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1 Continuation of April 27 Notes

y(x) = co + c12 + cax? + ez + ...
=co+c1x + 022 — /623 — ¢1/122% + 025 + ¢ /18025 + ¢1 /50427 + 02® + ...
= co[l — 1/62% + 1/1802° + 1/129602° + ...]
+ c1lr — 1/272% + 1/50427 — 1/45360210 + ...]
Finding solutions
vi(@) =Yoo lx4x7..(3k —2)/(3k)!(—1)~a3F

= S0 L (Bk — 2)/(3k)!(—1)Fa

vo(x) =Y peg2# 5 x8...(k — 1)/ (3k + 1)1(—1)Fz3r+1

va(w) = 3320 Yoy (3 — 1)/(3k + D))(~1)Fa*

In many cases we won’t write down the full series solution just solve for the
first several terms of a series solution

These partial sums should be good approximates to the solution near the
center point.

2 Example 1

Find the first 6 terms of a series solution to
(x-1)y” -xy" +y =0
satisfying y(0) = -2 and y’(0) = 6
Centered at x, =0
Does this equation have singular points?
v -x(x-1)"ly +1(z—1)"ty=0
So we'll find a series solution around x,, = Owhichconvergesontheinterval(—1,1)
y(x) =3, g Tna”
Y(x) = Yo neya !
¥Vx) = Yo nln - eyan?
Xy' -y -xy' +y =0
xy” = > yn(n—1)c,z"™
v =3 n(n—1)c,a™?
xy = >0 ne,a”
Y = Yoneo "
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Therefore ¢, — 2co + > oo, [(k + Dkegy1 — (k+2)(k + 1)cpro — kcger)z®
=co— 200+ > o [(k+ 1)kekr1 — (k +2)(k + epro — cp(k—1)]z* =0
Co—200=0=> ¢y =1c¢,/2

k(k+1)cg41 — (K +2)(k+ 1)ckyo — (B —1)ep, =0

(k+2)(k+1)cpy2 = k(k+ 1)cgp1 — (B — 1)k

Ck42 = k(k + ].)Ck+1 — (k — 1)Ck

Y(O) =-2 ={ Co

y(0)=6=,¢c1=6

Co = 80/2 =-1
C3 = C142 = 71/3
ey =—1/12
cs = —1/60

= —1/360

Ce
y(x) =-2 + 6x - x> —23/3 — /12 — 25 /60 — 25/360 + ...

3 Example 2

We can do this when the coefficients aren’t just polynomials too.
y” + sin(x)y = 0
Find the first 3 terms of a solution around 0 to y(0) = 1, y’(0) = 2
To solve this we need to use the Taylor Series for sin(x) around x, =0
sin(x) = x - x3/3! + 25/5! + ...
y(x) = co + c12 + cax? + cza?
v (%) = c1 + 2comw + 3czx? + ...
v (x) = 2cq + 6esz + ...
Therefore:
(2cg + 6¢3x) + sin(z)(co+¢1 +...) =0
(2c2 +6c32 +...) + (x — 23+ ..)(co + 1 + car® +...) =0
(2c2 + 6c32 + ...) + (cox + 122 + o + ... — 3¢ /3 — 1 /3t + )
2co + (6¢3 + co)x + (12¢4 +c1)22 + ... =0
Each coefficient is 0

Therefore:
2C2 =0

6cg +¢co =0
12¢* +¢;, =0
Co = 1

C1 = 2

Coy = 0

Cg = —1/6
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