, and that t;; < ti.

(We use bold font to distinguish items that are updated during stabilization.)
In DEY" we have mku77 + me" < mgun and mkU" + me" < mw"

We set mgju" M cun t” in mterval I3 £9n of DgU" stabilise it to obtain

DSYn. After this one of the following two thlngs will happen:

(i) The inequation mkun—i—t” < mkun holds, in which case, by Observation 5,

m%" will not change: mgw’ = mif" The inequation mkUn +m £U" <

m,%m will then continue to hold Therefore mgun w111 not change: mif" =
miP" = ms,. Hence, I5)"\ I = {w € Qo | m§, < w < b}.
(ii) The inequation mif” +155 < mgw does not hold. In that case, to restore

the inequation, mi?" will be set to mku" + t;;. By Observation 4, mfw’
cannot further increase, therefore miun €U77 +a—4¢. But since mf n

has changed, the inequation mk?"—k 5U’7 < mgun might not hold. There
are two cases to consider:
1. If the new value of mkU" does not affect the satisfiability of the

é n

inequation mgU" + mEU’7 < mEu” then my; " will remain the same,

so just as in case (i), I gun \ I ={we Q>0 | mkl < w < b}.
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2. If méU" +m 5U" < mgun is not satisfied, the inequation will be re-

u u u
n. milnzimi n+mE n _

stored by settmg mkf" to méw7 + m§U
mkl Oy q— (5+m5w’ Now the 1nequat10n mfun+m§un < mgun holds,
and by Observatlon 9, m " cannot be further increased. Next, we

show that mﬁ”’ < b. For that we show that miun +a+ mgU" < b.
Assume b < mEUn +a+ mgun Because mkl < b, we will have mil <

ml;" +a+ mfl . Since miun < mil and miw" < mgl, we will have

mg, <mi; +a+ mjl'

But mé. +mS < m$,, so mé. +mé < mb. +a-+mS,. Therefore m$
ki il — kL ki il ki gl il

a+ mﬁl. But mfj + m?l < ngzv

a contradiction.

Because mgun +a+ mgun < b, we will have mgun < b.

So Igun \ I ={we Q>o | mkl " < w < b} will be non-empty.

<

and m% =a. So a+m§l < a+m§l:

If (i) or (ii).1, because ¢ is consistent, we have mg- < mil Since t;; = a — 9,
any value that is picked for t; from Iw’7 \ I,?l Wlll satisfy t;; < tkl

If (ii).2, since mif” = mm’7 +ti; + mgun’ we have t;; < mk . Then any
value tj; in IfU" \ [} = {w e Qx| mkl 1< w < b} will satisfy tij <t
Obviously, t;; € I%UJ77 and ty; € Ifl . Moreover, 0 < k < i < j <l <mn, so,
by Observation 3, it is possible to form a sequence t;, < t; < t; <t; that is
compatible with D$Y". By Theorem 1, S can be extended to a behaviour,
say B*, in [¢ U n]. Clearly, tisz g Ifj and t5 ¢ I Therefore, B* zigzags
through 45 and kl.

a=7j>a, =11 <bml <a, b<M/§landM;§iwn+a+Mflw’7>b,

Because of constraint «, mfj = a and because of constraint 8, M;, = b.
mfjun = mln(mfj,mnj) my; and MS" = max(MS,, M) = M§,.

Initially, both I;’;U” \ If o= {u € Qso | m; <u< mfj} and 157"\ I} =
{w e Q>0 \ M <w< Mkl} are non-empty. So it is possible to pick a value
tij = m — 6 (6 € Qsp) in the interval I_gjtym \ Ifj

Next we must show that after collapsing 15@77 of DY to t;; (i.e., setting
mf;w" = MZSJU" = t;; and stabilizing D$Y"), hence obtaining D$Y7, it is still
possible to pick a value t;; in the interval I,flw" of table D$Y", such that ¢y,
belongs to I,fl, but does not belong to I}, and that ¢;; < tx.

(We use bold font to distinguish items that are updated during stabilization.)
In DEY" we have M,fjwn < M,fz@n + M&h7 and Mgu’7 < M§U77 Mj&l@"’.

Let D = Dgw. We set m;; = M;; = t;; in interval Iij of D and stabilise
it to obtain D$Y". After setting ijwn = t;; in D, one of the following two
things will happen:
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(i) The inequation M ,fjw" <M liy" + t;; holds, in which case, by Observa-
tion 7, M,fjw" will not change: M,fjwn = M,fjw" The inequation M,flw" <
M ,fj@m + Mflw" will then continue to hold. Therefore M,flw 7 will not
change: My = M = M5, Hence, I3\ I} = {w € Qs¢ | M}, <
w < lel}

(ii) The inequation Mé;um < M,f;um+tij does not hold. In that case, to restore
the inequation, M,fjw" will be set to M,iw” +t;;. By Observation 6, M,ﬁfm
cannot further decrease, therefore M, ,fjw" =M ,fzw 4 mfj — 4. But since
M,fj@m has changed, the inequation M,flw < M,f;u’" + Mfl@" might not
hold. There are two cases to consider:

1. If the new value of MEJ@J” does not affect the satisfiability of the

inequation Mél@m < M,f;uﬂ’ + Mflw", then Mél@" will remain the same
and similar to case (i) I3\ I} = {w € Qs0 | M}, <w < M5,}.

2. If M,fl@" < M,f]@" + Mflw" is not satisfied, to restore the inequation,
M will be set to M + M5 My = Mi" + M3 =
M +mS; — 6+ Mflw”.

By the assumption, Mg +mS. + M4 > M],. Therefore, M5,

y ption, Mg, +mij + g = My erefore, Py
m/l,. So, IS\ Il = {w € Qo | M}, < w < MS™} will be non-
empty.

If (i) or (ii).1, since m; < mﬁj, tij = mfj — 9, and mfj < ij (the intervals
Ifj and I} are overlapping), we have t;; < M}’ < M)}. So, any value that is
picked for t; from Iilw”’ \ I} will satisfy ¢;; < tp.

If (ii).2, since My, = M, +t;; + M5, we have t;; < M;”". Then it is
possible to pick a value ty; in 15"\ I) = {w € Qs | M, < w < M$"}
such that ¢;; < tx;.

Obviously, t;; € I%wn and ty; € Iflw". Moreover, 0 < k < i < j <l < n, so,
by Observation 3, it is possible to form a sequence t;, < ¢; < t; < t; that is
compatible with D$Y7. By Theorem 1, S can be extended to a behaviour,
say B*, in [¢€ U n]. Clearly, tg-z ¢ Ifj and 5 ¢ I. Therefore, B* zigzags
through 75 and k.

a=1;<a,B=7k>b a< M mil<bandmifm+a+m§@"<b.

177 Jl
Because of constraint «, ij = a and because of constraint 8, m}, = b.
gun _ 3 ny — A" sun _ - £ Y — 6
My = max(My, M}) = M and mg;" = min(my,;, my;) = my,.

Initially, both I5°" \ I = {u € Qso | M; < u < M[}} and I3\ I}, =
{w € Qx>0 | mil < w < my,} are non-empty. So it is possible to pick a value
tij = ij +6 (0 € Qso) in the interval Ifj@" \ Ifj

Next we must show that after collapsing Iiiw" of DY to t;; (i.e., setting

mfjwn = ij@" = t;; and stabilizing DY), hence obtaining D$Y7, it is still
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possible to pick a value t;; in the interval I,flw" of table D$Y", such that tj;
belongs to I,fl, but does not belong to I}, and that ¢;; < ti.

(We use bold font to distinguish items that are updated during stabilization.)
In DEY" we have mkU" + mgun < mw’7 and mkU" + mSU" < mw’7

Let D = DEU” We set m;; = M;; = t;; in interval Iu of D and stabilise

it to obtain D5Y7. After setting mgw’ = t;; in D, one of the following two
things will happen

(i) The inequation m$:" 4 t;; < mkw7 holds, in which case mi will not
change: mgun = mk;m Then, the inequation mkun + me" < mifm

continues to hold. Therefore, m5 K Wlll not change: m%l”’ = milun = mil

Hence, 15"\ Il = {w € Qo | m$, < w < m]}}.
(ii) The inequation mil@" +t;5 < mw" does not hold. In that case, to restore
the inequation miw” will be set to mS§ " + ti;: mi;m = m5Y7 + M5 +4.

But since mkj Y has changed, the inequation 7n,c ”—i—mgun < méu’7 mlght
not hold. There are two cases to consider:

1. If the new value of mw" does not affect the satisfiability of the
inequation mkU" +m gun < if", then mgfm will remain the same
and similar to case (i) Ifun \ [ = {w e Qso | mf, <w<ml}.

2. If mkun +m EU" < mgU" does not hold, to restore the inequation,
mif" will be set to mw" + mw’7 mif” = mkjn + mw’7 = mi;”’ +

b + §+ms .l
By the assumption, mgun—i—M ¢ —l—m&U" < my,. Therefore, it is always
possible to pick a value for § so that mEU" < my,. So, I§U77 \ I =
{w € Qso | MY < w < m],} will be non-empty.

If (i) or (ii).1, smce m§, = mS)" < mi}", then any value ty; in 15"\ I} =
{w € Qg | m§, < w < m,} such that ty > m5y" +t;; + m'fun Wlll satisfy
tzg < 1738

If (ii).2, since m$P" = m$P" + b, + mgun’ we have t;; < m5;"". Then any
value tj; in Iifm \ [} = {w € Qo | mkl < w < mjl,} will satisfy ¢;; < ti.
Obviously, ¢;; € I%Um and t; € Iflwn. Moreover, 0 < k < i < j <[l <mn, so,
by Observation 3, it is possible to form a sequence t;, < ¢; < ¢; < t; that is
compatible with D$Y7. By Theorem 1, S can be extended to a behaviour,
say B#, in [€ U n]. Clearly, tg-z ¢ Ifj and 5 ¢ L. Therefore, B* zigzags
through 75 and k.

a=1;<a, =T, <ba< U,b<mil
Because of constraint o, M;; ¢ — ¢ and because of constraint B, M}, =b.

Mgun —maX(M”,M") M" and M5 K :max(Mkl,M )= lel.



On the Existence of Unions of Timed Scenarios 31

Initially, both I5°7 \ I = {u € Qso | Mf; < uw < M[}} and I3\ I}} =
{fwe Qs | M, <w < M,fl} are non-empty. So it is possible to pick a value
ti; = ij + 6 (0 € Qso) in the interval Ifj@" \ Ifj

Next we must show that after collapsing Ifj@" of DEY" to ti; (i.e., setting
mfjwn = ij@" = t;; and stabilizing DY), hence obtaining DY, it is still
possible to pick a value ti; in the interval Ilflw" of table Dgl“”?, such that tg;

belongs to I,fl, but does not belong to I}, and that ¢;; < tx.

e use bold font to distinguish items that are updated during stabilization.
W bold font to distinguish it that dated during stabilizati

In DEY" we have M,fj‘um < M,i@" + ijw" and M,flw" < M,f;y" + Mjglw".

Let D = DELUJ”. We set m;; = M;; = t;; in interval I,; of D and stabilise

it to obtain D$Y". After setting ijw" = t;; in D, one of the following two

things will happen:

(i) The inequation M ,f;w" < MEP" + t;; holds, in which case M ,f;u”’ will not

£Un £un ; ; £un £un gun
change: Mkj = Mkj . Then, the inequation My, " < Mkj + Mjl
continues to hold. Therefore, M,flwn = M,flw" = M,gl. Hence, Iitlw" \ I} =
{w € Qso | M}, < w < My}

(ii) The inequation ngum < M,E;w"+tij does not hold. In that case, to restore
the inequation, M,f;um will be set to M,fiw”—l—tij: M,f;w" = M,fiw"—l-ij—i—(S.
But since ijuun has changed, the inequation M,fl@" < M,fjwn + Mflw"
might not hold. There are two cases to consider:

1. If the new value of M,f;um does not affect the satisfiability of the

inequation, then M lfl@ " will remain the same and similar to case (i)
U]}
;" \UII:]l = {wUE Q>0 |UMiZl <w < Mg},

2. If M,flun < M,gjun + Mflun does not hold, to restore the inequation,
M,fl@" will be set to M,f;w"—f—Mfl@": lelw” = le;.w”—i—Mflw” = leiw”—i—
M;; + 8+ M5 Next, we show that M + Mg + M;"" > M.
Assume M,f:um + Mf] + Mflw" < M}, Because M}, < M,fl, we will
have My + M, + M5 < M.

3 £V 3 §U 3 € 3 3
But Mg, < Mg, " and Mjl < Mjl 7 so M, —I—Mij —|—Mjl < Mg,.
Because M,fj < lel + ij, we have M,fj + Mfl < M,fl. Because
M,fl < M,gj + Mfl, we have M,fl < M,fl: a contradiction.
Because M, + Mg + M5 > M}, we will have My;”" > M},
So I3\ I}) = {w € Qso | M}, < w < My”"} will be non-empty.

If (i) or (ii).1, t;; = ij + 6 < Mj}. But because M;; < M}, we have

ti; < M), Therefore, any value that is picked for ty; from I %Um \ I, will

satisfy ti; < ty.

If (ii).2, since My = My, + t;; + M3, we have t;; < My,”". Then it is

possible to pick a value ty; in 15"\ I) = {w € Qs | M, < w < M$"}

such that ¢;; < ty.
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Obviously, t;; € If;w" and ty; € Ifl@". Moreover, 0 < k <1i < j <l <n, so,
by Observation 3, it is possible to form a sequence t;, < t; < t; <t; that is
compatible with D5Y7. By Theorem 1, S can be extended to a behaviour,
say B*, in [¢ U n]. Clearly, tgz g Ifj and t5° ¢ I'. Therefore, B* zigzags
through 45 and kl.

case 2: 0<i<k<j<l<n.

a=Tj;>a,B=" >0, m < a, mil<bandm£U77 a<b—mi;u.m

Because of constraint «, mi = a and because of constraint 3, m], = b.

mfjun = mln(mf],m"]) mj; and my §U1 = min(m$,, m)) = mS,.

Initially, both Iiiun\ = {u € R>0 | ml; <u< mgj} and I3\ I} =
u € R>0 m$ < u < ml]} are non-empty. So it is possible to pick a value

Kl Kl pty. p p

ti; = m — 4 (0 € Ryg) in the interval IgUn \ Ifj

Next we must show that after collapsmg Ifjw" to t;; (i.e., setting m;; =

M;; = t;; in interval I‘g‘w?7 of DY and stabilizing the table), it is still

p0551b1e to pick a value ty; € Ifun of table Dw"7 such that tj; belongs to
kl, but does not belong to ;. In other words, we must show Iw" \ I} #0.

In DY we have Mfkun +m §U’7 < MEU" After setting Méu’7 = t;;, one of

the following two things will happen

(i) The inequation continues to hold, in which case Mfkw" will not change.

(ii) The inequation does no longer hold. In that case, to restore the inequa-
tion, Mfk@” will be set to ¢;; — ka" Mfkun = m -5 - miyn.

If (i), then the inequation mgU" < Mgu’7 +m £U” continues to hold and
therefore, m%"" will not change: m5"" = m$}". Therefore, I\ I = {u e
R>o | my, <u < mj}.
If (ii), then since M5"" has changed, the inequation m%”" < M5 + m$y"
might no longer hold. There are two cases to consider:

— If the new value of M fkw" does not affect the satisfiability of the inequa-

9 will remain the same and similar to case (i) I5;"\ I} =

tion, then mj,
{ueRxo | mkl < u <my}.

- If mfl@n < Mf,:w" erill“ﬂ] is not satisfied, to restore the inequation, mitlw"

will be set to mf" — Mg = mf" — (m —0— mgun) m”" mfj +
5+ mg".
By the absumption, mfl@" 5 <mj, — mi]", S mflU" + mkU77 <

mkl So it is always possible to choose an appropriate value for 6 so that
mSy" < m),. So I\ I} = {u € Rsp | myy" < u < m]}} will be
non-empty.
So in both cases (i) and (ii) it is always possible to pick a value for ¢y
from I%U"’ \ I}. Obviously, t;; € I%UJ77 and t; € Ifl@”. Moreover, 0 < i <
k < j <1l < n, so, by Observation 3, it is possible to form a sequence
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t; <t <t; <t that is compatible with Dﬁw". By Theorem 1, S can be
extended to a behaviour, say B*, in [ U n]. Clearly, tg»z g Ifj and ¢85 ¢ IV
Therefore, B* zigzags through ij and kl.

a=T7;2>a, =Tk < b, m;’j < a, b<M,§l and a—|—MJ§lw" >m§;€w"—|—b.

Because of constraint «, mfj = a and because of constraint 8, M;, = b.
gun _ - 3 ny _ " Sun _ 3 ny — asé
m;; " = min(m;;, mi;) = mj; and My = max(My,, M) = My,.

Initially, both If;wn \ Ifj ={u€Rso | m <u< mfj} and 157"\ I} =
{ueRsg | M, <u< M,fl} are non-empty. So it is possible to pick a value
tij = mfj — 6 (6 € Ryg) in the interval ]5-@" \ Ifj

Next we must show that after collapsing Ifjw" to t;; (i.e., setting m;; =
M;; = t;; in interval Ifj@" of DY and stabilizing the table), it is still
possible to pick a value tj; € I%UJ" of table DEL”J", such that tx; belongs to
I,fl, but does not belong to I;/}. In other words, we must show IiLlUJn \ I} # 0.
In DY we have mf,f"’ + M,f;um < ijw". After setting ij@" =t
the following two things will happen:

ij, one of
(i) The inequation continues to hold, in which case M ,fjw" will not change.

(ii) The inequation does no longer hold. In that case, to restore the inequa-
tion, M,f]w" will be set to t;; — m§.": M,fJLUJ" = mfj — 5 —mS.

If (i), then the inequation MS™" < ijwn + Mfl@” continues to hold and
therefore, M,flw" will not change: M,flw" = M,flw" Therefore, Iitluﬂ’ \ I} =
{ueRso | Mj, <u< My}

If (ii), then since MEJ@" has changed, the inequation M,flw" < M,gj@n + Mflw"
might no longer hold. There are two cases to consider:

— If the new value of M ,f]w" does not affect the satisfiability of the inequa-
tion, then M5 will remain the same and similar to case (i) I57"\ I} =
{ue€Rso | M}, <u < M}

- If M,fl@ < M,f;u”’ + Mflw" is not satisfied, to restore the inequation,

oy . £u cun _ € cu £u

M, " will be set to My + My " =mg; — 6 —mg" + My "

By the assumption, mfj JerlLU”7 > mf,fm + M}, so mfj fmflfm +M]§lw" >

M. So it is always possible to choose an appropriate value for ¢ so that

M > M} So IS\ I = {u € Rsq | M}, < u < M5} will be

non-empty.
So in both cases (i) and (ii) it is always possible to pick a value for ty,
from I%Um \ Ij}. Obviously, t;; € Ifj@" and tg; € Ifl@". Moreover, 0 < i <
k < j <l < n, so, by Observation 3, it is possible to form a sequence
t; < tp < t; <t that is compatible with Dgwn. By Theorem 1, S can be
extended to a behaviour, say B, in [¢ Un]. Clearly, tg-z o4 Ifj and tflz ¢ 1.
Therefore, B zigzags through ij and kl.

a=m1;<a, f=74>b a< M

ij mil <band a+ m%”m < Miék@n b
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Because of constraint «, M; -5- = a and because of constraint 3, m}, = b.
Mgun = max(Mf],M") M77 and m$)" = min(m$,;, m},) = mS,.

Imtlally, both IS\ I = {u € Roo | M < u < M} and I\ I} =
{u € Rxg | mil < u < m},} are non-empty. So it is possible to pick a value
ti; = ij + 9 (0 € Ryp) in the interval Ifjw" \ 1%

Next we must show that after collapsing Ifjw" to t;; (i.e., setting m;; =
M;; = t;; in interval I-w" of DY and stabilizing the table), it is still
poss1ble to pick a value t; € IEU" of table D§Y", such that t;; belongs to
Ikl, but does not belong to I;/}. In other words, we must show Igun \ I} # 0.
In DY we have mgU" < MgU" +m 5u” . After setting mgun =t;

i
followmg two things will happen

ij, one of the

(i) The inequation continues to hold, in which case mi;% will not change.

(ii) The inequation does no longer hold. In that case, to restore the inequa-
tion, mi;w" will be set to ¢;; — Mfk@". EU" = M5 +6— Mfkwn.

If (i), then mkun + m§U77 < m5)" continues to hold and therefore7 mi" will
not change: m%”’ = m5)". Hence, I5)"\ I[) = {u € Rsq | m§, < u < m]l}.
If (ii), then since mkun has changed, the inequation mkun + mgu’7 < mgu77
might no longer hold. There are two cases to consider:

— If the new value of mijwﬂ’ does not affect the satisfiability of the inequa-

tion, then mﬁw

7 will remain the same and similar to case (i) 15"\ [} =

{ue€Rso | mé, <u<m}.
- If mkU" + mgu77 < mw" is not satisfied, to restore the inequation, mi?"

will be set to mgU" + mSU" Mg +6-— lekun + EU".
By the assumption, Mé erfun < Mfkun+mkl, S0 M5 MEU"Jr gun <
m},. So it is always p0551ble to choose an approprlate value for ¢ so that
m$" < m),. So IS\ I = {u € Rsg | m&)Y" < u < m,} will be
non-empty.

So in both cases (i) and (ii) it is always possible to pick a value for ¢y

from ISU" \ I}. Obviously, t;; € If]L-UJ" and ty; € Ifl@”. Moreover, 0 < i <

k < j <l < n, so, by Observation 3, it is possible to form a sequence

t; <t <t; <t that is compatible with D$%"7. By Theorem 1, S can be

extended to a behaviour, say B2, in [ Wy]. Clearly, t5 & I, Cand 8 & I

Therefore, B* zigzags through 75 and kl.

a=r;<a, B=m<b a< M} b<mi andM.fL“”'—a>b—M,§;“J".

Because of constraint «, M;; ¢ = ¢ and because of constraint B, M}, =b.
M = max (M M") M" and M5 = max(MS,, M) = M5,

i)
Inltlally, both Iij”\ = {u € Ry | Mij < u < M} and I,SUJ" \ I} =
{ueRsg | M, <u< M,fl} are non-empty. So it is possible to pick a value
tij = ij + 4 (6 € Rsp) in the interval ISU" \ ]fj
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Next we must show that after collapsing Ifjw” to t;; (i.e., setting m;; =
M;; = t;; in interval I.w" of D5Y" and stabilizing the table), it is still
p0551ble to pick a value t3; € IfU" of table D$“", such that t;; belongs to
I5,, but does not belong to 1. Tn other words, we must show 5,7\ I} # 0.
In DY we have mfj-U" < m§" 4 Mgun After setting méun = t;;, one of the
following two things will happen

(i) The inequation continues to hold, in which case mfkw " will not change.
(ii) The inequation does no longer hold. In that case, to restore the inequa-

tion, m5 " will be set to t;; — M,f;umz mf,fm = ij +6— M,f;uﬂ’

If (i), then the inequation m$" + Mg < MSY" continues to hold and
therefore, M,fl@" will not change: M,flw" M,flun Therefore, Igun \ I} =
{ueRso | My} <u < My}

If (ii), then since m$." has changed, the inequation mS." + Mg < M5*"
might no longer hold. There are two cases to consider:

— If the new value of m: ,LCUJ " does not affect the satisfiability of the inequa-
tion, then M,”" will remain the same and similar to case (i) 15,7\ I} =
{u€Rao | M} <u< My}

- If mf,fm + M,flw" < Mfl@n is not satisfied, to restore the inequation,
M will be set to MG™" — m§)" = MG”" — (M + 06 — M)") =
ME" — M§ — 8+ M.

By the assumption, Mfl@"—ij > M,?l—M,f;um, S0 Mflun M§ —+—M§U77
M. So it is always possible to choose an appropriate value for § so that
M > M. So I \ Iy = {u € Rsg | M}, < u < M7} will be
non-empty.
So in both cases (i) and (ii) it is always possible to pick a value for ¢y
from ISU" \ I[}. Obviously, t;; € If]L-UJ" and ty; € Ifl@”. Moreover, 0 < i <
k < j <l < n, so, by Observation 3, it is possible to form a sequence
t; <t <t; <t that is compatible with D$%". By Theorem 1, S can be

extended to a behaviour, say B%, in [ U n]. Clearly, t5~ ¢ Ifj and t5 ¢ ).
Therefore, B* zigzags through 75 and kl.

case 30<i<j<k<l<n.

a=T;>a, ="k >b, m < a, mkl<b

Because of constraint o, mi = a and because of constraint 8, m], = b.
sun _ 3 n £Un ; 3 ny _ .6
m;; " = min(mg;, m) = mj; and my;" = min(my,, mil;) = my,.

I-E»LUJ" \ ]§, = {u € Rxg | m?j <u< mfj} is non-empty. So it is possible to
ple a Value tij = mfj 0 ((5 € Ryg) in the interval 15@" \ If]
EU" \ [} ={w e Rxo | mkl <w < m},} is non-empty.
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(b) a:TiJZa,,@’:Tk)lgb,m%<a,b<M£l

Because of constraint «, mfj = a and because of constraint 8, M}, = b.
fUn _ s 3 MY — o7 sun _ 3 7y — aré
mz; " = min(m;;, m};) = m}; and My = max(My,, M) = My,.

Iifjwn \ Ifj ={u € Ry | m;’j <u< mfj} is non-empty. So it is possible to
pick a value t;; = mfj —§ (6 € Ryg) in the interval Ié@” \ If]
I\ I = {w € Rso | M}, <w < Mj,} is non-empty.
(c) a:Ti,jﬁaaﬁsz,12b7a<ij,
Because of constraint «, ij = a and because of constraint 3, m}, = b.

y
ij M= max(ij,
Ifjw" \ Ifj ={u € Ry | ij < u < M;}} is non-empty. So it is possible to
pick a value t;; = ij + 9 (8 € Ryg) in the interval Ifjwn \ Ifj

mil<b

ny _ Aq"n §un _ . £ ny _— &
Mij) = M and my, " = min(mg,;, m},) = my,.

\ Iy ={w € Rx | mgkl < w < mj,} is non-empty.

(d) a:mjSa,ﬁ:Tk,l§b7a<MZ’j,b<M,§l

Because of constraint o, ij = a and because of constraint 8, M}, = b.
Mijw" = maX(ij,Mi"j) = MZ’J and Mél@m = max(M,fl,M,z’l) = lel.

IiEjLL'Jn \ If; ={u € Ry | Mf] < u < M;%} is non-empty. So it is possible to
pick a value t;; = ij +6 (6 € Ryg) in the interval Ifj@” \ Ifj

I\ I = {w € Rsq | M}, < w < My} is non-empty.

In all the four cases, after fixing the value of ¢;; (i.e., setting m;; = M;; =t;; in

interval Iéw of D§Y" and stabilizing the table), m%um and M ,flw " do not change,

and therefore, [lfl@n \ ;) is still non-empty. So it is always possible to pick a value
U

for ti; from Iitlm \ 1.

Obviously, t;; € I%@Jn and ty; € Ifl@". Moreover, 0 < i < j <k <l < n,
so, by Observation 3, it is possible to form a sequence t; < t; <t < ¢; that is
compatible with D$Y7. By Theorem 1, S can be extended to a behaviour, say
B*, in [€ U n]. Clearly, tg-z &z I;’; and tflz & I} Therefore, B* zigzags through ij
and kl.

O



