
Rachel Gorenstein Lecture Notes 2/9/17

Introduction/Review

In the previous lecture, we discussed how, given a recurrence relation, to find
the generating function and closed formula of a sequence. This is done using
the following algorithm:

• Recurrence Relation to Generating Function

1. Multiply both sides of the recurrence relation by xn

2. Sum both sides for all valid values of n

3. Solve for A(x), the generating function

• Generating Function to Closed Formula

1. Use the method of partial fractions to find the fraction decompo-
sition of A(x)

2. Write A(x) as a sum of known power series

3. The closed form, an, of the sequence is the coefficient of xn in the
constructed summation

Fibonacci Sequence

Given the recurrence relation,

an+2 = an+1 + an; an = n

find the generating function and closed formula of the Fibonacci sequence.

Recurrence Relation to Generating Function

Using the previously stated algorithm, we know

∞∑

n=0

an+2x
n =

∞∑

n=0

(an+1 + an)x
n =

∞∑

n=0

an+1x
n +

∞∑

n=0

anx
n
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Left Hand Side

Using m = n+ 2:

∞∑

m=2

amx
m−2

=
1

x2

∞∑

m=2

amx
m

=
1

x2
[

∞∑

m=0

amx
m − 0− x1]

=
1

x2
[

∞∑

m=0

amx
m − x]

=
1

x2
[A(x)− x]

Right Hand Side

We know that
∑∞

n=0
anx

n = A(x).

Using m = n+ 1:

∞∑

m=1

amx
m−1 + A(x)

=
1

x

∞∑

m=1

amx
m + A(x)

=
1

x
[

∞∑

m=0

amx
m − 0] + A(x)

=
1

x
A(x) + A(x)

Solve for A(x)

1

x2
[A(x)− x] =

1

x
A(x) + A(x)

A(x)− x = xA(x) + x2A(x)

A(x)(1− x− x2) = x

A(x) =
x

1 − x − x2
is the generating function for the Fibonacci sequence.
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Generating Function to Closed Formula

Find the fraction decomposition of A(x) using the method of partial fractions,
and write the denominator in the form (1− αx)(1 + βx).

A(x) =
x

(1− αx)(1 + βx)
=

P

(1− αx)
+

Q

(1 + βx)

x = P (1 + βx) +Q(1− αx)

Using x =
1

α
= β,

β = P (1 + β2)

= P (1 + 1− β) because β2 = 1− β

= P (2− β)

P =
β

2− β

Using x =
−1

β
= −α,

−α = Q(1 + α2)

= Q(1 + 1 + α) because α2 = 1 + α

= Q(2 + α)

Q =
−α

2 + α

Find α and β using

(1− αx)(1 + βx) = 1− x− x2 = −(x− x1)(x− x2). (∗)

Apply Quadratic Formula to (∗):

x =
−1±

√
5

2
, so x1 =

−(1 +
√
5)

2
and x2 =

−1 +
√
5

2

(∗) = −(x+
1 +

√
5

2
)(x−

−1 +
√
5

2
)

= (
1 +

√
5

2
+ x)(

√
5− 1

2
− x)

= (1− x/

√
5− 1

2
)[1 + (

√
5− 1

2
)x]

= (1− (

√
5 + 1

2
)x)(1 + (

√
5− 1

2
)x),

where

√

5 + 1

2
= α and

√

5 − 1

2
= β.
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Substitute values for α and β into P and Q:

P =
β

2− β

2− β = 2−
√
5− 1

2
=

√
5β

P =
β

√

5β
=

1
√

5

Q =
−α

2 + α

2 + α = 2 +

√
5 + 1

2
=

√
5α

Q =
−α
√

5α
=

−1
√

5

Write A(x) as a sum of known power series to find the closed formula, an:

A(x) =
P

(1− αx)
+

Q

(1 + βx)
=

1/
√
5

(1− αx)
+

−1/
√
5

(1 + βx)

=
1√
5

∞∑

n=0

αnxn −
1√
5

∞∑

n=0

(−β)nxn

=
∞∑

n=0

(
αn

√
5
−

(−β)n√
5

)xn

so an =
1√
5
(αn − (−β)n).

an =
1
√

5
[(

√

5 + 1

2
)n − (

1 −

√

5

2
)n] is the closed formula for the Fibonacci sequence.

The Ring of Formal Power Series

Definition: For every sequence (an)n≥0 with an ∈ Q (or R), define

A(x) =
∑

n≥0

anx
n.

We denote this set Q[[x]].

For two power series, we define

A(x) + B(x) =
∑

n≥0

(an + bn)x
n

A(x) · B(x) =
∑

n≥0

Cnx
n,
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where

Cn =
∑

i+j=n
i,j≥0

aibj =
n∑

j=0

ajbn−j =
n∑

j=0

an−jbj.

We say that
∑

n≥0
bnx

n is the multiplicative inverse (
∑

n≥0
anx

n)−1 if

(
∑

n≥0

anx
n)(

∑

n≥0

bnx
n) = 1 + 0x+ 0x2 + . . . = 1.
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