Rachel Gorenstein Lecture Notes 2/9/17

Introduction/Review

In the previous lecture, we discussed how, given a recurrence relation, to find
the generating function and closed formula of a sequence. This is done using
the following algorithm:

e Recurrence Relation to Generating Function

1. Multiply both sides of the recurrence relation by z"
2. Sum both sides for all valid values of n

3. Solve for A(x), the generating function
e Generating Function to Closed Formula

1. Use the method of partial fractions to find the fraction decompo-
sition of A(x)

2. Write A(x) as a sum of known power series

3. The closed form, a,, of the sequence is the coefficient of 2™ in the
constructed summation
Fibonacci Sequence
Given the recurrence relation,
Opi2 = Qpy1 + Gp; Gy =N

find the generating function and closed formula of the Fibonacci sequence.

Recurrence Relation to Generating Function

Using the previously stated algorithm, we know

o0 o o oo

n n n n
g Up o = E (Qpy1 + ap)x™ = E ap 12" + g anT
n=0 n=0 n=0 n=0
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Left Hand Side Right Hand Side
Using m = n + 2: We know that Y~ ja,z™ = A(x).
iamme Using m =n + 1:
m=2 00
e . Zamxm 4 A(x)
- E AmT m=1
m=2 )
1
1 & . ==Y a,z™+ A(z)
:E[Zamx —0— 2] Imzzl
m=0 00
1
1 . =—[) apz™ —0]+ A(z)
= ;[Z U™ — ] z mz::(]
m=0
1 = —A(x) + Az
~ae) - (2) + Alx)

Solve for A(x)

LA@) - 2] = A() + A@

Ax) —x = zA(z) + 22 A(2)

A@)(1—z—2%) =2

T
A(x) = ——— | is the generating function for the Fibonacci sequence.
1—x— 22
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Generating Function to Closed Formula

Find the fraction decomposition of A(x) using the method of partial fractions,
and write the denominator in the form (1 — ax)(1 + Sz).

x P Q

A = T an v 0~ U—an) " (14 52)
= P(1+ fz) +Q(1 — ax)
Using z = é =0, Using z = _/31 = —aq,
B=P(1+p5%) —a=Q(1 +a?)
= P(1+1— j) because 8> =1— 4 = Q(1+ 1+ «) because a* = 1+ «
— P p) Q2+ a)
__f _ @
"= 2-p ©= 2+«
Find o and § using
(1—ar)1+pz)=1—2— 2" = —(v — 1) (x — 79). (%)
Apply Quadratic Formula to (x):
—1++5 —(1+/5) —1+5
r=———,s0r=———>"and 1y = ——
2 2 2
()= —(e+ ”*G 1§f>
—<”f+ BTeC—
G- /“52‘1>[1+<“32‘1>m1
- (e (B,
where Va1 = o and Vs -1 =0
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Substitute values for a and 3 into P and Q:

__5 _
T 2-8 24«
— 541
2_5:2_\/52 1:\/55 2—{—a:2+\/_2 =5
P J¢] 1 Q= —a -1
IRV IS Via V5
Write A(x) as a sum of known power series to find the closed formula, a,,:
P 1/V/5 —1/v5
Alz) = e VAV B V2

(1—az) (1+pz) (1—ax) (1+px)

n=0 n=0
ROc i
0.0, = (0" = (=)
a, = \/Lg[( \/524_ ! ) — (1 _2\/5)”] is the closed formula for the Fibonacci sequence.

The Ring of Formal Power Series

Definition: For every sequence (a,)n>o with a, € Q (or R), define
Ax) = Z apx".
n>0

We denote this set Q[[x]].

For two power series, we define

A(z) + B(z) = ) (an + by)z"

n>0

A(z) - B(z) = ZCna:",

n>0
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where

n

Cn = Z CLibj = Zajbn,j = Zan,jbj.
7=0

i+j=n 7=0
1,50

We say that o b,2" is the ’multiplicative inverse‘ (Dm0 ana™) T if

(Zanx")(z bpr") =1+ 0z + 02+ ... = 1.

n>0 n>0



