MATH 374 Fall 2020 - Class Notes
3/09/2020
Scribe: Ellis Floyd

Summary: Today’s Class covered the superposition principle for both homogeneous and
non-homogeneous equations and the Wronskian in order to determine linear independence.

Notes:
General Form for an n-th order linear differential equation:

an(2)y"™ + a1 (2)y "V + o+ ai(2)y = g(x)
Call this a homogeneous equation if g(x) = 0

Ex:
1. y" + sin(z)y’ + cos(x)y = 0 (homogeneous)

2. y" + cos(z)y = sin(x) (non-homogeneous)

D - derivative operator

Dy=y =%

(D*+D+1)y=D*+Dy+y=y"+y +y

Sometimes we write L(y) = x* + 3 where L = D? + D means
(D*+ D)(y) =2*+3

or

y// + y/ — I2 + 3
Theorem (Superposition Principle)
If y1, 9o, ..., yx are solutions to an n-th order linear homogeneous equation then so is any

linear combination of them.

Ciyr + Coyo + ... + Cryy is also a solution to this differential equation



Ex: ¢y =9y =0

Check that y; = €3* is a solution, as is y, = e~3*

Yy = e3z
Y1 = 36330
Y1 = 96356

Yl — 9y = 9e3* — 9e3% = 0

Yy = 6—3J:
Yo = —3673x
Yo = 967396

Yy — 9y = 9e73% — 973 = O

Our Superposition principle says that C}e3* + Cye™3% is also a solution to this differential
equation for any constants C and Cy

A family of equations fi(z), fa(x), ..., fr(x) is linearly dependent on an interval I if there
exist constants C1, Cy, ..., Cy not all zero such that C fi(x) + Cofa(x) + ... + Cy fre(x) is zero
for all x in I.

(z) =s
fo(z) = cos*(x
f3(x) = tan®(x)
fa(x) = sec*(x)

Are these linearly dependent on (%’T, g)

sin?(x) + cos*(z) =1
tan?(x) — sec?*(x) = —1

take C; =Cy =C3=1and Cy = —1
sin®(z) + cos?(z) + tan?(z) — sec*(x) = (1) + (=1) = 0V

Any family of equations that is not linearly dependent is called linearly independent.



Theorem:

If we have an n-th order linear homogeneous differential equation the nit will have n
linearly independent solutions y1, ¥s, ..., ¥, and any solution to this differential equation will
be a linear combination of these solutions. o

Suppose:

an(:v)y(”) + an,l(x)y(”_l) + ... +ai(z)y = g(z)

is an nth order linear differential non-homogeneous equation with a particular solution
Yp- If Y1, 92, ..., yn are solutions to the homogeneous equation

an(2)y™ + ap_1(2)y" V) + . ay(z)y =0

then

Ciyp + Coya + ... + Cryy + yp is a solution to the original non-homogeneous equation.
Complementary Solution: Ciy; + Coys + ... + Cryy

Particular Solution: y,

Def: The Wronskian of a family of equations y1, v, ..., ¥, is the determinant of the matrix

Y1 Yo o Yn
vi Y o Y
yrt oyt yp!

The family 1, ys, ..., Y, is linearly dependent on I if and only if the Wronskian is 0 on 1.

Ex: ¢y =9y =0
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y1 = €3 and 1, = e~3¥ were both solutions. Are these solutions linearly independent?

*Reminder* Determinant of a 2x2 Matrix c D

B‘ _AD-BC

eSa: 6731‘

3z ,—3x) _
W(e € )_ 36390 _36731




W(eBz’efB:v) — 6396(—36731) - 67333(3631)
=-3-3=-6#0

These equations are linearly independent

What about y” + 9y = 07

y1 = sin(3z) and yy = cos(3x)
Yy = 3cos(3x)
y! = —9sin(3x)

y" + 9y = —9sin(3x) + 9sin(3z) = 0V
Are sin(3z)andcos(3z) linearly independent?

sin(3x)  cos(3z)
3cos(3z) —3sin(3x)

= —3sin’*(37) — 3cos*(3x)
= —3(sin*(3x) — cos*(3z))
=-3

W (sin(3x), cos(3z) =

So sin(3z) and cos(3x) are linearly independent. All solutions to y” + 9y = 0 are of the
from y = Cysin(3z) + Cycos(3x).

Theorem (Superposition principle for non-homogeneous differential equations)

If y,, is a particular solution to

an(2)y"™ + an_1(2)y" D + o+ ar(w)y = gi(2)

for some family ¢ (),

then y,, + yp, + ... + yp, is a particular solution to

an(2)y™ + a1 (2)y" T + o+ an(@)y = gi(2) + ga(x) + A gi(R)

Suppose you want to solve y” + 3y’ — 7y = 1 + x. Find a solution y; to ¢y’ + 3y — Ty =1
and a solution ysto y” + 3y’ — Ty = z.

Then y; + y» is a solution to the original differential equation.
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