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Homework Solutions
3. Generating function for aj = (Z)
Ax ) (I4+z)"
A1) = (5) + (1) + (2) +
Zk o (1) = A1) = (1+1) =2"
a. Yp_o(=1"(}) = 1-1)"=0"=0
Take k = 3 for an example of an odd k.
1-34+3-1=0
When k is odd, numbers appear once positive and once negative to get 0.
Take k = 4 for an example of an even k.
1-4+6-4+1=0
Let x = -1. Then the generating function becomes (8) -M+@G) -
b. S, (4) which is every fourth term.
Letn=3

() +(5) + () + (2)
Al) = T, (Bt () i(1) = (5) =i (3) + (5) +i(5) = (§) =i () +---

AG) = X3l (GR) (=0)F = (§) =i () = (5) +i(5) + () —i(5) - (§) +
Jr

S( 7a)ddmg A(i) and A(-1) will take away the odd numbers
A() + A(D) = 2(7) +0(7) = 2(5) +0(5) +2() +
AL = (¢) + () + -
AC) = () = (1) + () = (5) + -
A + A = 2(5) +0(T) +2(5) +0(5) + -
A(L) + AL + AG) + AH) =4() + o) + o) +0(y) +4() +--- =
4(5) +4(9) + -

iio (iZ) _ AMFACDHAG)+A(=D) (4”)+(4f)+ A4+D*"+(A-D*" 4+ (A—i)*" +(144)*"

Ring of Formal Power Series

Q] = (5 o)
Must be:
Closed under addition and multiplication. Let f(x) = Y 7o, a,z™ and g(x) =



> heo bnz™. Then f(x)+g(x) = > o o(an + by)a™.

f(X)g(X) = (ao +aix + a2x2 + .- )(bo + bz + b2.’172 + - ) = (a() + bo) + (aobl +
a1bo)x + (aghs 4 a1by + agbo)z? 4 -+ = > 77 (2" (D ey aibn—i))

Associativity and commutativity are inherited from the rationals.

The additive identity is 0(x) = > p., 02" and the multiplicative identity is 1(x)
=1+ > 2,0z

f(x) has an inverse if there exists a power series g(x) where f(x)g(x) = 1(x) = 1.
Ex: fx) = = =1+a+22+ -

) (1ox) - (1) (14 5+ 22 + ) = 1
flla)=1-=x

Theorem: The power series f(x) = ag+ a2 +a2z?+- - - has an inverse f~1(x) =
g(x) = by + byx + box® + - - - if and only if ag # 0.

Proof: If f(x)g(x) = 1 then agby = 1. So ag cannot be 0.

Now suppose ag # 0. We will show f(x) has an inverse by constructing it. by
has to be % Next find ;. We know agb; + a1bg = 0. So agby + ali =0 and
therefore b; = —((le)z. In general if we have found by, by, -+, b,_1 then we can
find b,, by solving the equation Z?:o a;b,—; = 0.

Ex: (Unfinished)

f(x) = (1—a)"

71 — z is the generating function of all ones.

If n > 0, then f(x) is the generating function for the binomial coefficients. What
happens when n<07?

A(x) = ﬁ = (ﬁ)" =(l+z+z?+ (I +z+2®+)(1+z+a®+--) -
=1+nx+7?

The coefficient on z* is all of the ways we can choose n integers that sum to k.
Counting solutions to e; + e3 + - -+ + e, = k where e; are non-negative integers
that are the exponents of x in each of the power series.

How many ways can we write k as the sum of n non-negative integers?

Let us take k balls and put them in n boxes. Draw a vertical line to divide one
box from the next: oloollo

We need n-1 vertical lines and k o’s.

Every possible such configuration of writing down n-1 vertical lines and k o’s
gives us a way of putting k things in n boxes.



