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1. INTRODUCTION

It is well-known that the number of integers n < x that can be expressed as sums
of two squares is O (z(logz)~*/2). On the other hand, Deshouillers [2] showed that
when 1 < ¢ < %, every sufficiently large integer n can be represented in the form

[mf] + [m3] = n, (1)

with integers mq, mo; henceforth, [f] denotes the integral part of 6. Subsequently,
the range for ¢ in this result was extended by Gritsenko [3] and Konyagin [5]. In
particular, the latter author showed that (1) has solutions in integers mj, mo for
l<e< % and n sufficiently large.

The analogous problem with prime variables is considerably more difficult, pos-
sibly at least as difficult as the binary Goldbach problem. The only progress in that
direction is a result of Laporta [6], which states that if 1 < ¢ < }—Z, then almost
all n (in the sense usually used in analytic number theory) can be represented in
the form (1) with primes mj, my. Recently, Balanzario, Garaev and Zuazua [1]
considered the equation

me] + ] = m, (2)
where p is a prime number and m is an integer. They showed that when 1 < ¢ < %,
this hybrid problem can be solved for almost all n. While the range of ¢ in this
result is even longer than Konyagin’s, one may ask whether, when c is close to 1, it
is not possible to solve (2) for all sufficiently large n. Indeed, such a result would
fit perfectly with the case ¢ = 1, when the problem is trivial. The main purpose of
the present note is to address this issue. We establish the following theorem.
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Theorem 1. Suppose that 1 < ¢ < 3z. Then every sufficiently large integer n can

be represented in the form (2).

To prove this theorem we borrow an idea from Deshouillers [2]. In order to
prove the existence of solutions of (1), he translated the additive equation (1) into
a question about Diophantine approximation by fractional powers. We reduce (2) to
a similar problem on Diophantine approximation with a prime variable. The same
idea leads to a simple proof of a slightly weaker version of the result of Balanzario,
Garaev and Zuazua. For x > 2, let E.(x) denote the number of integers n < z that
cannot be represented in the form (2). We prove the following theorem.

Theorem 2. Suppose that 1 < ¢ < % and € > 0. Then
Ec(l‘) <<x3(1_1/c)+5.
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We remark that Theorem 1 is hardly best possible. It is likely that more sophis-
ticated exponential sum estimates and/or sieve techniques would have allowed us
to extend the range of ¢. The resulting improvement, however, would have been
minuscule; thus, we decided not to pursue such ideas.

Acknowledgement. After this work was completed, the author discovered that
J.-M. Deshouillers had remarked in his Ph.D. thesis that the method in his work [2]
can yield a result along the lines of Theorem 1.

Notation. Most of our notation is standard. We use Landau’s O-notation, Vino-
gradov’s <-symbol, and occasionally, we write A < B instead of A < B < A. We
also write {6} for the fractional part of § and ||f|| for the distance from 6 to the
nearest integer. Finally, we define e(0) = exp(2mif).

2. PROOF OF THEOREM 1: INITIAL STAGE

In this section, we only assume that 1 < ¢ < 2. We write v = 1/¢ and set

X=(in), Xi=32X, s=~Xx"" (3)

If n is sufficiently large, it has at most one representation of the form (2) with
X < p < X;. Furthermore, such a representation exists if and only if there is an
integer m satisfying the inequality

(n— [pc])v <m< (n+1- [pc])v. (4)
We now proceed to show that such an integer exists, if p satisfies the conditions
X<p<Xi, {(pt<3 1-35<{(n-p9)"}<1-2s (5)

Under these assumptions, one has

X' = (=X < (n—p) T < (n—- X)) < L1XE

Hence,
(n= )" = (1= ) (14207} (- 5) "+ 0(n2))
<(n=p) 4370 =p7)" +0(m7)
< (n—p%)" +0.550 + O(6n ")
<[(n pc)7]+1—015
and
(n+1-[p)" =(n- pc)7<1+71+{p})(n p)_1+0(n*2))

\

n— C) +(5—|—O(§n )
> [(n—p°)"] +1+0.14.

Consequently, conditions (5) are indeed sufficient for the existence of an integer m
satisfying (4). It remains to show that there exist primes satisfying the inequalities
in (5). To this end, it suffices to show that

Z ®(p°)U((n—p°)") >0 (6)

X<p<Xi

(
> (=) +1(n—p)" +O(?)
(
[
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for some smooth, non-negative, 1-periodic functions ® and ¥ such that ® is sup-
ported in (0,1/2) and V¥ is supported in (1 — 26,1 — 24).

Let 1y be a non-negative C°°-function that is supported in [0, 1] and is normal-
ized in L': |j1g|/; = 1. We choose ® and ¥ to be the 1-periodic extensions of the
functions

Oo(t) = o(2t)  and  Wo(t) = b (65" (t — 1) +5),

respectively. Writing ®(m) and ¥(m) for the mth Fourier coefficients of ® and ¥,
we can report that

$(0) = 1L 1@m)| <, 1+ |m[)™" forallr € Z, o
¥(0) = 15, |W(m)| <, 6(1+8|m|)™" forallr € Z.
Replacing ®(p©) and ¥ ((n—p®)7) on the left side of (6) by their Fourier expansions,
we obtain
S () v ((n =3 Y @ )e(hp +j(n—p)7). (8)
X<p<Xi heZ jEL X <p<X:

Set H = X¢ and J = X¢ "¢ where ¢ > 0 is fixed. By (7) with r = [¢7!] + 2, the
contribution to the the right side of (8) from the terms with |h| > H or |j| > J is
bounded above by a constant depending on . Thus,

> () U((n—p%)7) = Ho(m(X1) — (X)) + O(0R + 1),
X<p<Xy
where 7(X) is the number of primes < X and

R= > Y| > e(mp®+imn—p))|

InI<H |j|<J | X<p<X
(hj)#(0,0)

Thus, it suffices to show that
> e(hpt+i(n—p)7) < X 9)
X<p<Xy

for all pairs of integers (h, j) such that |h| < H, |j| < J, and (h, j) # (0,0).

3. BOUNDS ON EXPONENTIAL SUMS

In this section, we establish estimates for bilinear exponential sums, which we
shall need in the proof of (9). Our first lemma is a variant of van der Corput’s
third-derivative estimate (see [4, Corollary 8.19]).

Lemma 3. Suppose that 2 < F < N3/2, N < Ny <2N, and 0 < 6 < 1. Let
f € C3[N, N1] and suppose that we can partition [N, N1] into O(1) subintervals so
that on each subinterval one of the following sets of conditions holds:

i) SFN—2 < |f"(t)| <« FN72;

i) SEN73 < |f"(t)| < FN73, |f"(t)] < 6FN~2.
Then

> e(f(n) <5 VA(FYONY2 4 FTUAN).
N<n<N;
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Proof. Let n be a parameter to be chosen later so that 0 < n < ¢ and let I be one
of the subintervals of [N, N1] mentioned in the hypotheses. If i) holds in I, then by
[4, Corollary 8.13],

> e(f(n)) < 67 2(FV?2 4 NF1/2). (10)
nel
Now suppose that ii) holds in I. We subdivide I into two subsets:
L ={tel:nFN > <|f"(t)] < 6FN7?}, I, =I\I,.

Since f” is monotone on I, the set I; consists of at most two intervals and I is a
(possibly empty) subinterval of I. If Iy = [a, b], then there is a £ € (a,b) such that

f(0) = f"(a) = (0= a) f"(§) = b—a<ns 'N.
Thus, by [4, Corollary 8.13] and [4, Corollary 8.19],

> e(f(n) <y V(P24 NFT?), (11)
nely
Z e(f(n) < 77(5_4/3F1/6N1/2 + n1/2(5—2/3F_1/6N. (12)

nels

Combining (10)—(12), we get

Z e(f(n)) < 77_1/2(F1/2 + NF—1/2) +775—4/3N1/2F1/6 +171/2§_2/3NF_1/6.
N<n<N;
(13)
We now choose
7 = §d max (F_1/3,F2/3N_1).
With this choice, (13) yields
Z e(f(n)) < 6—1/2 (F1/6N1/2+F_1/3N) +6_1/3<F5/6N_1/2+F_1/6N1/2),
N<n<N;
and the lemma follows on noting that, when F < N3/2,
F71/6N1/2 < F*l/?)N’ F5/6N71/2<<F1/6N1/2.
O

Next, we turn to the bilinear sums needed in the proof of (9). From now on,
X, X1, N, H, J have the same meaning as in §2 and ¢ is subject to 0 < € < %(}—g fc).

Lemma 4. Suppose that 1 < ¢ < §—65, M< M <2M,2< K < K; <2K, and
M <<X172C/37€' (14)

Further, suppose that h,j are integers with |h| < H, |j| < J, (h,j) # (0,0), and
that the coefficients a, satisfy |an,| < 1. Then

Z Z ame(hmk® + j(n — mk°)7) < X271
M<m<M, K<k<K,
X<mk<X;
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Proof. We shall focus on the case j # 0, the case j = 0 being similar and easier.
We set

y=gnY, z=y ‘hn, T=T,=n"m !=<K.
With this notation, we have

f(k) = fi(k) = hm°k® + j(n — mCk°)Y = ya(kTrgl),

where
a(t) = a(t;z) = xt + (1 —t9)". (15)
We have
f'(k) = yT 2" (KT, f"(k) = yT 2" (kT71), (16)
and
o'(t) = (¢ — D)t (cx — (1 — ) 72), (17)
" (t) = —(c—1)(2c — DE*3(1 —t) 3 + (c — 2t 1 (1). (18)
Moreover, by virtue of (3),
T < (kT7h) <1125 < 2 (19)

whenever X < mk < X;.
Let 6o = X /10, If |2| > &5 ", then by (16), (17), and (19),
If" (k)| < |oy| K2 < |hjnK 2 = JX' K2 < | (k)| < JXK 2.
Thus, by Lemma 3 with 6 = X7, F =JX and N = K,
S > ame(fmlk)) < MXT2(X TR L KXY (20)

M<m<M, K<k<K;
X<mk<X,

Note that we need also to verify that JX < K3/2. This is a consequence of (14).

Suppose now that |z| < §5'. The set where | (KT~1)| > dy consists of at most
two intervals. Consequently, we can partition [K, K] into at most three subintervals
such that on each of them we have one of the following sets of conditions:

i) Goly[ K =2 < | (k)| < &5 |y K~
i) [y[K =2 < [f7 (k)] < Jy[ K2, [f7 (k)| < doly| K 2.
Thus, by Lemma 3 with § = 62, F = &, '|y| < d;*|j| X, and N = K,
ST Y ame(fmlk)) < MXMO(X 202 4 gX3) (21)

M<m<M; K<k<K,
X<mk<X;

Again, we have §, '[j|X < JX1T¢/10 < K3/2 by virtue of (14).
Combining (20) and (21), we obtain the conclusion of the lemma, provided that
¢ <3 —beand

M < X3—7c/3—10€.
Once again, the latter inequality is a consequence of (14). O

Lemma 5. Suppose that 1 < ¢ < % —2e, M < M; <2M, K < K; <2K, and
X2072+9E <M< X372C*9€. (22)
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Further, suppose that h,j are integers with |h| < H, |j| < J, (h,j) # (0,0), and
that the coefficients ap, by, satisfy |am| < 1, |bx] < 1. Then

S S S A
M<m<M; K<k<K;
X<mk<X:

Proof. As in the proof of Lemma 4, we shall focus on the case j # 0. By symmetry,
we may assume that M > X1/2. We set

y=jn", x=y ‘hn, T =n.
With this notation, we have
f(k,m) = hm®kS + j(n — m°k®)Y = ya(mkT™1),

where «(t) is the function defined in (15).
By Cauchy’s inequality and [4, Lemma 8.17],

‘ 2 > ambie(f(k,m)) <<—Z 3

M<m<M; K<k<K; \q\<Q K<k<2K
X<mk<X;

> e(g(m; k,q))‘

mel(k,q)

<A Y S| T clomra))

O<|q|<Q K<k<2K ' mel(k,q)

(23)
where g(m;k,q) = f(k+q,m) — f(k,m), Q = J2X% and I(k,q) is a subinterval
of [M, M;] such that

X <mk,m(k+q) < X1
for all m € I(k,q). We remark that the right inequality in (22) ensures that
Q < KX~—¢. When g # 0, we write

m(k+q)
g(m;k,q) =yT~! /

mk

do
k+0q

b

1
o/ ) dt =y [ Blmlk+ 0077
0

where 8(t) = ta/(t). Introducing the notation
20 = zo(k.q) = ya(k +0q)"",  Up = Up(k,q) = T(k+6q)~" < M,
we find that

1 1
g//(m) :/ 20U9—26//(mU071)d97 g///(m) :/ ZgUggﬂll/(ngl)dQ,
0 0
and
B(t) = (e = Dt (P + (1 = 19) (e + (c — 1)), (24)
B"(t) = (c—1)(2c— D> (1 —t)"*((c — Dt +2¢) + (c—2)t'8"(t). (25)
Let 6o = X /10, If |2| > &5 ", then by (24) and a variant of (19),

9" (m)| < |qzy|(XM)~! — gl JX "M~ < |g"(m)| < |glJM "
Thus, by Lemma 3 with 6 = X~¢, F = |¢|JM and N = M,
> elg(mik,q)) < (lglg) /o M>Exe/2, (26)

mel(k,q)
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Note that we need also to verify that F' < M3/2, which holds if
M > X6(e—1)+12¢ (27)
Suppose now that |z| < ;. We then deduce from (24) and (25) that
18" (mU )| < 65, 18" (mU; V)| < 67,
whence
18" (mU; )| = 18" (mUg )] + O(lalK~165) = 8" (mUs V)| + O(63).

We now note that the subset of [M, M;] where |3 (mU; )| > & consists of at most
two intervals. Consequently, we can partition [M, M;] into at most three subinter-
vals such that on each of them we have one of the following sets of conditions:
i) dolay|(XM)~! < [g"(m)] < & " |qy| (X M)~
i) Jqy|X M2 < g (m)] < lqy| X' M2, g" (m)] < dolqy| (X M) "
Thus, Lemma 3 with § = 62, F = (50_1|qj|M, and N = M yields (26), provided that
(27) holds.
Combining (23) and (26), we get
2
‘ > > ambre(f(k,m))| < X2Q7! 4+ XHE2(QU)YOMTE. (28)

M<m<M, K<k<K;
X<mk<X,

In view of our choice of @, the conclusion of the lemma follows from (28), provided
that

M > X7.5(C—1)+106.
Both (27) and the last inequality follow from the assumption that M > X'/2 and
the hypothesis ¢ < % — 2e. |

We close this section with a lemma that will be needed in the proof of Theorem
2.

Lemma 6. Suppose that 1 < ¢ < 2,2< X < X; <2X,and0< 6 < i. Let Ss
denote the number of integers n such that X <n < Xy and ||n¢|| < 0. Then

Ss < 0(X) — X)) +0671/2x¢/2,

Proof. Let ® be the 1-periodic extension of a smooth function that majorizes the
characteristic function of the interval [—d, §] and is majorized by the characteristic
function of [—26,26]. Then

Ss< D> @)= > ®0)+> () D e(hn). (29)
X<n<X; X<n<X; h#0 X<n<X;
If h #£ 0, [4, Corollary 8.13] yields
Z e(hnc) < |h|1/2Xc/2,
X<n<X;

whence

o) D e(hnt) < X2 |0(h)||R[M?

h#0 X<n<X; h#0

< XY Il < 62X/, (30)
(1+ 6|n[)?

h#0
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Since ®(0) < 44, the lemma follows from (29) and (30). 0

4. PROOF OF THEOREM 1: CONCLUSION

Suppose that 1 < ¢ < % and 0 < £ < %(% — c). To prove (9), we recall

Vaughan’s identity in the form of [4, Proposition 13.4]. We can use it to express
the sum in (9) as a linear combination of O(log? X) sums of the form

Z Z a"rnbke(hmckc + J(n - mckc)'y)’
M<m<M; K<k<K;
X<mk<X;
where either
i) |am| < m/2, b, =1, and M < X?/3; or
i) |am| < m/?, |b| < k°/2, and X'/% < M < X?/3.

A sum subject to conditions ii) is < X27¢73% by Lemma 5. A sum subject to
conditions i) can be bounded using Lemma 4 if (14) holds and using Lemma 5 if
(14) fails. In either case, the resulting bound is < X27¢73:5¢ Therefore, each of
the O(log® X) terms in the decomposition of (9) is < X2~¢~3-%_ This establishes
(9) and completes the proof of the theorem.

5. PROOF OF THEOREM 2

We can cover the interval (z1/2, x] by O((log x)?) subintervals of the form (N, Ny],
with Ny = N (1 + (log N)=2). Thus, it suffices to show that

ZC(N) < N373/c+5€/6, (31)
where Z.(N) is the number of integers n in the range
N <n<N(1+(logN)™?)

that cannot be represented in the form (2).
As in the proof of Theorem 1, we derive solutions of (2) from solutions of (4).
We set v = 1/c, n = (log N)~2, and write

Ni=1+nN, X=(GN)", Xi=(01+nX, §=~X""

Suppose that N <n < Ny and X < p < X;. Then
(1—=md<~(n- pc)wfl < (1 + 2n)0.

Assuming that p satisfies the inequalities

dp<{p}<l—dn, 1-6-ni<{(n—p)"} <1-0+ns, (32)
we deduce that
<(n—p)"+ @ —4n)Q+2n)6+0(6n7Y)
< [(n —pc)v} + 1 —nd,
> (n—p°)" + (1 +4n)(1—n)d+O0(én™")
> [(n—p°)"] +1+nd.

In particular, a prime p, X < p < X, that satisfies (32) yields a solution m of (4)
and a representation of n in the form (2).
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Let @ be the 1-periodic extension of a smooth function ®y that majorizes the
characteristic function of [6n, 1 — 67] and is majorized by the characteristic function
of [4n,1 — 4n]. Further, let ¥ be the 1-periodic extension of

o(t) = o ((200) 't —1+0) + 3),

where 1) is the function appearing in the proof of Theorem 1. Then ¥ is supported
inside [1 — 6 — nd, 1 — § + nd] and the Fourier coefficients of ¥ satisfy

U(0) =206, |U(h)| <, né(1+nd|h))~" for all r € Z. (33)
Hence,
Yo e@)U(n-pV) =D > () ¥(h)e(hln—p))
X<p<Xy heZ X<p<Xi
=0(0) > () +R(n)
X<p<Xy

=26 (m(X1) — m(X) + O(S)) + R(n).  (34)

Here,

R(n)=> W) Y @(p°)e(h(n—rp))
h#0 X<p<Xy
and S is the number of integers m such that X < m < X; and ||m°|| < 6n. By
Lemma 6,

S <X, —X)+nV2x? <« p?X. (35)
Combining (34), (35) and the Prime Number Theorem, we find that
> () ((n—p)7) > X (log X)° (36)
X<p<Xy

for any n, N < n < Nj, for which we have
R(n) <« X*e=e/12, (37)

Since the sum on the right side of (36) is supported on the primes p satisfying
(32), (31) will follow if we show that (37) holds for all but O(N3~37+5¢/6) integers
n e (N, Nl] .

Set H = X¢~*¢/6, By (33) with r = 2 + [2¢~!], the contribution to R(n) from
terms with |h| > H is bounded. Consequently,

ZJ(N) < X720 3" Ry(n)?,
N<n<N;
where

Ri(n) = Z ’ Z ®(p°)e(h(n —p)7)|.

0<|h|<H ' X<p<X:

Appealing to Cauchy’s inequality and the Weyl-van der Corput lemma [4, Lemma
8.17], we obtain

ZC(N) < Xc73+6/3 Z Z

0<|h|<H N<n<N;

< X672+€/3Q71 Z Z Z

0<|h|<H |q|<Q X <p<X)

2

S @@t)e(h(n—po))

X<p<Xy
> elfn)

N<n<Ni

b
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where @ < nX is a parameter at our disposal and
fn) =h((n—p)" = (n—(p+a)°)).
We choose Q = nX'=¢/6. Then
—1 —1
lgh|N~" < [f'(n)] < |ghINT" < < 3,
so [4, Corollary 8.11] and the trivial bound yield

Y elf(n) < N(L+lgh)~".

N<n<N;
We conclude that

Z,(N) « NX¢™2+2e/3 Z Z (1+ |gh|) ™ < NX2e-3+5¢/6,
0<|h|<H [q|<Q

This establishes (31) and completes the proof of the theorem.
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