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Abstract. We introduce three operations for timed scenarios: subsump-
tion, intersection and union. They have constructive definitions based on
the syntactic properties of the constituent scenarios. We show that they
have the desired semantic properties. These results expand the theory of
timed scenarios, but their development was inspired by practical consid-
erations: they are directly relevant to the problem of synthesizing a timed
automaton with a minimal number of clocks from a set of scenarios.

1 Introduction

Using scenarios for specification and implementation of complex systems (includ-
ing real time systems), and synthesizing formal models of systems from scenarios
have been active areas of research for several decades [1-9].

In our earlier work [10] we developed, from first principles, a formal, yet
simple notation for timed scenarios. Intuitively, a scenario is a sequence of events
along with a set of constraints between the times of these events. We defined
the semantics of a timed scenario as the set of all behaviours (a.k.a timed words
[11]) that are allowed by the scenario.

We want to use such scenarios to automatically synthesize formal models
in the form of timed automata [11] with a minimal number of clocks. This is
important, since the number of clocks crucially affects the cost of verification of
timed automata [12].

As part of our earlier work [10] we obtained a canonical representation (a
“stable distance table”) for the entire class of scenarios that are equivalent to a
given one. We used stable distance tables as a linchpin of various algorithms for
determining the consistency and equivalency of scenarios, as well as for optimiz-
ing scenarios [13, 14].

In the current paper we use our stable distance tables once more to develop
the notions of intersection, union and subsumption for timed scenarios. We in-
troduce appropriate operations with well-defined semantics for computing the
intersection and union of two consistent scenarios, as well as for determining
whether a scenario is subsumed by another one.

Intuitively, given two consistent scenarios, their intersection is a scenario that
expresses all those behaviours that are allowed by both, while their union is a
scenario that captures all the behaviours that are allowed by either of them or
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both. A scenario is subsumed by another one if its set of behaviours is subsumed
by that of the other one.

Having defined these operations, we develop some interesting relationships
between them. In particular, we study the conditions under which the union of
the behaviours allowed by two scenarios can be represented by a single scenario.

These operations are directly relevant to the problem of synthesizing timed
automata from a set of scenarios, which is not addressed in the current paper.

2 Preliminaries

2.1 Timed automata

A timed automaton [11] is a tuple A = (¥,Q, o, Qf,C,T), where X' is a finite
alphabet, @ is the (finite) set of locations, gy € @ is the initial location, Q¢ C @
is the set of final locations, C is a finite set of clock variables (clocks for short),
and T C Q x Q x X x 2¢ x 22(©) ig the set of transitions. In each transition
(q,q' e, A\, &), \is the set of clocks to be reset with the transition and ¢ C ¢(C)
is a set of clock constraints over C of the form ¢ ~ a (where ~ € {<, <, >, >, =},
c € C and a is a constant in the set of rational numbers, Q). A clock valuation
v for C is a mapping from C to RZ°. Clock valuation v satisfies a set of clock
constraints ¢ over C' iff every clock constraint in ¢ evaluates to true after each
clock c¢ is replaced with v(c). For 7 € R, v + 7 denotes the clock valuation which
maps every clock ¢ to the value v(c) + 7. For Y C C, [Y — 7]v is the valuation
which assigns 7 to each ¢ € Y and agrees with v over the rest of the clocks.

A timed word over an alphabet X is a pair (o, 7) where 0 = 0105... is a finite
[15,16] or infinite [11] word over X and T = 7y 73... is a finite or infinite sequence
of (time) values such that (i) 7, € RZ%, (ii) 7; < 7,41 for all i > 1, and (iii) if the
word is infinite, then for every ¢t € RZ° there is some i > 1 such that 7; > t.

A run p of A over a timed word (o, 7) is a finite or infinite sequence of the

form (qo,v0) 25 (q1,v1) 25 (qo,v2) 2 ..., where for all i > 0, ¢; € Q and
T1 T2 T3

v; is a clock valuation such that (i) vo(c) = 0 for all clocks ¢ € C and (ii) for
every ¢ > 1 there is a transition in T of the form (g;—1,q:, 0i, \i, ¢;), such that
(vi—1 + 7 — 7;—1) satisfies ¢;, and v; equals [A; — 0] (vi—1 + 73 — Ti—1).

A run over a finite timed word is accepting if it ends in a final location [16].
The language of A, L(A), is the set {(o,7) | A has an accepting run! over (o, 7)}.

2.2 Timed scenarios

(This subsection briefly recounts our earlier work [10,13].)

Let X be a finite set of symbols called events. A behaviour over X is a
sequence (eg,to)(e1,t1)(ea,t2) ... , such that e; € X, t; € RZ% and t;_; < t; for
i €{1,2...}. For a finite behaviour B = (eg,to)(e1,t1)...(én-1,tn—1) of length
n, and for any 0 < i < j < n, the distance, in time units, of event j from event
i in B is denoted by tg-. That is, tg- =t; —t;.

! In this work we only consider finite runs.
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Fig. 1: Two equivalent scenarios Fig. 2: 4’s initial table and its stable form

A timed scenario (scenario for short) of length n € N over X is a pair (€,C),
where £ = eyeq...e,_1 is a sequence of events, and C C @(n) is a finite set of
constraints. Each constraint in @(n) is of the form b ~ a, where b is the symbol
7;,; (for some integers 0 < i < j < n), ~€ {<,>} 2 and a is a constant in the
set of rational numbers, Q. The intended interpretation is that 7; ; is the time
distance between the i-th and the j-th events in the behaviours described by a
timed scenario.

A scenario will be written as a sequence of events, separated by semicolons
and terminated by a period. If the scenario contains a constraint such as 7; ; < a,
then event j in the sequence will be accompanied by the constraint. We refer
to this as the external representation of the scenario. Scenario v in Fig. 1 is the
external representation of scenario (abed, {791 < 1,793 = 5,723 < 2}).

A behaviour B = (eg,t0)(e1,t1) ... (€n—1,tn—1) over X is allowed by scenario
E=(E,C)iftE=eg...e,—1 and every 7, ; ~ a in C evaluates to true after 7; ; is
replaced by tfj. If B is allowed by &, then we say B satisfies all constraints of &.

The constraints 7; ; > 0 and 7; ; < oo, which always evaluate to true after
we replace them with some t?j, will be called default constraints.

The semantics of scenario &, denoted by [£], is the set of behaviours that are
allowed by &. For scenario v in Fig. 1 [v] = {(a,t0)(b,t1)(c, t2)(d, t3) | t3 > ta >
t1 >to Nty —tg < 1Atz —tg=5Atg —ta < 2}.

A scenario € is consistent iff [€] # 0. Tt is inconsistent iff [£] = 0.

Two scenarios & = (£,C1) and n = (€,Cs) are equivalent iff [¢] = [n]. For
example, v and 7 of Fig. 1 are equivalent.

For a consistent scenario ¢ of length n, and for 0 < ¢ < j < n, mfj =

min{t; | B € [£]} and ij = maz{tf | B € []}. The absence of an upper
bound for some ¢ and j will be denoted by Mf] = oo. We will write just m;; and
M;; when £ is understood. For any behaviour in [¢], 0 < m;; < t;; < M;; < oo.

For a consistent scenario £ of length n, and for any 0 < ¢ < j < k < n the
following inequations hold:

mij + M

mi; +mjr < myp < {Mij n mjk} < My < My + My, (1)

2 To keep the presentation compact, sharp inequalities are not allowed [10]. Equality
is expressed in terms of < and >.
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Let £ = (£,C) be a scenario of length n, such that, for any 0 < i < j < n, C
contains at most one constraint of the form 7; ; > ¢ and at most one of the form
7i,; < c. A distance table for £ is a representation of C in the form of a triangular

matrix DS. For 0 <i < j < n, D83, j] = (lfj7 hfj), where lfj and hfj are rational
numbers. If 7; ; > ¢ € C then l;; = ¢, otherwise [;; = 0; if 7;; < ¢ € C then
h;j = ¢, otherwise h;; = co. We will write just /;; and h;; when £ is understood.
The distance table corresponding to v of Fig. 1 is shown on the left of Fig. 2.

A distance table of size n is valid iff [;; < hy;, for all 0 <7 < j < n. A table
that is not valid is invalid. If D¢ is invalid, then £ is obviously inconsistent.

A valid distance table of size n is stable iff, for all 0 < i < j < k < n, the
inequations in (1) hold when m;;, m; i, m,; are replaced by l;;, Lk, lix and M,
M, M;y, are replaced by hij, hji, hig. If Df is stable then € is consistent.

To stabilise D¢ the following six rules are repeatedly applied until the table
becomes either invalid or stable [10]. The stabilized table is denoted by DS.

lij + ljk > lik — lik = lij + ljk lzk > lij + hjk — lij = le- — hjk
lik > hi]‘ + ljk — ljk =l — hij lij + hjk > hi — h]'k = hip — lij
hij + ljk > hi — hij = hi, — ljk hi, > hij + h]‘k — hi, = hij + hjk

At least one of these rules is applicable if and only if some inequation in (1)
does not hold. The purpose of each rule is to tighten a constraint just enough
to establish a particular inequation. A stable distance table® has two properties.
First, as a result of applying the rules above, the table includes all the constraints
that are “implied” by the initial set of constraints. Second, all the constraints
represented by the table are as tight as possible:

Observation 1 Let & be a scenario of length n. If D¢ is stable, then for every
0<i<j<n, lij:mij andhij:Mij-

In other words, the pair of values (m;;, M;;) in entry [i, j| of a stable distance
table, i.e., DS, j] = (mfj, ij), specifies the interval of all the possible values
of t;; that can appear in the behaviours allowed by the corresponding scenario.
Two scenarios ¢ and 7 are equivalent iff D = D7. The table on the right-hand
side of Fig. 2 is the stable distance table obtained from the constraints of either
~ or 1 (which shows that they are equivalent: [y] = [7]).
Given a scenario ¢ with its stable distance table DS, we use C(D$) to denote

the set of constraints represented by D5.

Definition 1. Let & be a scenario of length n, DS be its stable table, c € C(DS)
be a non-default constraint, S C C(DS), and 0 < i < j < k < n. Constraint
c is directly supported by S, denoted by S ~~ ¢, iff ¢ and S satisfy one of the
following six conditions:

3 The stable distance tables, though derived in a very different fashion, turned out to
be essentially equivalent to Dill’s Difference Bounds Matrices (DBMs) [17]. However,
when applied to the particular case of scenarios, the constraint reduction technique
for DBMs [18] is weaker than the original optimisation algorithm [13] and also the
one developed later [14]. A detailed comparison can be found in the cited work [13].
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Each of the cases in Definition 1 corresponds to one of the six rules of stabilization
mentioned before. For example, if mi3 = 3, M3g = 4 and mig = 0 (i.e., the
corresponding constraint is missing), then the first rule will force mis to be 7:
the constraint mqg = 7 is directly supported (i.e., “implied”) by the other two.

Definition 2. (quasi-transitivity) Let DS be a stable table. ~+C 2C(D) C(DY)
is the smallest relation that satisfies the following two conditions:
1. If S ~ c then S ~T ¢;
2. If S ~7 ¢ and there is a constraint d € S such that, for some S’ € C(DS),
S ~Td and ¢ ¢ S, then (S\ {d})US" ~T c.
Constraint ¢ is supported by S when S ~7 c¢. S is then called a support of c.

Intuitively, if a constraint d has a support, then d can be removed from the
scenario. The removed d can be a member of the supports of other constraints,
e.g., d can appear in a set S that supports c¢. As long as d has a support S’ that
does not include ¢, S can be updated by replacing d with S’. The relation ~»*
captures all the possible supports for the constraints in C (’D§ ).

Observation 2 If S ~* ¢, thenc ¢ S.

Observation 3 Let S ~7 c. If behaviour B satisfies all the constraints in S,
then it also satisfies c.

2.3 Timed scenarios and timed automata

If ¢ = (£,C) is a scenario of length n, and C contains a constraint 7; ; ~ a for
some 0 < i < j < n, and some a € Q, then the index i is an anchor. For an
anchor 4, if 0 < j < n is the largest number such that 7; ; ~ a is a constraint in C,
then [, ) is the range of anchor ¢. If i1 and iy are two anchors with ranges [i1, j1)
and [ig, j2) in &, then the two ranges overlap iff i1 < iy < j1 or ig < i1 < ja.

For example, in scenario 7 of Fig. 1, the range of anchor 0 is [0,3) and the
range of anchor 2 is [2,3): these are overlapping,.

Anchy is used to denote the set of anchors of £. If X is a set of clock variables,
then the relation alloce C Anchg x X is a clock allocation for £. alloce is complete
iff for every anchor i € Anche there is a clock € X such that (i,z) € alloc,.
allocg is incorrect iff there exist two different anchors ¢ and j in Anche whose
ranges overlap, such that (i,z) € allocg and (j,z) € alloce for some =z € X.
allocg is correct iff it is not incorrect. A correct and complete clock allocation
is optimal if there is no other correct and complete allocation that uses fewer
clocks. {(0,2),(2,y)} is an optimal clock allocation for scenario v of Fig. 1.
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=0 r<1 y:=0"x=5y<2
Ay A,

Fig. 3: Equivalent timed automata corresponding to the scenarios of Fig. 1

A scenario £ can be trivially converted to a simple timed automaton A¢: the
language of A¢ is equivalent to the set of behaviours allowed by &: L(A¢) = [€].

Given a scenario &, it is possible to transform it to an equivalent scenario
n such that A, has the minimal number of clocks in the entire class of timed
automata that are obtained from all scenarios equivalent to £ [14]. Then 7 is the
optimized form of &.

For example, scenario i of Fig. 1 is the optimized form of ~ in that figure.
Their corresponding language-equivalent timed automata are shown in Fig. 3.
Notice that A, has only one clock, while A, requires two clocks.

3 Operations on timed scenarios and synthesis problem

In this section we briefly present the motivation behind developing the notions
of subsumption, intersection, and union for timed scenarios.

Given a set = of scenarios, our ultimate goal is to synthesize a timed automa-
ton Az whose language would be [Jc = [¢] 4. We want Az to have the minimal
number of clocks in the entire class of language-equivalent timed automata.

Let =, be the set of optimized scenarios obtained from the members of =.
Let I' C =, be a finite set of those members of =, that have identical sequence
of events. The members of I' may be involved in interesting relationships that
may have a bearing on the best way to reach our goal.

Subsumption If I' contains two scenarios & and 7, such that [€] C [n], then £
can be removed from I'. This cannot increase the number of clocks in Az, but
may decrease it, so such subsumed scenarios should always be removed.

For example, let £ and « of Fig. 4 be in I'. Notice that [¢] C [v], that is,
& C v (see Definition 4 in Sec. 4). So scenario £ must be discarded. This removal
will result in a reduction in the number of clocks in the synthesized automaton:
the two anchors in & have overlapping ranges, so A¢ would require two clocks,
but A, would only require one clock.

Union The set I may contain a subset S, such that S| > 1, but all its members
can be replaced by a single scenario. More precisely, there may exist a scenario 7
such that [n] = Ugcg[€]- We then say that the members of S can be combined.
Combining scenarios can, in general, result in a reduction in the number of clocks
in the synthesized automaton. We discuss this for a very simple case.

4 The complete account of the synthesis problem is addressed in a forthcoming paper.
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O:a; O:a; O:a;

1:b; 1:56; 1:b6;
£2:6{7'1,2§5}; 772:6{’7’17225}; 72:0;

3:d{7’0’327}. 32d{7’0,327}. 3:d{7’0,327}.

Fig. 4: Two scenarios £ and n with complementary constraints, and their union

Let & = (£,C%) and = (£,C") in I" be such that they can be combined
into one scenario. Let the scenarios contain a pair of explicit constraints that are
complementary, i.e., for some 4, j and a we have 7; ; < a € C* and 7;; > a € C".
Then in the combined scenario (see Definition 6 in Sec. 4) the only constraints
on 7; ; will be implicit default constraints.

As an example consider scenarios £ and 7 of Fig. 4. These two scenarios can
be combined: [§]U[n] is captured by scenario v in that figure. Notice that £ and
7 each have two anchors 0 and 1 whose ranges overlap. Therefore A¢ and A, each
would require two clocks. So the number of clocks in the synthesized automa-
ton (from £ and 7)) cannot be smaller than 2. However, a language-equivalent
automaton can be synthesized from v that would require only one clock: by
combining & and n we can get rid of the pair of complementary constraints, i.e.,
T2 < 5 and 712 > 5 (see v on the right). Anchor 1 disappears entirely, so A,
would require only one clock.

In general, there are two situations where combining scenarios results in a
reduction in the number of clocks in a synthesized automaton. One is when an
anchor 7 disapears entirely, and another one is when the number of ranges that
overlap with range of ¢ decreases.

So we should try to combine scenarios with identical sequences of events,
before we begin the synthesis process.

Intersection I' might contain two scenarios £ and 7, such that [¢] N [n] # 0. In
that case, the intersection can be expressed by a timed scenario.
Computing the intersection of a set of scenarios is not directly relevant to
our task, but will be useful in computing their union (see Sec. 4 for details).
Next, we formally define these three operations.

4 Subsumption, intersection and union

For a given scenario £ = (£,C) the members of C will be referred to as explicit
constraints. We know that in the stable distance table, ’Dﬁ, there are also implicit
constraints: default constraints and constraints that are implied by C.

Definition 3. Let & be a scenario of length n and let DS be its stable distance
table. Then, for any 0 <i < j < n, the interval Ifj is{a € Q] mfj <a< Mf]}

when DE[i, j] = (mS;, MS).
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Intuitively, Ifj corresponds to a pair of constraints: the time distance between

events ¢ and j in every behaviour in [£] must be at least mfj and at most ij

Definition 4. Let £ and n be two consistent scenarios with the same sequence
of events. We say £ is subsumed by 7, denoted by & C n, when [£] C [n].

Observation 4 Let £ and 1 be two consistent scenarios of length n with the
same sequence of events. Then & C n iff V0§i<j<nlfj C IZZ

Thanks to Observation 4, given two scenarios it can be easily checked, in quadratic
time, whether one is subsumed by the other one.

Definition 5. Let £ and n be two consistent scenarios of length n with the same

sequence of events, &, such that Yo<i<j<n Ifj N IZJI # (. The intersection of

& and n, denoted by £ N'n, is a scenario whose sequence of events is £ and
3 n

DS ] = (max(my ) win (M5, M)

If E|O§k<l<n]kl NI} =0, then £ N1 is not defined.

Assume Di[i,j] = (a1,b1), D7[i,5] = (az,b2), and £ N 7 is defined. Then,
DEMiG] = (lfjm”, hfp”) = (max(a1,as), min(by,by)). Since Ifj NI} # 0, we
have max(ay,as) < min(by, by). So the initial table is always valid. But it might
not be stable, so we must stabilise it® to check whether £ N7 is consistent. In
the resulting stable table mm" > lgm] and M§m7 < hE for every 0 <i < j <m,
because stabilisation only tlghtens the constramts

Figures 5 and 6 show two scenarios, ¢ and 7, along with their stable distance
tables. Observe that Ifj DIZ} # (), for 0 < i < j < 2. Fig. 7 shows the initial table
corresponding to their intersection and its stabilized form.

Lemma 1. Let £ and n be two consistent scenarios such that [E] N [n] # 0.
Then the scenario ENn is defined and consistent. Moreover, [£] N [n] C [€Nn].

Proof. Let B € [¢§] N [n]] Then

Vo<icjen th < M At < M} So th < mln(Mf],M")

Vo<icj<n thy > m5 /\tB > m" So tB > max(mfj,mnj)

Therefore VOS%<J<n max(mfj,m ) < mln(ij7 M;}). So €N is defined.

Behaviour B satisfies all the constraints represented by the initial table of
£Nn, i.e., DM (see Definition 5). Stabilization does not remove any behaviour,
so B satisfies also all the constraints represented by D$™. That is, B € [¢ N n].

Therefore [€Nn] # 0, and hence £N7n is consistent. Moreover, [€]N[n] C [€N7].

Theorem 1. Let £ and n be two consistent scenarios such that € N\ n is defined
and consistent. Then [€ Nn] = [£] N [1]-

Proof. Assume the length of £ and 7 is n, and let B € [¢N 7]]] Then

Vo<icj<n ty > mm" > liﬁn = manx(m5 my;). So tf; > m ~and t > m]

37 ij°

® The cost is O(n®), where n is the length of the scenario [10].
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O:a; 1 2 O:aj; 1 2
L:b{r1 <2} 5| 0[(0,2) (5,00 1:b; 0[(0, o) (0, 00)
2:¢{r02>5}. 1 (3, 00) 2:c{n2=<3}.|1 (0,3)
Fig. 5: £ and its stable distance table Fig. 6: n and its stable distance table
1 2 12 0:a;

0[(0,2) (5,00) 0[(2,2) (5,5) L:b{m1 =2} ;

1 (3,3) 1 (3,3) 2:c{mo2=3}.
Fig. 7: The initial table and its stabilized form for £ N n Fig.8: &€Nn

Vo<icjen t5 < M < b5 = min(M;;, M1). So t5 < M, and 5 < M.
Therefore B € [£] and B € [[n], that is, B € [¢§] N [n]. So [¢ Nn]| C [£] N [7]-

Since [¢ Nn] # 0, it follows that [¢] N [n] # @ and, by Lemma 1, [§] N 7] C
[€Nn]. So [§nnl = [§] N []-

Consider € and 7 of figures 5 and 6 once more. Clearly, in the set of behaviours
that are allowed by both £ and 7 the time distance between a and b, and between
b and ¢ must be exactly 2 and 3, respictively. This set is captured by scenario
£Nn, shown in Fig. 8, which is obtained from the stabilized table of Fig. 7.

Definition 6. Let £ and n be two consistent scenarios of length n with the same
sequence of events, £, such that Yo<i<j<n Ifj N IZ-TJ’- # (). The combination of
& and n, denoted by £ U n, is a scenario whose sequence of events is £ and
DEYI; 4] = (mln(mfj,m ), max(M;;, M)

If Jo<icjen Iij NI =0, then 15 U L[} does not constitute a single interval.
In that case & and n cannot be combined, and so £ Un is not defined.

Assume DS[i, j] = (a1, b1), D7[i, j] = (az,bz), and £Un is defined. Then DEY[i, 5] =
(lgU", hfjun) (min(ay, az), max(by, be)). Clearly, DU is stable, since all the in-
equatlons in 1 are satisfied by its content (see Observation 1):

Observation 5 If £ W1 is defined, then DY = DY, So £ W is consistent.

Lemma 2. Let £ and n be two consistent scenarios such that £ U n is defined.
Then [€] U [n] € [€wn].

Proof. ¢ is consistent, so [€]] # 0. Let B € [¢]. Then
Yo<i<j<n tf’; > m6 > min(mfj,m )= lgun’ nd

Vo<icjn t5 < Mf < max(M;, M]}) = hfu”.

Then tB el €JU77 Therefore B satisfies all the constraints represented by DY,
which is stable by Observation 5. So B € [¢ Un]. Therefore [€] U [n] C [§ Un].

A similar argument can be made if B € [n].
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O:a;
n|l:b;

To1 <4} ;
2:0{7’0,227}.

783
NN = O
o o Q
RPN

Fig. 9: Two scenarios, £ and 7, and their stable tables

0:a;
Cl1:b{r01>5};
2:c¢ {102 <6} .

Fig. 10: The combination of £ and n of Fig. 9, and scenario ¢ with its stabilized table

Table DEY" allows all the behaviours in [¢] U [n]. But there is a possibility
that it may also allow some extra behaviours, namely those that satisfy all the
constraints of the union, but do not satisfy some of the constraints in £ and some
of the constraints in 7. We call such behaviours “zigzagging” behaviours.

It is not too difficult to find such zigzagging behaviours, if they exist. We
discuss this for the simple case of an attempt to combine two scenarios & and n
into a scenario 7.

We identify two constraints o and S such that o cannot be satisfied by
behaviours in [£], but is satisfied by the members of [n], and 8 cannot be
satisfied by behaviours in [n], but is satisfied by the members of [¢{]. We then
construct a scenario ( with the same sequence of events as £ and 7, and set
of constraints that includes only « and 8. If ¢ is consistent, we compute its
intersection with . If the intersection is not empty, then  is too permissive,
since none of the behaviours allowed by ( is allowed by £ or 7.

As an example consider two scenarios, £ and 7, of Fig. 9 along with their
stabilized tables. Scenario v of Fig. 10 shows their supposedly combined scenario
along with its stabilized table. Scenario ¢ of Fig. 10 represents a set of behaviours
in which the time distance between events a and b are at least 5, and between
events a and c are at most 6 units of time. There is no behaviour in the semantics
of ¢ that is allowed by either £ or 7 of Fig. 9. Yet, its intersection with ~ (the
supposed union of £ and 7) is not empty. This indicates that the union of the
behaviours allowed by & and 1 cannot be represented by a single scenario.

As another example consider ¢ and 7 of Fig. 11 where the union of behaviours
can be represented by a single scenario, namely their union (see the scenario on
the right). That is, no “zigzagging” behaviour is allowed by £Un: every behaviour
in [€Wn] is in [£] or in [n] or in both.

The union of two scenarios & and n can be expressed by a single scenario if
there is no “zigzagging” behaviours possible between & and n.

Next, we formalize “zigzagging” behaviours and define the union of scenarios.
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O:a; O:a; O:a;
1:b6; 1:56; 1:b6;
2:c{m,2 21,702 <6};| |2:c{r02>4,702 <9} ; 2:c{r02>1,702<9};
3:d; 3:d; 3:d;
4:e{rs<8}. 4:e{m4<8}. 4:e{m4<8}.
£ n U

Fig. 11: Two scenarios that can be combined

Definition 7. Let £ and n be two consistent scenarios of length n with the same
sequence of events, £, such that £Un is defined. We define Z(&,n) to be a (possibly
empty) set of scenarios. Scenario ¢ € Z(&,n) iff ¢ is consistent and
1. The sequence of events of ¢ is &,
2. For every 0 <i < j <m, Il% C Ii”;w",
3. There erist 0 <1< j<nand 0 <k <l <n such that
(a) i#k orl#j, and
(b) I 0I5 =0, LT 0I5 #0, and
(c) IgN Iy #0, I NI = 0.

Lemma 3. Let & and n be two consistent scenarios, such that £ Un is defined.

If C€ Z(&,m), then [(JN[EWn] # 0.

Proof. By Definition 7, £ U n is defined. So, by Observation 5, it is consistent.
Therefore [€ W n] # (. By Definition 7, ¢ is consistent, so [(] # 0.

By pt. 2 of Definition 7, Yo<i<j<n Ili C Iii»w". So, by Observation 4, [(] C
[€ Un]. Therefore [ Wn] N [{] # 0.

Recall that every interval of the stable table, e.g., Ifj of scenario £ = (£,0),
corresponds to a pair of constraints. These constraints could be implicit (default
and implied) constraints, or explicit constraints, i.e., members of C.

Intuitively, if ¢ € Z(&,n), then there must be at least two different constraints
(explicit or implicit, non-default) one in £ and one in 7 that are not satisfied by
the members of [(]. Equivalently:

Observation 6 Let ( € Z(&,n). Then, for every B € (], there exist 0 < i <
j<mn,and0<k<Il<mn, wherei#k orl+# j, such thattg» ¢ If}, and t8, ¢ I
Lemma 4. Let & and n be two consistent scenarios. If ( € Z(&,m), then [¢] N
[€] =0 and [T N [n] = 0.

Proof. £ is consistent, so [£] # 0. By Definition 7, ¢ is consistent, so [(] # 0.
Assume [¢] N [€] # 0. Then, by Lemma 1, { N ¢ is defined and consistent.
So, by Definition 5, Vo<i<j<n Ilg N Ifj # (). But this is contradictory to pt. 3 of
Definition 7.
The proof for [(] N [n] = 0 is identical.
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Observation 7 Let £ and n be two consistent scenarios. £ Cn iff EWUn =n.

Definition 8. A scenario £ = (€,C) is trivial if C = (0. £ is non-trivial if it is
not trivial.

Intuitively, all the constraints of a trivial scenario are default constraints.

Observation 8 Let £ and n be two consistent scenarios with the same sequence
of events. If € is trivial, then ENn=n and EYUn = ¢£.

Lemma 5. Let & and n be two consistent scenarios. If Z(£,n) # 0, then neither
& nor n is trivial.

Proof. Assume ¢ is trivial. Then, by Observation 8, £ Un = €.
Let ¢ € Z(&,m). By Lemma 4, [¢] N [¢] = 0. So [¢] N[ Un] = 0. But this is
contradictory to Lemma 3.

The consequence of Lemma 5 is that if Z(&,n) is not empty, then £ and 1 must
each have at least one explicit constraint.

Lemma 6. Let £ and n be two consistent scenarios. If Z(£,m) # 0, then £ € n
andn € €.

Proof. Assume £ Cnorn CE¢.
Let ¢ be a scenario in Z(£, 7). By Lemma 4, [¢]N[£] = 0, and [] N [n] = 0.
If n C &, then by Observation 7, £ Wy = &. Then [{] N [ Un] = 0. But this
is contradictory to Lemma 3.
If £ C n, then by a similar argument we can show a contradiction.

We will now examine ways of determining whether Z(&,7n) # 0. This will be
important for Theorem 3 at the end of this section.

Lemma 7. Let £ = (£,C1) and n = (€,C2) be two optimized scenarios. If
Z(&,n) # 0, then there must be ¢; € C; and ca € Ca, such that ¢; ¢ Cy and
Co ¢ Cl.

Proof. By Lemma 5, £ and 7 are not trivial. That is, C; # 0 and Cs # 0. Assume
that every constraint in C; is also in Cs, or every constraint in Cs is also in Cj.
Then n C € or £ C 5. Then, by Lemma 6, Z(£,n) = 0. But this is a contradiction.

In the rest of the paper when we write ij # kl, we mean ¢ # k V j # L.

Lemma 8. Let £ = (£,C1) and n = (€,Cs) be two optimized scenarios of length
n, such that €W is defined and Z(£,m) # 0.

If Ve, =7, jmacC, Ves=ry i~becs (€1 €Ca V o €C1 V (i = kA j=1)), then there
exists 0 < u < v < n such that every constraint in C1 \ Co and every constraint
in Ca \ Cy 1is between u and v.
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Proof. By Lemma 7, C; \ C3 # 0 and Cy \ C1 # 0.

Let ¢; be a constraint for some 7, , (0 < p < ¢ <n) in C; \ C2. Then, by the
assumption, every constraint in C, is either between events p and ¢, or is also in
C;. Similarly, every constraint in C; is either between events p and ¢ or is also
in Cs, so all the other constraints in C; \ Cy (if any) must also be between events
p and q.

Theorem 2. Let £ = (£,C1) and n = (£,C2) be two optimized scenarios of
length n such that £ U n is defined. If Z(&,n) # (0, then there exists a constraint
for some 7, ; (0 < i < j < n) in Cy, which is not in Ca, and there exists a
constraint for some 7y (0 <k <1< mn,ij # kl) in Ca, which is not in C;.

Proof. Assume the negation of the conclusion, that is,
Ver=r; j~vaeCy Vey=ry,1~beCs (c1€C V o€l V (i=kAj=1).

By Lemma 77, the explicit constraints of £ and 7 must be identical, except
for those that are between a single pair of event numbers, say p and q.

In that case, for every 0 < i < j < n, the intervals Ifj and IZ-TJ’- both correspond
to explicit constraints or both correspond to implicit constraints in £ and 7,
respectively.

Z(&,m) # 0, so there exists some ¢ in Z(£,n). By pt. 3 of Definition 7, there
must exist 0 <u < v <nand 0 <w < z <n, where uv # wz, such that

I’E’U ﬁ I’lf’[) = 07 I’l’l’]’U ﬂ ]751) # (D’ and Il%z m I'UC)Z # ®7 IJJZZ ﬂ ]7§)Z = ®'

So I, # I and IS, # I . At least one of the intervals between u and v
and between w and z must correspond to implicit constraints in both £ and 7.
This is because there is only one pair of event numbers, p and ¢, that correspond
to different explicit constraints in £ and 7.

We consider two cases:

1. Both I§, and I/, correspond to implicit constraints in & and 7.

Assume I, corresponds to some implicit constraint d in &. Because IS, N

IS, = 0, constraint d is not satisfied by the behaviours in [(]. But then, by

Observation 3, at least one explicit constraint « € C; that is in the support

of d must also not be satisfied by these behaviours.

Similarly, assume I corresponds to some implicit constraint e in 7. Because

I NI, = (), constraint e is not satisfied by the behaviours in [¢]. By

Observation 3 at least one explicit constraint 8 € Cy (8 # «) that is in the

support of e must also not be satisfied by these behaviours. But in that case,

there are two possibilities:

(a) « is of the form 7, , ~ a and 3 is of the form 7, , ~ b. Neither o nor j

are satisfied by members of [(], so Iﬁq N ]qu =, and I}) N [p(q = (). But
then, I}%”J” N IS, = 0, which is in contradiction to pt. (2) of Definition 7.

(b) One of « or 3 corresponds to 7, 4.

Let o be of the form 7,, ~ a and 8 be of the form 7., ~ b, where
rs # pq. Then § must also belong to C;. Therefore, 8 in C; is also not
satisfied by the behaviours in [(]. So, I§,NIS = 0, and I'.N IS = 0. But
then, I5Y7 N IS, = (), which is in contradiction to pt. (2) of Definition 7.
If B is of the form 7, , ~ a, we can show a contradiction by a similar
argument.
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2. I§, corresponds to an explicit constraint in both ¢ and 7, while IS, corre-
sponds to an implicit constraint in both & and 7. Then uv = pq.
Let ng and [} correspond to explicit constraints d and d' in £ and 7, re-
spectively. Because IS, N IS, = Iﬁq N Iqu = (), constraint d is not satisfied by
the behaviours in [¢]. But because I, N IS, = Il N IS, # 0, constraint d’ is
satisfied by those behaviours.
Let IS, and I, correspond to implicit constraints e and e’ in ¢ and 7 re-
spectively. Since IS, N IS, # 0, constraint e is satisfied by the behaviours in
[¢], but €’ is not satisfied by those behaviours, because I, N IS, = (). So ¢’
is not a default constraint, and e # ¢’.
By Observation 3 at least one explicit constraint 5 € Cs that is in a support
of ¢/ must also not be satisfied by the members of [(]. S cannot be equal to
d', because d’ is satisfied by behaviours in [(].
Then S must also belong to C;. Therefore, 8 in C; is also not satisfied by
the behaviours in [¢]. Let 8 correspond to some constraint between r and s.
Then, IS, N IS =0, and 17, N IS, = 0. But then, I5¥7 N IS, = (), which is in
contradiction to pt. 2 of Definition 7.

Observation 9 Let £ = (£,C1) and n = (£€,Cq) be two optimized scenarios of
length n such that £ Un is defined. If there is no pair of constraints o = 7; ; €
Ci\Cs and B =141 € C2\ Cy, such that (0 <i<j<mn), (0<k<l<n)and
(i # kl), then Z(&,m) = 0.

Observation 9 is just a restatement of Theorem 2. It provides a sufficient condi-
tion for the non-existence of zigzagging behaviours: if £ = (£,C;) and n = (€,Cs)
do not contain such an « and 8, then Z(¢,n) = 0. It is not clear whether the
condition is also necessary.

Assume that £ U7 contains a pair of constraints o and 8 such that « =7, ; €
C1\Ca, B =71 €C2\C1 and (ij # k). Consider I; = I3\ I/ and I = I} \ I;.
We construct a scenario ¢ = (£,C) where C = {min{1} <7, 7., ; < maz{l},
min{la} < 7, Ty < max{lz}}. The behaviours in [¢] will belong neither
to [¢] nor to [n]. But ¢ might be inconsistent. However, this is quite easy to
check. We must stabilize (’s initial table, i.e., D¢. If the resulting table is valid,
it is DS, so we can check whether ¢ N (£ U n) is defined and consistent. If so,
then there exists at least one zigzagging behaviour in [(]: Z(&,n) # 0. If no
zigzagging behaviour can be found for any such pair of constraints o and f,
then Z(&,n) = 0.

Observation 10 Let £ and n be two scenarios such that £ U n is defined. If the
assumptions of Observation 9 are not satisfied and the process outlined in the
preceding paragraph does not find a zigzagging behaviour, then Z(&,n) = (.

As an example consider scenarios £ and n of Fig. 9 along with their stable
distance tables once more. Observe that £ and 7 are optimized: it is not possible
to transform the set of explicit constraints of each to another set. By comparing
the corresponding intervals of the distance tables, it is easy to see that £ and 7
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are not subsets of each other. Moreover, £ U n (shown on the left of Fig. 10) is
defined (and therefore consistent).

As we mentioned before the union of the behaviours in [¢] and [n] cannot be
captured by their union: Z(£,n) # 0. In fact, ¢, shown on the right of Fig. 10,
belongs to Z(&,n). Obviously, ¢ is consistent: it allows all behaviours in which
the time distance between a and b is at least 5, and between a and c is at most
6. Clearly, these behaviours are in £ U, but are neither in [€], nor in [n]. So
in accordance with Observation 9 there must be a pair of constraints, one in &
but not in n, and another one in 7, but not in ¢, that are not between the same
events. Indeed, the only explicit constraint of £ (which is not in 7) is between
events 0 and 1, while 7’s only explicit constraint (which is not in &) is between
events 0 and 2.

As another example consider the scenarios of Fig. 11 once more. The explicit
constraints of ¢ and n differ only on the constraints between one pair of events,
namely, events 0 and 2, so by Theorem 2, Z(&,n) = 0.

Observation 11 If Z(&,n) = 0, then every behaviour in [€Un] must satisfy all
the constraints in &, or all the constraints in n, or all the constraints in both &
and 7.

Lemma 9. Let £ and n be two consistent scenarios with the same sequence of
events, such that £ Un is defined. If [EWn] = [€] U [n], then Z(&,n) = 0.

Proof. Assume Z(&,n) # 0. Let ¢ € Z(&,n). By Lemma 3, [ U n] N [C] # 0.
Then ([€] U [n]) N [¢] # 0. But then [¢] N [¢] # 0@ or [n] N [¢] # 0, which is

contradictory to Lemma 4.

Lemma 10. Let & and n be two consistent scenarios with the same sequence of
events, such that £ Un is defined. If Z(&,m) =0, then [EUn] = [¢] U [7].

Proof. By Lemma 2, [¢]U[n] C [€Wn]. Next, we show that [¢Wn] C [£]U [n].
Let B € [£Un]. Then
Vo<i<j<n tg- > mfjwn = l%w" = min(mfj, my;), and
v0§i<j<n t% S ijwn = hfj@'fl = maX(ij, MZ)
Without loss of generality assume that mfj < m?j.
& Un is defined, so by Definition 6, Vo<i<j<n Ifj NG #0.
3 £ 3 13
Therefore m;; < m?j <My < MZ or my; < m?j < MZ < M.
If mfj < m;’j < ij < Minj7 then there are three cases:
1. mfj < tg» < m?j. Then mfj < tg» < ij So tiBj c Ifj, but tﬁ- ¢ Ig
2. ml; < t8 < M. Then m; < 5 < My, and m), <15 < M. So t5 € I,
and 5 € 1.
3 B B B B 3
3. My <t < ML Then mj; <7 < M. So t: € I, but 7 ¢ I5.
If mfj < m?j < M:; < ij7 then there are two additional cases:
B 13 B 13 B B 13
4. m; <tF < M} Then mg; < t5 < My and m]; <t < M. So t7 € I3
and tg €L
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5. MJ; < B < My, Then mj; <8 < M. Sot5 € IS, but t5 ¢ Il

Z(&,m) = 0. So for a given B, if tﬁ» € Ifj, but tg ¢ I}, it is not possible to have
th ¢ I,fl, and t5, € I, for some ki # ij. Therefore, if tg- satisfies the requirements
in case (1) or case (5), there is no kl # 4j for which the requirements in (3) are
satisfied, and vice versa. Then either all t?j (forany 0 <i<j<n)of B

(a) satisfy the requirements in case (1) or case (5), or

(b) satisfy the requirements in case (2) or case (4), or

(c) satisfy the requirements in case (3).

If (a), then B € [¢]. If (b), then B € [¢] and B € [n]. If (c), then B € [n].

So B € [¢] U [n]. Therefore [¢ W n] C [£] U [n]-

Theorem 3. Let £ and n be two consistent scenarios with the same sequence of
events, such that £ Un is defined. Then [EWn] = [£]U [n] #f Z(¢,n) = 0.

Proof. This is a direct consequence of Lemma 8 and Lemma 9.

5 Conclusions and related work

We introduce subsumption, intersection and union operations for timed scenar-
ios. We formally define these operations and their semantics.

Given two consistent scenarios ¢ and 7, £ is subsumed by 7, ie., £ C 7, iff
[€] € [n], that is, the set of behaviours allowed by ¢ is a subset of that for 7.
We provide a constructive way of verifying whether that is the case (Definition 4
and Observation 4).

Next, we show that for two consistent scenarios £ and 7, if the set of be-
haviours allowed by both £ and 7 is not empty, then the set can be captured
by a single scenario, namely the intersection of £ and 7, i.e., £ N n. Definition 5
shows how to construct £ N7 and Theorem 1 proves its semantic properties.

Then we turn our attention to the union of scenarios. Given two consistent
scenarios £ and 7, we want to know whether there exists a single scenario that
would express the set of behaviours that are allowed by £ or n, i.e., the union of
the behaviours allowed by £ and 7. We constructively define £ Un (Definition 6)
and show that it captures the expected properties of union only under certain
conditions: in particular, when it does not contain “zigzagging” behaviours (The-
orem 3). Intuitively, zigzagging behaviours satisfy all the constraints of £ Un but
do not satisfy some of the constraints in £ and some of the constraints in 7. In
other words, they belong neither to [£], nor to [7], even though they belong to
[€ wn]. We formalize zigzagging behaviours, and show that such behaviours are
possible only when there is a certain relationship between the constraints of &
and 1 (Theorem 2). This provides us with a syntactic criterion for determining
whether £ U7 does indeed have the required semantic properties of union.

To the best of our knowledge this is the first attempt at developing such
operations for timed scenarios. These operations are directly relevant to the
problem of synthesizing timed automata with minimal number of clocks from
a set of scenarios (see Sec. 3 for a brief discussion), which we will address in a
forthcoming paper.



Operations on Timed Scenarios 17

A detailed comparison of timed scenarios with other related work, in partic-
ular with Difference Bounds Matrices (DBMs), can be found in our earlier work
[9,13].

Inclusion and intersection operations have been defined for DBMs [19]. How-
ever, our subsumption and intersection operations, developed from first princi-
ples for timed scenarios, are naturally very different.

Union of DBMs has been handled by convex hulls, leading to an approxima-
tion algorithm [20] and a safe abstraction [21]: the union of two zones (repre-
sented by DBMs) is generally a non-convex set, and therefore cannot be repre-
sented by a zone, i.e., a DBM.

Another method for checking whether the union of two DBMs is itself a DBM
has been developed using convex hulls together with Clock Difference Diagrams
(CDDs) [22].

Our union operation, with well-defined semantics, is defined in a different and
straightforward way using the stable distance tables. An interesting property of
our union is that the initial distance table corresponding to the union of two
scenarios is already stable: there is no need for stabilization (Observation 5).
More importantly, no approximation is required, thanks to our syntactic criterion
used for the existance of union.
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