ON WEYL SUMS OVER PRIMES IN SHORT INTERVALS

ANGEL V. KUMCHEV

1. INTRODUCTION

In this note we pursue bounds for exponential sums of the form

(1.1) frlosx,y) Z A(n )

r<n<z+y

where k > 2 is an integer, 2 < y < x, A(n) is von Mangoldt’s function, and e(z) = >z
When y = 2% with § < 1, such exponential sums play a central role in applications of the
Hardy-Littlewood circle method to additive problems with almost equal prime unknowns
(see [6,7,9]). When « is closely approximated by a rational number with a small denominator
(i.e., when a is on a “major arc”), Liu, Lii and Zhan [5] bounded f(a;x, 2?) using methods
from multiplicative number theory. Their result, which generalizes earlier work by Ren [§],
can be stated as follows.

Theorem 1. Let k> 1,7/10 <0 <1 and 0 < p < min{(80 — 5)/(6k + 6), (100 — 7)/15}.
Suppose that « is real and that there exist integers a and q satisfying
(1.2) 1<q<P, (a,q)=1, |go—a|<az*200p
with P = 2***. Then, for any fived € > 0,
fi (s, 2%) < 2?7 Pt + 2= (a) 712,
where Z(a) = ¢ + 2" 2079 |ga — al.

For a given P, let 9(P) denote the set of real a that have rational approximations of the
form (1.2), and let m(P) denote the complement of M(P). In the terminology of the circle
method, M(P) is a set of major arcs and m(P) is the respective set of minor arcs. The
main goal of this note is to bound fy(co;x,2%), k > 3, on sets of minor arcs by extending a

theorem of the author [4, Theorem 1], which gives the best known bound for fi(«;z,z). We
establish the following theorem.

Theorem 2. Let k > 3 and 6 be a real number with (2k + 2)/(2k +3) < 6 < 1. Suppose
that 0 < p < pi(6), where

() = min (£(20 — 1), (90 — 8)) if k=3,
PRI i (2(30 — 1), L(2k +3)0 — 2k — 2)) if k > 4,
with oy, defined by o' = min(25~1 2k(k — 2)). Then, for any fived e > 0,

(1.3) sup | fi (s, 2%)| < 2?70t 4 2fre 12,
acem(P)
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When 6 = 1 and k < 7, this theorem recovers the respective cases of [4, Theorem 3|. On
the other hand, when k£ > 8, the bound (1.3) is technically new even in the case § = 1, as
we use the occasion to put on the record an almost automatic improvement of the theorems
in [4] that results from a recent breakthrough by Wooley [11, 12].

Notation. Throughout the paper, the letter € denotes a sufficiently small positive real num-
ber. Any statement in which € occurs holds for each positive €, and any implied constant
in such a statement is allowed to depend on €. The letter p, with or without subscripts, is
reserved for prime numbers. As usual in number theory, u(n), 7(n) and ||z|| denote, respec-
tively, the Mobius function, the number of divisors function and the distance from x to the
nearest integer. We write (a,b) = ged(a,b), and we use m ~ M as an abbreviation for the
condition M < m < 2M.

2. AUXILIARY RESULTS

When k > 3, we define the multiplicative function wg(q) by
e kp~v=12 ifu>0,0=1,
Wk (pk i ) - —u—1 3
P , ifu>0,v=2,... k.
By the argument of [10, Theorem 4.2], we have
(2.1) Z e (az"/q) < qui(q) < ¢"V/*
1<z<q

whenever £ > 3 and (a,q) = 1. We also need several estimates for sums involving the
function wy(q). We list those in the following lemma.

Lemma 2.1. Let wi(q) be the multiplicative function defined above. Then the following
inequalities hold for any fized € > 0:

1 Q_1+a ka = 37] = 47
§ J
2 0 e < {Q‘“”’f ifk>4,j=k

(2.3) > wy ((%qnj)) Lqwe(g)N (1 <j<k)

n~N

(2.4) Z Wy, <m) <L ¢ we(g)N + ¢,

n~N
(n,h)=1
where R(n,h) = ((n+ h)* —n*) /h.
Proof. See Lemmas 2.3 and 2.4 and inequality (3.11) in Kawada and Wooley [3]. U

Lemma 2.2. Let k > 3 be an integer and let 0 < p < oy, where 0;,* = min(2¥~1, 2k(k — 2)).
Suppose that y < x, xF < y*1=20 and T is a subinterval of (x,x + y]. Then either

(2.5) D e(on*) < ytrte,

nel
or there exist integers a and q such that

(2.6) 1<qg<y* (a,9)=1, |ga—a|<az'" Ty
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and

wi(q)y k/2 1-k)/2
2.7 E an®) < [2+e, (1=k)/2
29) e (om’) Tyt ta—afg "7

nel
Proof. By Dirichlet’s theorem on Diophantine approximation, there exist integers a and ¢
with
(2.8) 1<qg<y*', (a,9)=1, |ga—a|l <y
When ¢ > y, we rewrite the sum on the left of (2.5) as

k k—1
E e(om + ag_1n +---+a0),
1<n<z

where z < y and a; = (l;) auf=I with u a fixed integer. Hence, (2.5) follows from Weyl’s
bound

Z e(an® +ap_n® M+ ) <yt

1<n<z
Under (2.8), this follows from [10, Lemma 2.4] when o, = 2% and from a recent bound of
Wooley [12, Theorem 11.1] otherwise. When ¢ < y, we deduce (2.7) from [10, Theorem 4.1],
(2.1) and a variant of [10, Lemma 6.2]. Thus, at least one of (2.5) and (2.7) always holds.
The lemma follows on noting that when conditions (2.6) fail, inequality (2.5) follows from

(2.7) and the hypothesis x¥ < yF+1=2¢, O
The following lemma is a slight variation of [1, Lemma 6]. The proof is the same.

Lemma 2.3. Let ¢ and N be positive integers exceeding 1 and let 0 < § < % Suppose that
q1a and denote by S the number of integers n such that

N <n<2N, (n,q) =1, Hank/qH<5.

Then
S < 0q°(¢g+ N).
3. MULTILINEAR WEYL SUMS
We write
§=2""1 L=logz, I= (:c,x+x9] .
We also set
(3.1) Q = (5ah2)M Y

Recall that, by Dirichlet’s theorem on Diophantine approximations, every real number « has
a rational approximation a/q, where a and ¢ are integers subject to

(3:2) 1<q¢=<Q, (a,9)=1 |a—a/q<(qQ)"

Lemma 3.1. Let k > 3 and 0 < p < 03/(2 + 204). Suppose that « is real and that there
exist integers a and q such that (3.2) holds with Q) given by (3.1). Let [&,] < 1, |n.] < 1,

and define
S(a) = Z Z Emnne (a(mn)*) .

mn~M mneL
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Then
Wi (q) 1/2x9+5

S(a) < 27t ¢ ,
(1+ 82x*|o — a/q|)?

provided that
(3.3) 5! max (pr/ok’5—kx4p7 (52k—2xk—1+4kp)1/(2k_1)> < M < 272
Proof. Set H = 6M and N = zM~! and define v by H” = 2*L~1. By (3.3), we have v < oy.
For ni,ny < 2N, let
M(ny,ng) = {m € (M,2M] : mny, mn, € Z}.
By Cauchy’s inequality and an interchange of the order of summation,
(3.4) 1S(a)|* < 2’ M + MT(a),
where

Ty (a) = Z Z e (o (nf —nf)ym")|.

n1<nz |{meM(ni,nz)

Let AV denote the set of pairs (ny, ny) with ny < ny and M(nq,ng) # @ for which there exist
integers b and r such that

(3.5) 1<r<HY™ (byr)=1, [r(n§—nf)a—b <H™(EM")™"

We remark that there are O(§N?) pairs (ny,ny) with M(ny,ny) # @. Since v < o} and
M* < H*1=2V e can apply Lemma 2.2 with p = v, 2 = 2/n; < M and y = 2H to the
inner summation in 7 («). We get

(3.6) Ty (o) < 220727 M1 4 Ty(a),

where

To(a) = Z wk(r)Hk

iy 1+ dM*k |(n’§ — nl) o — b/r|
We now change the summation variables in T5(«) to
d=(ny,n3), n=ny/d, h=(ng—ny)/d.

We obtain

w(r)H
(3.7) Tla)< Y > 1+ 6M* |hd*R(n, h)a — b/r|’

dh<éN n

where R(n,h) = ((n+ h)* —n*) /h and the inner summation is over n with (n,h) = 1 and
(nd,(n 4+ h)d) € N. For each pair (d,h) appearing in the summation on the right side of
(3.7), Dirichlet’s theorem on Diophantine approximation yields integers b; and r with

(3.8) 1 <r <z %e(5M*), (by,r) =1, }rlhdka — bl‘ < PP (MR
As R(n,h) < 3¥*Nk =1 combining (3.3), (3.5) and (3.8), we get
\byrR(n, h) — bry| < r H*(6M*)™" 4+ rR(n, h)z*** (s M*)~*

S L—k + Sk(S_ICC'k_1+4kPM1_2kL_k < 1
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Hence,

b biR(n,h) 1

r (r1, R(n, h))’
Combining (3.7) and (3.9), we obtain

H T
T < V=Y R
< D AN o 2 (et

(3.9)

dh<oN
(n.h)=1
where Ny = Nd~'. Using (2.4), we deduce that
(3.10) Ty(a) < 6277 + Ts(a),
where (1) TN
nw)= Yt

a1+ OMENGT! [hdFar— by 11|

We now write H for the set of pairs (d, h) with dh < 0N for which there exist integers b,
and rq subject to

. 71 = pa 1,71) = L, 1 — VU1 > - T
(3.11) 1<r <2, (b,r) =1, |rhd'a—b| <z et
We have
(3.12) Ts(a) < 22727 M~ 4 Ty(a),
where

Ty(a) = Z r$wy(r1) H Ny

(d,h)EH L+ 6MENG " [hdbar — by /1|

For each d < dN, Dirichlet’s theorem on Diophantine approximation yields integers by and
T9 with

(3.13) 1<r, < %xk_l_%pH, (by,19) = 1, |7’2dkoz — bg‘ < QpThAIF2ke =1,
Combining (3.11) and (3.13), we obtain
’bg’f’lh — b1T2| S (7‘2 + 2T1h)$_k+1+2ka_1
< % + 2x7k+2+4kpM72 < 17
whence
bl hbg )]
—=— r = )
™ o’ ' (7“2,]1)

We write Zg = M*N;~" |dfov — by /75| and we use (2.3) to get

EHN 20+€A4_1
n s 3 B (o) < 3 Ea

it 1+ Zyh (ra, h) o d*(1 4+ 6Z4Ny)
Hence,
(3.14) Ty(e) < 22720 M~ 4 Ty(a),
where
Wi 7,2) 2(9+5M—1
27; 1+ 02(z/d)* [dFew — by /ra))
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and D is the set of integers d < 2% for which there exist integers by and ry with
(3.15) 1<r < 132kp> (b2, 12) = 1, ‘Tzdkoé — b2| < g2k,
Combining (3.1), (3.2) and (3.15), we deduce that
rod’a — byg| < rod* Q" + qdPa TR
< QT 4 572k R < 1,
whence
b_g d*a q

= —, To = .
) q ? (Q7dk>

Thus, recalling (2.3), we get

m29+sM71 wk<q)x29+sM71

1 T: d*))d=? :
(3 6) 5(06) < 1+ 62k |Oé — a/q| d;p o (q/((L )) < 1+ 02z* |Oé - a/q|
The lemma follows from (3.3), (3.4), (3.6), (3.10), (3.12), (3.14) and (3.16). O

Lemma 3.2. Let k> 3 and 0 < p < 0. Suppose that « is real and that there exist integers
a and q such that (3.2) holds with Q) given by (3.1). Let |&mym,| < 1, and define

S(a) = Z Z Z Emyma€ (a(mlmgn)k).

my~Myi mo~Mo mimon€el

Then
W <q)x9+5

S 0—p+-e
(o) <2 i 1+ dxk|la—a/q|’

provided that
(3.17) M=t < §ak=Ck+De MMy < min(6zt Pk §F %) My ME < 5V R,

Proof. Set N = z(M; M)~ and H = 6N and define v by H” = 2z’ L~!. Note that, by (3.17),
we have v < 0. We denote by M the set of pairs (mq, ms), with my ~ M; and my ~ M,
for which there exist integers b; and r; with

(3.18) 1<rm <HY™, (bi,r)=1, |r(mime)*a —bi| < H*(ON*)™"
We apply Lemma 2.2 to the summation over n and get
(3.19) S(a) < 2"77% + T1(a),
where (r)H
Tile)= 2. Ty5m |(sz1;;)ka — by /|
(m1,ma)eM

For each m; ~ M, we apply Dirichlet’s theorem on Diophantine approximation to find
integers b and r with

(3.20) 1<r<a™@N®), (br)=1, |Tm’f04 —b| < L (SNF)TL
By (3.17), (3.18) and (3.20),
|b1r - bmgrl‘ < rHM (SN®Y' + rymEake (sN*) 71
< LR 286 R (M M) LT < 1,
6



whence

by  mhb r
r1 r (r,ms)
Thus, by (2.3),
(3.21) Ti(a) < Y " S w <—T >
. 1 k
mi~M 1+ 5(M2N k ‘m'fa o b/T" ma~Ma (7’, mg)
< Z re wk T)HMQ
Sy 1+ §(M- ‘mla—b/r‘
Let M be the set of integers m ~ M; for which there exist integers b and r with
(3.22) L<r<aL™ (br)=1, |rmFfa—b| <o ta "ML
From (3.21),
(323) T1 (Oé) < $€_p+5 + TQ(O(),
where ")
réwy, (r)H M,
T — .
() mEZM 1+ §(MaN)*F Imka — b/7|

We now consider two cases depending on the size of ¢ in (3.2).

Case 1: q < dx* *M*. In this case, we estimate Th(a) as in the proof of Lemma 3.1.
Combining (3.1), (3.2), (3.17) and (3.22), we obtain

‘rmka — bq‘ < g6 tamRRe AR LT P QT
< L7V 2kake QLT < 1.

Therefore,

b mba q

- = T r= )

rooq (g, mF)
and by (2.3),

quM2 wk(q)x9+5

3.24 T .
B2 Te) € iy o 2 ( ) R —

Case 2: q > 0z * M;*. We remark that in this case, the choice (3.1) and the second
hypothesis in (3.17) imply that M; > x”. By a standard splitting argument,

wi(r) H Mya®
(3.25) ()<, > 1+ 6(MoN)H(RZ)™!

dlg meMy(R,Z)

where
(3.26) 1< R<abL=' oo MTFL < Z < §(x/M)"R™,
and M,4(R, Z) is the subset of M, containing integers m subject to
(m,q)=d, r~R, |rm*a— b| <z
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We now estimate the inner sum on the right side of (3.25). We have
(3.27) D w(r) <) wi(r)So(r),
meMq(R,Z) r~R

where Sy(r) is the number of integers m ~ M; with (m,q) = d for which there exists an
integer b such that

(3.28) (b,r)=1 and ‘rmkoz —bl <z
Since for each m ~ M; there is at most one pair (b, r) satisfying (3.28) and r ~ R, we have
(3.29) d S < > 1< Md !+ 1

r~R m~ M

(m,q)=d
Hence,
(3.30) > wp(n)So(r) < RTVE(Myd™ + 1) < Mg % 41,
r~R
(g,rd*)=q

on noting that the sum on the left side is empty unless Rd* > q.
When (q,rd") < q, we make use of Lemma 2.3. By (3.2), (3.26) and (3.28),

(3.31) So(r) < 8(r),
where S(r) is the number of integers m subject to
me~ Md™, (myq) =1, |Jard™'m"/qi|| < A,

with ¢; = qd~' and A = Z~' + 2" RMF(qQ)~". Since (3.17) implies M, < dzF—*M* < ¢,
we obtain

(3.32) S(r) < A¢d (M + q) < Ag¢He.
Combining (3.31) and (3.32), we get
(3.33) So(r) < Ag'te.

We now apply Hélder’s inequality, (2.2), (3.29), and (3.33) and obtain

1/4 3/4
(3.34) ST ws(r)So(r) < (Agt+)"! (ng(r)4> (ZSO(T))

r~R r~R r~R
(¢,7d%)<q

- 3/4
< A1/4q1/4+5R 1/4M1/ .

Similarly, when k > 4, we have

1/k 1-1/k
(3.35) Z wi(r)So(r) < (Aq1+€)l/k (Z wk('r’)k> (Z 50(7”>>

r~R r~R r~R
(qrd*)<q

—K) /K2 4 p(k=1)/k
< Al/kql/k—l-sR(l k)/k M1( )/ ‘
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Combining (3.27), (3.30), (3.34) and (3.35), we deduce

(3.36) Z wa(r) < AVAgVAHE RN L a3 41
meMq(R,Z)
and
(3.37) Z wi(r) < Al/kql/k+sR(1—k)/k2Ml(k—l)/k Mg VR 41
meMq(R,Z)
for k£ > 4.

Substituting (3.36) into (3.25), we get

errE*Ml_l/4 Q M i O+e, —1
1 e, —1/3 9+8M—1
11 6(MsN)3(RZ) 1 ( * ) T e

RZ  Q
< ((53$M12Q)1/4+5 4 p0te (M12Q71)1/4
The hypotheses of the lemma ensure that

My < min (§Y/223/2720Q 12 QY252 0%) |

Tr(a) <

+ My + 207

and so when k = 3,
(3.38) Ty(a) < z?=Fr=.
When k£ > 4, by (3.25) and (3.37),

eng—1/k 1/k
a’te M, R Q@ + M : + 0o VR 4 gfre !
1+ §(MaNYH(RZ)X\RZ = Q !
< (2PQEMy YT e (Y
and using (3.1) and (3.17), we find that (3.38) holds in this case as well.
The desired estimate follows from (3.19), (3.23), (3.24) and (3.38). O

Th(a) <

1/k
p+e 0—p+te
4+ M +x ,

4. PROOF OF THEOREM 2

In this section we deduce Theorem 2 from Lemmas 3.1 and 3.2 and Heath-Brown’s identity
for A(n). We apply Heath-Brown’s identity in the following form [2, Lemma 1]: if n < X
and J is a positive integer, then

J

(4.1 A(n)zz(‘f)ew‘ S ulm) - () (lognsy).

j=1 J n=ng--nz;

Let o € m(P). By Dirichlet’s theorem on Diophantine approximation, there exist integers
a and ¢ such that (3.2) holds with @ given by (3.1). Let 5 be defined by

8 = min <52x172p(¢7;1+1)7 §E2 160 (52kxk7(8k72)p)1/(2k—1)>

and suppose that p and § are chosen so that

(4.2) ST a2 > 9013 B > g2,
9



We apply (4.1) with X = x4+ 2% and J > 3 chosen so that z'// < 2%, After a standard
splitting argument, we have

(4.3) > An)e (anf) <

nezl

Z c(n; N)e (an)

nezl

9

where N runs over O(L*'~1) vectors N = (Ny,..., Noj), j < J, subject to
Nl,...7Nj<<ZE1/J, ZL‘<<N1"~N2]‘<<ZE,

and

c(n;N) = Z p(na) - - - p(ng)(log o).

n=ni--ng;
n;~N;

In fact, since the coefficient log ng; can be removed by partial summation, we may assume

that
CmN) =L S pln)---ulny),
Nini<h,
where N; < N/ < 2N; (in reality, N/ = 2N, except for ¢ = 2j). We also assume (as we may)
that the summation variables n;1,...,n; are labeled so that N;;; < --- < Ny;. Next, we
show that each of the sums occurring on the right side of (4.3) satisfies the bound
1/2,.0+¢
(4.4) Z c(n; N)e (an®) < 2% ¢ i) e 73
nez (14 6%z*|or — a/ql)
The analysis involves several cases depending on the sizes of Ny, ..., N;.

Case 1: Ny--- N; > 5~ '2?. Since none of the N;’s exceeds 2, there must be a set of indices
S C{1,...,7} such that
(4.5) 1 < HN" < Ll
i€s
Hence, we can rewrite ¢(n; N) in the form
(4.6) c(n;N) = Z EmMrs
m=M

where || < m?, [n,] < ¢ and M = [[;.5 Ni. By (4.5), M satisfies (3.3), so (4.4) follows
from Lemma 3.1.

Case 2: Ny -+~ N; < 6~ *a*, j < 2. When j = 1, (4.4) follows from Lemma 3.2 with M; = Ny,
M; =1 and N = Ny. When 5 = 2, we have

Ny < (/NiNo)V2 < V2 NyNyNy < (xN1N,)Y2 < 571251247,
(N1N2>2N3 < x1/2(N1N2)3/2 < 573/2x1/2+3p.

Hence, we can deduce (4.4) from Lemma 3.2 with M; = N3, My = NiNy and N = Ny,
provided that

(47) ZEk_l/2 < 5xk—(2k+1)p7 5—3/2x1/2+3p < 51/kx1—2p7
(4.8) 52 P < smin (21 Pk §Fa 7))
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Case 3: Ny -+ Noj_o < 6~ 2%, j > 3. Then we are in a similar situation to Case 2 with
J = 2, with the product N --- Nyj_s playing the role of N1V in Case 2. Thus, we can again
use Lemma 3.2 to obtain (4.4).

Case 4: Ny-+-N; < 7 '2% < Ny--- Nyj_o, j > 3. In this case, we have
Nj+1, ey Ngj_g S 21’1/3 S 6—11,54-2!7'

If Nyj o > 0~ "2, we can write ¢(n;N) in the form (4.6) where M = [[,.,; , Ni. We can
then appeal to Lemma 3.1 to show that (4.4) holds. On the other hand, if Ny; o < 6122,
then Nji1,..., Naj_o < 2P (by (4.2)). Thus, we can use the product Ny - -- Naj_» in a snmlar
fashion to the product Ny ---N; in Case 1 to obtain a set of indices S C {1,2,...,2j — 2}
such that (4.5) holds. Hence, we can again represent c¢(n;N) in the form (4.6) and then
appeal to Lemma 3.1 to show that (4.4) holds one last time.

By the above analysis,

wk(q>1/2x€+£
(4.9) >_Ame (anf) < a7 2k 72
nez (1+8*z*|a —a/q])

provided that conditions (4.2), (4.7) and (4.8) hold. Altogether, those conditions are equiv-
alent to the inequality

(410) 2P < min ((531'2)0]“/6 (52 )1/ (4k+2) (63 )ak/ 2+20y,) 5(2k+3)/6x1/6’
(64k 1 k)l/ (12k—4) (53 )Uk/(2+40k) 5(k+3)/8x1/8

SHD/41/6 §(3k+2)/(10K) p.1/10, 51/(4k)x(k+1)/(12k)) ‘

When 6 > 273" and k > 3, we have
SERRFD/6L1/6 < UL (52,)1/(h42) < §1/(AR) 3 (k+1)/(12K)
(54k—1xk)1/(12k—4) < (53k+2mk)1/(12k—4) < ((53k+21’k)1/(10k).

so the last three terms in the above minimum are superfluous. Clearly, so is the third.
Furthermore,

min ((52 )1/ (4k+2) 5 (2k+3)/6 1/6) ( 1/ (4k+2) ) (5(2k+3 )/6 1/6) — §A3)/8
min ((52 )1/ 4k+2),5(2k+3)/6x1/6) < ((5 x)l/(4k+2 ) (6(2k+3)/6x1/6)1_b _ (54k71xu)1/(12k74)

)
where

6k% + 21k — 15 24k? — 30k + 9 13 52k
a = ) b= ;o B < R S :
16K2 1 32k — 12 (3k — 1)(8K2 + 16k — 6) 114 57
When k=3 and § > 2=/, we have

SUTLIE < §1/41/12 < 51/8,1/12

Hence, in this case, (4.10) is equivalent to

4 6
11

. (20—1 90—8)
p < min .



On the other hand, when k£ > 4, we have
(6322)°M/6 < (§2)L/ Wk +2) when § > 2~/
(53:182)”’“/6 < (53x)"‘“/(2+4"’“) when § > z72/2!,
Hence, in this case, (4.10) is equivalent to
0,(30 — 1) (2k +3)0 — 2k — 2)
6 ’ 6 '
Therefore, (4.10) is a direct consequence of the hypotheses of the theorem and the proof of
(4.9) is complete.

If either ¢ > 2% or |ga — a| > 6722%72*7 we can use (2.1) to show that the second term
on the right side of (4.9) is smaller than the first. Thus,

(4.11) sup | fi (o, 939)’ < zlrte,

aem(z2kr)

This establishes the theorem when P > x?*. When P < x?**| we combine (4.11) with the
inequality

pgmin(

sup | fie (o2, x0)| < gf=rte 4 g ftepl/2,
aem(P)NIM(x2ke)
which follows from Theorem 1, provided that p < (80 —5)/(6k + 6). To complete the proof,
we note that the last condition on p is implied by the hypotheses of the theorem. 0
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