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Summary: In this class, we learned how to solve

non-homogeneous linear DE that weren’t solvable using
undetermined coefficients method by introducing a new
method, Variation of Parameters.

First get the DE into Standard Form: Y”+Py’+Qy=F(x)
then,
Method: " Guess”

Y, = wi(x)y1 + ua(z)y2

where uy(x) wus(x) are some functions

Goal: To find uy(x) us(x) that satisfies non-homogeneous
Y, = wiyr + w2y

Y) = wy) + ujyr + usyy + usys

Y) = wiy; + uayy + [uita-uszs]

Assume [ujy; + ubys] = 0
Y) = uiyy + u2yy



V)" = wyl +uiy) + woyy + usy;
Plug the values back in our standard form DE |

Y’ +Py’+Qy=F(x)

(w1y) +uiy) +ugys +usys) + Pury) +usys) + Q(uiyr +
Uzyz)

M‘FWM"‘UW +usyy =

F(z) since y1 and y2 are solutions to the homogeneous

DE

(i + Py + Qu1) = 0 and (y5 + Py + Qyz) =0

thus,
uyy' + uyyy = F(x)

Conditions:
WYL + usys = 0 oo, Assumption—(1)
iy +ubyh = F(X) o, What we derived(2)

Solve for u] and uj:

Multiply (1) by ¢/h..cccvne. uy1y2+ubysyy=0



Multiply (2) by ya.......... Y Yo+ usysga=F (X)ys

After subtracting (1) from (2) we end up with,

Wiy, — wyiye = —F(x)ys

U — —F(z)yo
1 — Y]
Y1Yo—Y1Y2
1 —F(@)yo

Where, W = Wronskian(y, Y3) = [ y} y? ]
Y1 Yo
= Y1Ys — Y192

f(@)y

In the same way we can solve for uj uy = ==

u = — f f(ﬂ;)w
Uy = f f(ﬂ;)yl
Example:

Find a particular solution to:
20" — 4y’ + 2y = 2%




First change the DE into standard form,
el’

y//_2y/+y:_

X

Find y; and y, solution,

Auxiliary equation:

m?—2m+1=0
(m-1)(m-1)=0

therefore, y; = e* and yp = €**

e’ xe’
Wiy = [ % B | e

Y1 Yo e’ e’ 4 ze*
efE
3

wy=-—/ eﬁ?daj =— %gfx)dx = — [ldz = —x

e
Zz

uy = | egzlda:‘ = [ %e(gix)dx = f%daz = In|z|

Particular solution:
Y, = —ze’ + In|x|xve”

General solution:
Y =Y, +cie’ + cpwe”



