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Abstract. We develop a new method for determining the consistency
of timed scenarios. If the scenario is consistent, we obtain a canonical
representation for the entire class of equivalent scenarios. This allows us
to optimise a scenario according to various criteria. In particular, we are
able to minimize the largest constant in the scenario’s set of constraints:
this technique is directly relevant to decreasing the costs of verification
for timed automata synthesized from timed scenarios.

1 Introduction

Using scenarios for specification and implementation of complex systems, includ-
ing real time systems, has been an active area of research for over three decades
[20, 15,22, 8]. Synthesis of formal models of systems from scenarios has also been
studied in the past [20, 13,15, 8, 22], and recently there has been renewed interest
in this area [4, 16, 19].

We have recently proposed [19] a form of timed scenarios (called Timed Event
Sequences or TES) for specifying partial behaviours of real-time systems. We also
developed a synthesis method for constructing a timed automaton from a set of
TES. What was not addressed in that work was the question of the consistency
of timed scenarios.

We set out to develop, from first principles, a method for detecting whether
a scenario is consistent. As a byproduct we obtained a canonical representation
for the entire class of scenarios that are equivalent to the given one. This in turn
allowed us to optimise scenarios (according to various criteria), by replacing a
given scenario with an equivalent one that has more desirable properties. The
current paper summarizes the results of this study.

Specifically, the main contributions of the paper are as follows:

1. We present a generalized and simplified notion of timed scenarios and their
semantics. The new notion is independent of modes and mode graphs [19].

2. We propose a method for determining the consistency of timed scenarios.
The method is developed from the fundamental equations and inequations
that hold, in general, between the times at which ordered events occur. As a
byproduct we obtain a canonical representation (a “distance table”) for the
entire class of scenarios that are equivalent to the given one.
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Lo : a; Lo : a;
L1 : b {Lo S 1}; L1 ) {Lo S 1};
Ly: ¢{Li1 <5} Ly: c{L <2}
L3Z d{L1§4,L222}, L3Z d{L1§4,L222,L2§4},
6{L1§11,L224,L3§4}. e{L224,L3§4}.
Scenario & Scenario n

Fig. 1: Two equivalent scenarios

3. We use the distance table to optimise scenarios according to various criteria.
In particular, given a time distance table corresponding to a scenario we
show how to minimize the maximum constant in the scenario. For example,
our prototype tool can convert scenario £ of Fig. 1 to the equivalent scenario
7. The maximum constant in 7 is smaller than that in £, so 7 is better suited
for the purpose of synthesizing a timed automaton: the cost of verifying a
timed automaton crucially depends on the size of the maximum constant in
its time constraints.!

4. Tt turns out that our distance tables are essentially isomorphic to the Differ-
ence Bounds Matrices studied by Dill in the context of verification of timed
automata [11]. We show how to apply Dill’s method to the case of scenarios,
both to check consistency and to minimise the maximum constant.

2 Concepts

2.1 Events

Let ¥ be a finite set of symbols called events. Let X* denote the set of all
sequences (finite or infinite) formed from elements of X. The subset of X* that
contains only all the sequences of length n will be denoted by X™.

The intended interpretation is that e € X' is the name of a concrete event in
the real world, such as “a button is pressed”.

Given a sequence o = egejey ... € X* we will use the term “event i of ” (or
“the i-th event”, etc.) to denote the i-th element of o, i.e., the i-th occurrence of
an event in the sequence. This should not be confused with e;, which is a symbol
in Y, and which may have many occurrences in o.

! Most model-checking tools for timed automata (e.g., UPPAAL [7] and KRONOS [9])
use region-based and zone-based abtraction methods in order to make verification
possible in spite of the infinite state spaces of timed automata. It is well-known that
both of these abstraction methods depend on the number of clocks and on the size
of the constants that appear in constraints. In fact, the size of the region graph is
exponential in the number of clocks and the (encoding of) constants [3].
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2.2 Behaviours

Definition 1. A behaviour? over ¥ is a sequence (eg,to)(e1,t1)(e2,t2) ... ,
such that e; € X, t; € R0 tg =0 and t;_y <t; foric {1,2...}.

We will omit the phrase “over ~” when doing so does not lead to confusion.

A behaviour can be infinite or finite, even empty. In this paper we will discuss
mostly finite behaviours.

The intended interpretation of (e;, ¢;) is that the i-th occurrence of an event is
an occurrence of event e;, and takes place t; time units after the initial occurrence
of an event (namely, eg).

A behaviour can be thought of as a pattern for an infinite number of concrete
behaviours that differ only in their starting time. We say that the (abstract)
behaviour represents all those concrete behaviours.

Given a behaviour B = (eg, tg)(e1,t1)(e2,t2) ... we will use eseq(B) to denote
the sequence egeres ... and tseq(B) to denote totits. ...

We often say “event ¢ of B” (or “the i-th event”) to denote event i of eseq(B).

Definition 2. Let B = (eg,to)(e1,t1) - .. (én—1,tn—1) be a behaviour of length n.
Then, for any 0 < i < j < n, the symbol tg- denotes the distance, in time units,

of event j from event i in B. That is, tiBj =t; — ;.

We often write simply ¢;; when this does not lead to ambiguity.

Observation 1 For any behaviour of length n, and for 0 <i < j <k <n:
tij + 1tk = tik (1)
Proof. Obvious: tij +tjx =1t —t; + 1t —t; =t — t; = Lk O

We are often interested not in a particular behaviour, but in a set of behaviours
that satisfy certain time constraints, e.g., that the door will open sufficiently
quickly after the button is pressed. To describe sets of behaviours that satisfy
such constraints we use timed scenarios.

2.3 Timed scenarios

Definition 3. Given a natural number n, let &(n) denote the set of constraints
of the form d ~ ¢, where ~€ {<,>, =} and c is a constant in the set of rational
numbers, Q. d is the symbol 7; j, for some integers 0 <@ < j <n.

The intended interpretation is that 7; ; is the time distance between events i
and j in the behaviours described by a timed scenario. This will become clear
in Definition 4 and Definition 5.

2 Behaviours are essentially the “timed words” of Alur [2].

3 To keep the presentation compact, we do not allow sharp inequalities: allowing them
would complicate our definitions and proofs, without affecting the general principles.
Notice that sharp inequalities are of mainly theoretical interest: in practice we can
measure time only with some finite granularity 7, so < c s for all practical purposes
equivalent to z < ¢ — 7.
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Definition 4. Let n be a natural number and X the set of events. A timed
scenario of length n over X is a pair (€,C), where

— & =eye1...6n_1 1S a sequence of events (i.e., E € X");
— C C P(n) is a finite set of constraints.

Given a scenario £ = (£,C), we will use events(§) to denote £ and constraints(§)
to denote C.

In this paper the term “scenario” will always refer to a timed scenario. We
will omit the phrase “over X" when that does not lead to confusion.

We will use the term “event i of £” to denote event i in events(§).

External representation To make scenarios fit for human consumption, we
will usually describe them in a notation that is not unlike a simple programming
language. A scenario will be written as a sequence of events, separated by semi-
colons and terminated by a period. If the scenario contains a constraint such as
Ti,; < ¢, then event 7 in the sequence will be labelled by a unique symbol L;,
and event j will be annotated with a set of constraints that contains L; < c.

In Fig. 2, & is a representation of (abef, {T01 > 2,712 > 2,793 < 2}).

2.4 Scenarios and behaviours

Definition 5. Let & be a scenario of length n over X.
A behaviour B = (eg,to)(e1,t1) ... (€n—1,tn_1) over X is supported by £ iff
— events(§) =eg...ep—1 and
— every T; ; ~ ¢ in constraints(§) evaluates to true after 7; ; is replaced by t%.

For a given scenario £, we use Supp(§) to denote the set of behaviours that are
supported by &. (We will often say simply: “the set of behaviours of £”.)*

The set of behaviours of scenario & of Fig. 2 is

Supp(&1) = {(a,t0) (b, t1)(c, t2)(b,t3) [to = 0N T3 = ta = t1 2 lo Aty — to <
SNty —ty < 4}

Observation 2 Let ¢ be a scenario of length n and let £ be the scenario obtained
by adding some constraint to constraints(£). Then Supp(£') C Supp(§).

Proof. A behaviour of £ must satisfy all the constraints in &. a

Definition 6. The semantics of scenario &, denoted by [£], is the set of be-
haviours that are supported by &, i.e., [€] = Supp(§).

Definition 7. Two scenarios & and n are equivalent iff [¢] = [7].

Definition 8. Let £ = (£,C) and n = (£,C') be two scenarios (with the same
sequence of events). C and C' are equivalent iff & and n are equivalent.

4 There is nothing new in the intuition that a scenario describes a set of behaviours:
see, e.g., the paper by Somé et al. [21].
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t
Lo: a;
¢ b {Lo < 5}; 6
! ¢ {Lo < 4}; 5
b Lo :a; 5 ey
Lo: a Ly :b{Lo <2} ;’ .,/ﬁz.og__‘ 04
Lli b{LOZQ}, LQZC{L0§4,L122}; 1
1 oL =2y d{Li >3 Lo < 4}; ;
S A{Lo <2} e {Lo < 6}. 0 1 2 3 4
Fig. 2: Two scenarios Fig. 3: A scenario and one of its behaviours

Definition 9. A scenario € is consistent iff [¢] # 0. A scenario is inconsistent
iff it is not consistent.

For instance, scenario & of Fig. 2 is consistent, while & is inconsistent, as the
constraint that annotates event 3 (f) cannot be satisfied.

Definition 10. For a consistent scenario & of length n, and for 0 <i < j < n,
we define

¢ 4B
mg; min{t;; | B € Supp(§)}

§ _ B

M;; = maz{t;; | B € Supp(§)}

The absence of an upper bound for some i and j will be denoted by Mf] = 00.
We will often write just m;; and M;; when £ is understood.
Observation 3 For any behaviour in Supp(§),

0<my; <ty; < M;; < o0 (2)
Proof. A direct consequence of Definition 10. a
Observation 4 Let £ be a scenario of length n, and let B be a behaviour such
that eseq(B) = events(§). If mfj < tiBj < Mf] for every 0 < i < j < n, then
B € Supp(§).

Proof. B obviously satisfies all the constraints of . a

In other words, the set of values from Definition 10 completely characterizes
the semantics of a scenario.

Observation 5 Let & and 1 be two scenarios of length n, such that events(§) =
events(n). Then [€] = [n] iﬁVOSKKH(m% =my; A ij = M}).

Proof. A direct consequence of Observations 3 and 4. O
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A behaviour of £ can be viewed as a sequence of discrete timed events in a Carte-
sian plane, where the x-axis represents event numbers and the y-axis represents
time. It might be useful to visualize this as a curve that is obtained by connecting
all such timed events. For instance, Fig. 3 shows a consistent scenario along with
one of its behaviours (shown with a solid line), namely (a, 0)(b,1)(c, 3)(d,4)(e, 5).

The upper and lower curves (in dashed lines) correspond to mg; and My;,
for 0 < j < 5. Notice that the constraints that annotate the first four events of
the scenario seem to indicate that the maximum distance between events 0 and
3 should be 8, but the constraint associated with event 4 reduces it to 6: the
curves must obviously be monotonically non-decreasing.

These two curves can be viewed as the boundaries of the set of all behaviours
of the scenario, that is, the plot of every supported behaviour must fit between
these two curves.

This is necessary, but not sufficient. For example, the curve of the behaviour
(a,0)(b,2)(c,4)(d,4)(e, 6) would fit between these boundaries, but the constraint
Ly > 3 that annotates event 3 (corresponding to 71,3 > 3) would be violated.

As noted above, in order to fully characterize the set of all behaviours of
a scenario £ of length n we must determine the minimum and maximum time
distances between every pair of events in any member of Supp(€). That is, we are
interested in computing mfj and ij for every ¢ and j such that 0 <17 < j < n.

As an example consider scenario £; of Fig. 2 once more. The time distance
between events 0 and 1 (a and the first b) is constrained to be no greater than
5, event 2 (c¢) occurs after event 1, but its distance from event 0 is at most 4.
Surely, the time distance between events 0 and 1 must be at most 4 in all the
behaviours of £;: the constraint Ly < 5 on event 1 is not tight. The tightest
constraint that can replace it without changing the semantics of & is Ly < 4.
Supp(&1) does, indeed, include a behaviour for which the time distance between
events 1 and 2 is exactly 4.

An immediate question is how to determine the various values of m;; and
M;; for a given scenario. We begin by elucidating some fundamental relationships
between these values.

Observation 6 Let & be a consistent scenario of length n. Then the following
inequations hold, for any 0 <i < j <k <n:
mij +mjk < mik (3) mij + My > my, (4) mij + My, < My, (5)
M;; + Mjx, > M;x (6) Mij +mj > my, (7) Mij +mjr < Mg (8)

Proof. Inequations (3) and (6) are direct consequences of equation (1).

For (4), assume My +Mji, < myp. But then m;; or myy, is not tight enough, or
My, is too tight. That is, Supp(§) cannot include a behaviour for which ¢;; = m;;,
because then t;;, > M, would have to hold for equation (1) and my, < t;; to
be satisfied.

For (5), assume m;; + Mj, > M;,. But then Supp(§) cannot include a be-
haviour for which ¢, = Mjy, because t;; < m;; would have to hold for equation
(1) and t;; < M;i to be satisfied.

The proofs for (7) and (8) are analogous to those for (4) and (5). O
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Lo : a; Lo : a;
b; Ly: b{Lo <2}
C{Lo 22} C{L1 S3,L0 34}
&3 &4
Fig.5: The bounds on
Fig. 4: Two scenarios three events

The inequations of Observation 6 can be presented in compact form:

mij +mjx < mig, < {@ﬂfﬁ;ﬁ } < My < Mij + M (9)
It is worth emphasizing that none of the inequations of Observation 6 can be
replaced by equations. For instance, consider scenario &3 of Fig. 4. It is easy to
see that mg; = 0 and mj2 = 0, but mge = 2. That is, within Supp(£3) there are
behaviours for which tg; = mg; and behaviours for which t15 = mqs, but there
is no behaviour for which tg; = mg; and ti2 = mqo. Similarly, in scenario &4 of
Flg 4, M01 = 2, M12 = 3, but M03 = 4.

Inequation (9) can be used to reason about the behaviours of a scenario. For
example, consider a scenario £ of length 3, such that events(§) = aba, where the
minimum and maximum values of ¢;;, for 0 < i < j < 3, in the behaviours of
& are summarized in Fig. 5. If we limit our attention to those of the supported
behaviours whose time annotations contain only integers, we find a set of six:

{(a,0)(b,2)(a,4), (a,0)(b,2)(a,5), (a,0)(b,2)(a,6),

(a,0)(b,3)(a,5), (a,0)(b,3)(a,6), (a,0)(b,3)(a,7)}
Assume the minimum time distance between 0 and 2, i.e., mg2, is increased to
6. The inequation mgy; < Mpy; + mi2 no longer holds. A way to repair it® is to
increase mis to 3. As a result, our set will change to:

{(a,0)(b,2)(a,6), (a,0)(b,3)(a,6), (a,0)(b,3)(a,7)}

If we increased mos to 7 (instead of 6), mo; and my2 would change to 3 and 4,
respectively. The set would then include only one behaviour: {(a,0)(b,3)(a,7)}.

We generally have to deal with scenarios that have more than three events,
so a tabular representation similar to that of Fig. 5 will be even more useful.

2.5 Distance tables

Definition 11. Let £ = (£,C) be a scenario of length n.
C is pruned iff, for any given integers i and j such that 0 <i < j <mn,
— C does not contain a constraint of the form 7; ; = c;
— C contains at most one constraint of the form 7, ; > c and at most one
constraint of the form 1; ; < c.
If constraints(§) is pruned, then we also say that £ is pruned.

Obviously, given a set of constraints C it is easy to convert it to a set that is
equivalent, but pruned. First, replace every constraint of the form 7; ; = ¢ with
two constraints, 7; ; > ¢ and 7; ; < ¢. Second, for each 0 <i < j < n,

5 The other way is to increase Mo to 4, but that would introduce new behaviours.
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|1 2 3 4 |1 2 3 4
0/(0, 1) (0, 00) (0, c0) (0, 00) 0{(0, 1) (0, 3) (2, 5) (4, 9)
1 (0,5) (0,4) (0,11) 1 (0,2) (2,4) (4,8)
2 (2, 00) (4, 00) 2 (2,4) (4,8)
3 (0, 4) 3 (0, 4)

Fig.6: A distance table for £ of Fig. 1 Fig.7: A stable version of the same table

— if C contains more than one constraint of the form 7; ; > ¢, retain only one
with the maximal constant;

— if C contains more than one constraint of the form 7; ; < ¢, retain only one
with the minimal constant.

Definition 12. Let £ = (€,C) be a pruned scenario of length n.
A distance table for € is a triangular matriz D¢, such that:

- ij is defined iff 0 <i < j < ny
— for0<i<j<n, ij = (lij, hij), where
e [;; and h;; are rational numbers;

e if C contains a constraint 7; ; > c then l;j = c, otherwise l;; = 0;
o if C contains a constraint 7; ; < c then hi; = c, otherwise h;; = oo.

We will sometimes refer to an [/;; as a low value, and to an h;; as a high value.
If ¢ is of length n, then we will say that D¢ is of size n.

Obviously, given D¢ we can construct a set of constraints that is equivalent
to constraints(€). So the distance table for £ is just another representation for
the constraints of &.

Fig. 6 shows a distance table corresponding to scenario £ of Fig. 1.

Definition 13. A distance table of size n is valid iff l;; < hyj, for all 0 < i <
j < n. A table that is not valid is invalid.

Observation 7 If D¢ is invalid, then ¢ is inconsistent.

Proof. Obvious from Definition 12. O

Definition 14. A distance table of size n is stable iff it is valid and, for all
0<i<j<k<n,

lij + hjk

Lig+ 1l <l < {hij + ljk} < hig < hij + by 9)

The distance table of Fig. 6 is not stable. Fig. 7 shows its stable version.
The distance table for a scenario with no constraints is obviously stable.

Theorem 1. Let D¢ be a stable distance table. Then & is consistent.
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Proof. Let events(§) = epey...en—1. It is enough to show that there exists a
behaviour B = (eg, to)(e1,t1) - - - (€n—1,tn—1), such that B € Supp(£).

That is, we must show a sequence tgt; ...t,_1 such that, for 0 < j < k < n,
Lig <t —t; < hyy, Le., tj, satisfies the appropriate constraint in the table.

Let tg = 0, and for 0 < j < n let ¢t; = lg;. Then the constraints in the first
row of the table are satisfied: t;, — tg = lor < hok.-

Let 0 < j < k < n. The table is stable, so lo; + l;r < log, hence [, <
lop — loj =t — t;. Moreover, lop < loj + hjk, hence gy, — loj < hjk. (|

Definition 15. Let D be a stable distance table, let p and q be integers such
that 0 <p < q <mn, and let S = tptp41...t4 be a sequence of real numbers. We
say that S is compatible with D iff

—0<ty <tpy1 <...<ty;

— lij < tiy < hy; for any two integers i and j such that p <i < j < q.5

Of course, if B € Supp(€), then tseq(B) is compatible with D¢. And vice versa, a
compatible sequence S whose length is the size of D¢ satisfies all the constraints
of £, so there is a B € Supp(€) such that S = tseq(B).

Lemma 1 Let D be a stable distance table of size n, let b and ¢ be integers such
that 0 < b < c <mn, and let tyty41...t. be compatible with D. Then

1. if 0 #£ b then the sequence can be extended to the left in such a way that the
extended sequence is compatible with D;
2. if c#£n —1 then the sequence can be so extended to the right.

Proof. We consider here only case 1; case 2 is similar.

Let a = b — 1. We must show that there exists a real number ¢,, such that
0<tqy <tpandly; <ty < hgjfora<j<e

For j = b, we must have
lab S tab S hab (10)
Since 0 < lyp < hgp, it is possible to find a t,;, that satisfies (10).

For any j > b, we must have lo; < 145 < hg;. This is equivalent to lg; <
tap + tyj < haj, and therefore to

laj —to; < tap < haj — iy (11)

Obviously, la; — ty; < haj — tyj, because lq; < hg;. Moreover, 0 < hg; — ty;.

This is because, from (9'), Loy +hpj < hgj, hence lop < hgj — hy;. But hgj —hy; <
haj — to; (because ty; < hy;), 50 gy < hej — th;, and of course 0 < lg,.

And so, for any particular j > b, it is possible to find a t,; that satisfies (11).

We must now show that a single ¢4, can satisfy all these constraints simulta-
neously, i.e., first, that the following inequations hold for any j such that b < j:

lap < haj — tp; (12)
laj - tbj S hab (13)

5 As elsewhere, t;; = t; — t;.
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Second, for b < jg < j1 < ¢, we must have
lajn — tpj, < hajl — tojy (14)

laj, = toji < hago — tojo (15)
If these inequations are satisfied, then the maximum of the low bounds on ¢4
does not exceed the minimum of the high bounds, therefore it is possible to
choose a satisfactory t,p, and hence ¢,.

From (9’) we have l4p + hpj < hgj, hence lgy < hgj — hy;. But t; < hyj, so
haj — hej < hej — ts;, and therefore (12) holds.

From (9') we have l,; < hap+1p;, hence lo; —lp; < hap. But loj—tp; < laj—lp;j,
because lp; < tp;, so (13) holds.

From (9), lajo + Mjojs < hajis 80 laje < hajy = hjgjr- But haj, — hjyj, <
hajl = tjojus hence lajo < hajl — tjojus hence lajo = toj < hajl — tyjo — Ljoj, - But
tbjo + tjojl = tbjla SO (14) holds.

From (9'), laj, < hajo + Ljojis 50 laji < hajo + tjoj0s 1€ lajy = Lj,50 < hajo-
Hence lajl _tbjo _tjojl S hajg _tbjoa i.e., lajl _tbjl S hajg _tbj(): (15) holds. 0O
Theorem 2. Let D¢ be a stable distance table of size n. Then each constraint
in the table is tight, i.e., for any two integers i and j such that 0 < i < j < n,
there exist behaviours Bz, B* € Supp(&) such that tg-‘ =l;; and tgﬁ = h;;."

Proof. We consider here only the case of B.; for By the reasoning is similar.
Let t; = lo;, and for i < m < j let t,, = t; + L. So tij = lZ] From elemen-
tary reasoning (very similar to that in the proof of Theorem 1) we know that
titit1 .. .t; is compatible with DE.

Lemma 1 shows that we can repeatably extend the sequence to the left and/or
right, while maintaining compatibility with D¢ as an invariant. The result will
be a sequence of length n, and we can use that as tseq(B.).® O

Theorem 3. Let D¢ be a stable distance table of size n. Then, for any 0 < i <
j<mn, ij = (mfj,ij)

Proof. By Definition 12 £ has explicit constraints that require supported be-
haviours to satisfy l;; < t;; < hyy, for all 0 < 4 < j < n. Moreover, from
Theorem 2 we know that each constraint is tight. a

From Theorem 3 and Observation 5 we immediately see that if we could find
an effective way of computing a stable distance table equivalent to the constraints
of any consistent scenario £, then we would have an effective way of checking
whether any other scenario 1 is equivalent to &: they would be equivalent if and
only if the stable distance table computed from & were identical to that computed
from 7. A stable distance table could then be treated as a convenient canonical
representation of all the equivalent scenarios.

An effective method of computing a stable distance table equivalent to the
constraints of a given scenario does in fact exist, and is presented below (Sec. 3.1
and Sec. 3.2).

TIf hij = oo then tﬁH can be an arbitrary number not smaller than [;;.
8 We are only proving the existence of such a behaviour. A method of actually con-
structing it is discussed in Sec. 3.3.
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3 Algorithms

3.1 Stabilising a distance table

How can we stabilise a distance table without changing the semantics of the
associated scenario? If we relax any of the existing constraints, then we are in
dire danger of supporting new behaviours. So, if the table is not stable, we must
find a way of restoring the validity of (9’) by increasing some low values and/or
decreasing some high values. We must make sure that the modified values are
not changed more than is strictly necessary, as we do not want to introduce new
constraints that are not implied by the existing ones.

Inspection of inequation (9") shows that, if it does not hold, it can be restored
by applying one or more of six rules (we assume that 0 <i < j <k <n):

Lij 4 Uik > lie — Lk = lij + Lk (R1)
lig > lij + hjr — L ==l — hji (R2)
liw > hij + L — Lk := L — hyj (R3)
lij + hjr > higg — hjr = hy — U (R4)
hij + Lk > hig — hij := hig — Ljk (R5)

R > hij + hjie — hag == hyj + hjp (R6)

For example, if it is not the case that l;; + hjr < hg, then the right way to fix
it is to decrease the value of hjj, but only enough to make l;; 4+ hj, = hsp: this
is the function of rule (R4).

Of course, application of a rule may lead to another violation of (9'): if we
decrease hji, then l;; < l;; + hjir may cease to be true. So the rules must be
applied over and over again, until either the table becomes invalid, or no rule
is applicable (i.e., the table satisfies (9’) for all values of i, j and k). One of
these things must eventually happen, because each application of a rule strictly
decreases the difference between a high value and the corresponding low value,
and if this difference becomes negative, the table becomes invalid.’

Notice that if the various values in the table were integer to begin with, then
application of any of the rules keeps them integer. Notice also that if a rule
assigns a new high value, then that value is finite.

In our prototype the algorithm is implemented along the following lines:

for k:=n—1 downto 2:
for i:=k — 2 downto O:
for j:=k—1 downto ¢+ 1:
while there is an applicable rule R for ¢, j and k:
apply R;

9 The values in the table are rational numbers, but they have a least common denom-
inator. Adding or subtracting two such values cannot produce a result that does not
share that common denominator. So our algorithm cannot decrease the difference
between two such values indefinitely without making it negative.
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if the table is invalid, stop.
It turns out that this triple loop does the job: the table becomes either invalid
or stable. The cost of stabilisation is thus of the order of O(n?). This is not very
surprising, since there are clear similarities with the Floyd-Warshall algorithm
for computing distances in a graph.

Observation 8 (Confluence.) Let D be a distance table, and let a valid D' be
the result of applying the stabilisation procedure outlined above to D. Then D’
1s determined by D uniquely, i.e., regardless of the particular order in which the
rules R1-R6 are applied.

Proof. We give an informal outline of a proof.

Consider applying the rules iteratively to a particular instance of inequation
(9") (i.e., for some particular choice of i, j and k). There are six rules, and six
values that should satisfy six inequalities. Each unsatisfied inequality enables
one rule, which modifies one value, and that value can be modified only by that
rule. More than one rule can be applicable at the same time, e.g., (R1) and
(R6) (Lij + ljx > lix and hir > hy; + hj, can hold simultaneously). However,
simple inspection shows that it is impossible for an applicable rule to affect
either the value set by another applicable rule or its condition of applicability.'°
So the order in which rules are applied for this instance of (9') cannot affect the
outcome.

Consider a particular low value in the table (the argument for a high value is
similar). This value may appear in different guises in different instances of (9'):
in some of them as [;;, in others as I or [;;. Regardless of the order in which
the instances are treated, the low value will grow only as much as is needed to
satisfy all of them. O

Theorem 4. (Equivalence.) Let D¢ be a distance table, and let D be the result
of applying the stabilisation procedure to D¢. Then D is equivalent to DE.

Proof. Let ) be a scenario such that events(n) = events(§) and D" = D.
Observation 8 shows that the result of stabilisation is unique. Each low (high)
value is increased (decreased) only by as much as is needed to make the table
stable. So, for each i < j, l;; < mfj and h;; > ij (because the various m¢ and
M¢ must satisfy (9)). From this and from Observation 4 we have Supp(n) D
Supp(€). But the process of stabilisation did not relax any of the constraints, so
Supp(n) C Supp(§)- O

3.2 Checking consistency, computing a stable table

We are now ready to present our method of checking the consistency of a given
scenario £ of length n.

10 For example, (R5) depends on hx and 1, which can be changed by (R6) and (R3).
But if (R5) is applicable, i.e., if hi; + 1k > hs, holds, then (R6) is not applicable: we
cannot have hi, > hij + hji, because 1, < hji (the table is valid); similarly, (R3) is
not applicable: l;x > hi; + ljx would imply i > hig.
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1. We begin by pruning £. Its constraints are then arranged in a sequence
Y=o ... YKk.

2. We then iteratively compute a finite sequence of scenarios, n°, 1!, ...n*, such
that:
(a) k< K;
(b) events(n ') = events(§) (for 0 < i < k);
(c) [[no]] S>> o [0*] > [€];
(d) n° is a scenario w1th no constraints and [[7]’“]] = [¢];
(e) each n'*! is obtained by adding v; to n.
This is done by iteratively modifying a single table, D. After iteration i the
contents of D represents D .
Each new constraint is added by amending D. If the constraint is not tighter
than the one that is already present in the table, then adding it is an empty
action. (This is essentially a stronger version of pruning, performed “on the
fly”. In practice there is no need for the initial pruning in step 1.)

3. After all the constraints in ¥ have been added to the table, D is stabilised
to make explicit those constraints that are only implicitly implied by the
constraints in the table (cf. Theorem 4).

The cost of this algorithm is dominated by that of stabilisation, i.e., O(n?).1!

If step 3 ended with an invalid D"k, then by Observation 7 n* is inconsistent,
i.e., [n*] = 0. But [n*] D [£], so & is inconsistent. If, however, the resulting table
is valid, then:

— [#*1 = [€], since [#*] D [€], and all the constraints of ¢ are accounted for
in 7"
— by Theorem 1, n* (and therefore ¢) is consistent;

— by Theorem 3 for each 0 <7 < j < n, D?Jk =(m Z ,M" ), and by Observa-

tion 5 this is equal to (m f], M¢ ), since [n*] = [¢].
We will use D§ to denote the stable table obtained from ¢. Fig. 7 shows DS for

scenario £ of Fig. 1.

Theorem 5. Let £ and n be two consistent scenarios, such that events(§) =
events(n). Then [€] = [n] iff D§ =

Proof. A direct consequence of Theorem 3 and Observation 5.

3.3 Using a distance table to find particular behaviours

A stable distance table D equivalent to D¢ is useful for constructing particular
behaviours of scenario £. If we are interested in a behaviour that has a particular

1 In practice it is often convenient to pinpoint the first “offending” constraint that
makes a scenario inconsistent. This is easily done by making sure that the order of
constraints in ¥ corresponds to the textual order of constraints in the scenario, and
attempting to stabilise the table each time a new constraint is added to it. If the
number of constraints is proportional to n, the cost becomes O(n?).



14 Neda Saeedloei and Feliks Kluzniak

value t;; for some 7 < j, we must, of course, consult D to ensure that /;; < ¢;; <
hij. Once we have chosen t;;, we tighten the constraint by assigning this value
to both l;; and h;;, then restabilise the table. This will give us a new set of
constraints that will guide us in choosing the value of ¢;; for some other ¢ and j.
We continue to do so, until the complete behaviour is known, i.e., l;; = h;; for
0<i1<j<n.

More generally, we can use a distance table D to quickly verify whether it
is possible for a behaviour to simultaneously satisfy several constraints that are
tighter than the ones in the table. We just make those constraints tighter in D,
and see whether an attempt to restabilise produces a valid table. In this case
our stabilisation method becomes a “poor man’s constraint solver”.

4 Optimizing Scenarios

Now that we have an effective method of establishing the equivalence of scenarios,
it is tempting to convert a scenario to an equivalent one that is “better”. For
instance, one might want to decrease the number of constraints, or to make
them detect an unsupported behaviour as early as possible.

A particularly interesting possibility is that of finding a scenario that is equiv-
alent to the given one, but that has smaller constants in its constraints. As ex-
plained in Sec. 1, this has direct consequences for the cost of verifying timed
automata that are synthesised from scenarios.

The optimisation is carried out by building the constraints of the new scenario
from the distance table in such a way that the constraints with larger constants
need not be added if they are implied by constraints with smaller constants.

More specifically, given a scenario £ of length n we proceed as follows:

1. We use the method of Sec. 3.2 to produce a stable distance table DS.!2
2. We copy all the information from D$ into a list L of items with two forms:
m;; = c and M;; = c.
. The list is sorted by the constants ¢, in increasing order.
. We create a scenario n = (events(€), ) and its distance table D".
5. We now iteratively take consecutive items from L, compare each item with
the contents of D", and modify 1 and D" as follows:!?
(a) If the item is of the form m;; = ¢ and I;; < ¢ then ;; := ¢;
otherwise the item is of the form M;; = ¢, and if h;; > ¢ then h;; :=c.
(b) If the table (i.e., D7) was modified in the above step, add the corre-
sponding constraint to 7 and stabilise the table.

= W

Upon termination D" is identical to DS, so [n] = [£]. However, if a constraint
with a higher constant is implied by constraints with lower constants, then by

12 If the attempt to do so fails because of the inconsistency of &, then producing an
equivalent scenario with smaller constants is trivial (and probably pointless).

13 More formally, we create a finite sequence of scenarios, 7°n' ... and a corresponding
sequence of tables, DD ... We felt that a more pedantic presentation would be
harder to follow.
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Li:a;

Lo : b; a b ¢ d e
Ly : d; c1:=0 co:=0 c1 <1 cs: =0 c2 >4
6{L224,L4§2}. C4§2

Fig. 8: Scenario £ and its corresponding timed automaton A

the time we get to it in step 5a it will already be present in the table, and will
not be explicitly added to n in step 5b.

Given scenario £ of Fig. 1 and its stable distance table (shown in Fig. 7), the
algorithm described above produces the optimised scenario 1 shown in Fig. 1.

5 Comparison with Difference Bounds Matrices

Difference Bounds Matrices (DBMs) have been proposed by Dill [11] as an effi-
cient technique for representing clock zones in the context of verification of timed
automata. A clock zone is a set of constraints, each of which puts a bound on the
difference between the values of two clocks. A consistent DBM has a canonical
form that can be obtained by computing all-pairs shortest paths.

We will now show how Dill’s technique can be adapted to address the con-
sistency of scenarios and the minimisation of constants in their constraints.

Given a scenario £, one can construct a timed automaton Ag, such that the
set of timed words over which A, has an accepting run is equivalent to the set of
behaviours of . For instance, Fig. 8 shows a scenario, £, and its corresponding
timed automaton A¢. If we make sure that every transition of A (including the
last transition) is annotated with a new clock reset, then, after applying Dill’s
technique, the DBM that corresponds to the final zone of the augmented A, will
contain information that is equivalent to the stable distance table for &.

Assume A'g is the automaton obtained by annotating transitions labeled with
c and e in A¢ with two new clocks c3 and cs, respectively. Fig. 9 shows the
stable distance table of £ and the DBM that represents the final zone of AIE (in
Dill’s original work the DBM would also contain information about whether the
inequalities are sharp). ¢ is a clock whose value is always 0, and an entry a in
row ¢; and column c¢; is interpreted as ¢; — ¢; < a. For example, c5 — ¢ < —4,
i.e., 4 < ¢g — c5: this corresponds to the minimum in row 1, column 4 of the
distance table.

If¢; —c; <a,c;j—c; <band a < b, then the DBM is inconsistent: this corre-
sponds to the minimum becoming larger than the maximum in the corresponding
entry of the distance table.

The equivalence of a distance table and a DBM has interesting implications.
On the one hand, we can replace the distance table with a DBM in the algorithm
of Sec. 4 (the process would be slightly more complicated, because the constraints
are encoded in a DBM somewhat less directly than in a distance table). On the
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Co C1 C2 C3 C4 Cs

c|0-4-4-30 0

1 2 3 4 ciloo 01 1 oo o0
0[(0, 1) (0, 1) (2, o0) (4, o0) c2100 0 0 1 000
1 (0, 1) (2, ) (4, 0) c3loo 0 0 0 oo oo
2 (1, 00) (3, 00) |2 2210 2
3 0, 2) 5|0 44300

Fig. 9: The distance table of £ of Fig. 8 and the final DBM of A¢ (with ¢4 and c5 added)

other hand, it is possible to take advantage of various techniques for DBMs
and apply them to scenarios: for instance, the method of removing redundant
constraints from a DBM (as described by Bengtsson [6]) can be used to remove
redundant constraints from a distance table, and therefore—as we have shown—
from a timed scenario.

The computational cost of applying Dill’s original method to a scenario of
length n would be O(n?*): we would have to construct n instances of a DBM for
n zones, and make each instance canonical at a cost of O(n?). However, it turns
out that there are ways of preserving the canonicality of a DBM while moving
to the next zone [6], so the overall cost would be O(n?), i.e., the same as ours.

In the final analysis, the technique of computing distance tables can be seen
as an alternative and more direct approach to dealing with constraints in timed
scenarios: in this context we find it simpler and more intuitive.

6 Related Work and Conclusions

For over three decades scenarios (including timed scenarios) have been proposed
and used for specification, implementation and also synthesizing formal models
of complex systems [22, 8,10, 4].

For describing scenarios for real-time systems, researchers have proposed ex-
tending Message Sequence Charts (MSCs) with time constraints [5, 1].

En-Nouaary et. al [12] use timed scenarios for specifying systems, and inte-
grate them to obtain a set of Timed Finite State Machines (TFSMs), a variant of
timed automata. Their scenarios are described in a semi-formal language based
on structured English or a graphical representation, and are therefore quite dif-
ferent from ours.

Somé et al [21] propose a method for synthesizing timed automata from a
set of scenarios. Our timed scenarios are different from theirs: we do not include
“conditions” in our scenarios. These “conditions” are not related to time and
assert some facts about the status/mode of the decribed system.

The question of consistency and optimization of scenarios is not considered
in any of the references cited above.

Harel et. al [14] study the problem of synthesizing state-based object sys-
tems from Live Sequence Charts (LSCs). They perform a consistency check of
a set of LSCs to make sure that they are not contradictory with each other, in
particular to check that the ordering of the events is correct. This consistency
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check is different from ours: we consider individual timed scenarios and check
their consistency in terms of time.

In our previous work [19] we proposed a form of timed scenarios and devel-
oped a method for synthesizing a timed automaton from a set of scenarios: we
did not consider checking the consistency of scenarios or optimising them.

In the current paper we propose a notion of timed scenarios and their seman-
tics that is both simpler and more general. We define the semantics of a scenario
in terms of the set of behaviours that are supported by the scenario, and propose
a method for checking the consistency of scenarios.

Checking the consistency of a set of constraints has already been studied in
various contexts [11,17,18]. Our method is different: the consistency check is a
simple byproduct of the construction of a “stable distance table”. The table can
be used as a canonical representation of the constraints of a class of equivalent
scenarios, and is thus a good starting point for converting a scenario to an
equivalent “optimised” form. Our optimisation minimizes the largest constant
that appears in the constraints of a scenario, thus decreasing the maximum
constant in the timed automaton synthesized from a set of scenarios.

We also show that the technique developed by Dill for representing clock
zones in timed automata [11] can be applied to the domain of timed scenarios,
both to check consistency and to minimise constants in constraints.
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