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CHAPTER 1

Elementary Number Theory: A Review

As we said already in the Introduction, the focus of this course is a theorem from
number theory known as the law of quadratic reciprocity. Thus, it should not come as a
surprise that we shall need certain facts from elementary number theory. In this chapter, we
review some of the basics of arithmetic: the definition of divisibility, the greatest common
divisor of two integers, the definition and basic properties of prime numbers, and properties
of congruences. It is very likely that you are familiar with much of the material in the
chapter from earlier courses, so we aim mainly to refresh your knowledge, fill any potential
gaps in it, and set up the notation and terminology for future reference. The pace of the
exposition is thus rather brisk, and several proofs are left as exercises.

1.1. Divisibility
Number theory studies the properties of the integers, and that study usually starts with

the notion of divisibility of one integer by another.

Definition 1.1. If a,b € Z and b # 0, we say that b divides a and write b | a, if a = bq for
some g € Z. If b does not divide a, we write b  a. When b | a, we may also say that b is a
divisor of a, b is a factor of a, or a is a multiple of b.

Example 1.2. We have 3 | 15 and 6 | 324, but 100 ¢ 2010.

Given two integers a and b # 0, we sometimes want to divide a by b even though b
may not be a divisor of a: say, we may want to divide 37 candy bars among 4 children.
This problem leads to the concept of “division with a quotient and a remainder.” It is
summarized by the following theorem, known as the quotient-remainder theorem or the
division algorithm.

Theorem 1.3 (Quotient-remainder theorem). Ifa,b € Z and b > 0, then there exist unique
integers q and r such that
a=bg+r, 0<r<b.

Proor. “Existence.” Let g be the largest integer m with m < a/b and let r = a — bq.
Then
g<alb = O0<a-bg=r
Furthermore, since g is the largest integer not exceeding a/b, we have
alb<g+1 = a<bg+b = r=a-bg<hb.
“Uniqueness.” Suppose that g1, g2, 1 and r, are integers such that
a:bq1+r1=bq2+r2, 0<r,rn<b.

Then
bgi+ri=bgpy+r = ri—r=>bq —q).

1



2 1. ELEMENTARY NUMBER THEORY: A REVIEW

On the other hand,
0<r,m<b = -b<ri—-rn<bhb.
Hence,
-b<blgpp—q1)<b = -l<g—-q<l1

Since g, — g is an integer, we conclude that ¢, — g, = 0. Thus, g; = ¢, and

bq1+r1=bq2+r2 - ry =n. O

1.2. The greatest common divisor of two integers

Definition 1.4. Let a and b be integers, not both 0. The greatest common divisor of a and
b, denoted gcd(a, b) or (a, b), is the largest natural number d such thatd | a and d | b.

Example 1.5. The positive divisors of 2 are 1 and 2, and the positive divisors of 6 are 1,
2,3 and 6. Thus, (2,6) = 2.

The positive divisors of 4 are 1, 2 and 4, and the positive divisors of 6 are 1, 2, 3 and
6. Thus, (4,6) = 2.

The positive divisors of —4 are 1, 2 and 4, and the positive divisors of 0 are all natural
numbers. Thus, (—4,0) = 4.

If a # 0, then any positive divisor of a is < |a|. Moreover, |a| (which is either a or —a)
is a divisor of a, so |a| is the largest positive divisor of a. Thus, (a,0) = |a]. O

In the above example, we computed (a, 0) for all a # 0. We want to find a method for
computing the gcd of any two numbers. The next lemma reduces that problem to the case
when a and b are natural numbers.

Lemma 1.6. If a and b are integers and b # 0, then (a, b) = (a, |b|).
Lemma 1.7. Let b, q, and r be integers, and suppose that b and r are not both 0. Then
(bg + r,b) = (r,b).

Proor. Leta = bg + r, d; = (a,b), and d, = (r,b). By the definition of (r,b), d, | r
and d, | b, so b = dym and r = dyn for some m, n € Z. Hence,

a =bqg +r = (dym)q + drn = dr(mq + n).

Since mq + n is an integer, it follows that d, | a. Since d, is a positive divisor of b, we
conclude that d, is a natural number that divides both a and b. Then d> does not exceed
the largest natural number that divides both a and b: that is, d, < d;.

Next, by the definition of (a,b), d; | a and d; | b, so a = dyn and b = dym for some
n,m € Z. Hence,

r=(bg+r)—bg=a-bqg=dn-(dm)q=dn-mg).

Since n — mgq is an integer, it follows that d; | r. Since d; is a positive divisor of b, we
conclude that d; is a natural number that divides both r and b. Then d; does not exceed the
largest natural number that divides both r and b: thatis, d; < d.

We proved that d; < d, and d, < d,. Therefore, d; = d,. O

We can use Lemma to calculate the gcd of any two positive integers. We illus-
trate the main idea by an example, and then prove a theorem that describes the method in
general.
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Example 1.8. Let us use Lemma|[I.7)to calculate (216,51). We apply Lemma [I.7 repeat-
edly as follows:

(216,51) = (4-51 + 12,51) = (12,51) = (12,4 - 12+ 3) = (12,3) = 3.
It seems plausible that we should be able to proceed similarly to Example[T.8]to com-

pute (a, b) for general a and b. The following theorem, known as the Euclidean algorithm,
establishes that this is indeed the case.

Theorem 1.9 (Euclidean algorithm). Let a and b be integers, with 0 < b < a.
i) Ifb| a, then (a,b) = b.

il) Ifb 1 a, then there exist integers q1, 71, 42,12, -« V'm, qm+1 SUch that
a=bqg +ri, 0<r <b;
b=riq+r, 0<r<r;
r=rqs +rs, 0<r3<nry

Fm—2 = Fm—1qm + Tm, 0 <71y < Fimo1s
"'m-1 = T'mqm+15
and (a,b) = ry,.
Proor. i) This part is an easy consequence of the definition of greatest common divi-

SOr.
ii) We use induction on a to prove the statement:

If b is an integer such that 0 < b < aand b £ a, then there exist integers

q1,71,92: 2, -« s Py Gm+1 SUCh that
a=bqg +ri, O0<r <b;
b=riq+r, 0<nrn<r;
ry = rqs + r3, 0<r;<r;

Tme2 = Fue1Gm + Tms O < 1y < Ty
Pm—1 = Fmqm+1; I'm = (a,b).

The base case of the induction is @ = 3. When a = 3, the only admissible value of b is
b = 2, and the above statement holds withm =1,¢q; =r; =1, gy = 2:

3=2-1+1,0<1<2; 2=1-2; 1=(3,2).
Now, suppose that the above statement holds for all integers a with 2 < a < n, and

consider the case a = n. Let b be an integer with 0 < b < n and b { n. By Theorem|[1.3]
there exist integers g, r such that

n=bg+r, 0<r<b.

Furthermore, since b { n, the remainder r cannot be 0, so we can strengthen the above
inequality to get

n=bg+r, 0<r<b. (1.1)
If r | b, then b = rq’ for some integer ¢’, and Lemma|[I.7]and part i) give

(n,b) = (bg +r,b) =(r,b) =r.
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Hence, the above statement for the pair n, b holds withm =1, gq; = ¢, r; =r,and g; = ¢'.

Next, suppose that » ¥ b. Since 0 < r < b < nand r { b, we can apply the inductive

hypothesis to the pair b, r: there exist integers g1, 71,42, 12, - - - » 'm» gm+1 Such that
b=rq +ry, O<r <
r=riqy +r, 0<mn<r;
r = rqs + r3, 0<r3<r;

T2 = Tm1qm + Vs 0= 1y < Tt
Ym—1 = "'mqm+15 rmz(b,r).

Combining these conditions with (I.T)), we find that the integers g, 7, g1, 71, G2, - - - s s Gm+1
have all the desired properties relative to the pair n, b, with the possible exception of (n, b) =
rm. To verify the latter property, we use Lemma[I.7)and the identity (b, r) = r,, above:

(n,b) = (bg + r,b) = (r,b) = rp,. O

The Euclidean algorithm is very effective for computational purposes. However, it
does not relate (a, b) directly to a and b. The next theorem provides exactly such a relation.

Theorem 1.10. Let a and b be integers, not both 0, and let d = (a,b). Then d is the least
positive integer in the set
8= {ax+by|x,y€Z}.

In particular, there exist integers x,y such that d = ax + by.

There are two standard ways to prove Theorem [I.10} one based on the well-ordering
axiom of the natural numbers, the other based on the Euclidean algorithm. Both proofs
are sketched in the exercises (cf. Exercises and [I.3). We now state several important
consequences of Theorem [I.10] which we will use numerous times throughout the course.

Theorem 1.11. If a, b, c are integers such that (a,b) = (a,c) = 1, then (a,bc) = 1.

Proor. Suppose that a,b and ¢ are integers such that (a,b) = (a,c) = 1. Then by
Theorem [I.10] there exist integers x, y, u, v such that

ax+by=(a,b)=1, au+cv=_(a,c)=1.
Hence,
1 = ax + by = ax + by(l) = ax + by(au + cv) = a(x + byu) + (bc)(yv).
Since x + byu and yv are integers, this shows that 1 is a positive integer from the set
8= {am + (bc)n | myn € Z}.

Since there is no positive integer less than 1, it follows that 1 is the least positive integer
in 8. By Theorem [1.10} the least positive integer in S is (a, bc), so we conclude that
(a,bc) = 1. O

Corollary 1.12. Ifk > 2 and a, by, ..., by are integers such that
(a,b1) =(a,by) =--- = (a,b) =1,
then (a,b1b, ---by) = 1.
Theorem 1.13. Ifa, b, c are integers such that a | bc and (a,b) = 1, then a | c.

Theorem 1.14. Ifa, b, c are integers such thata | ¢, b | c and (a,b) = 1, then ab | c.
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1.3. Prime numbers and the fundamental theorem of arithmetic
We now recall the definition of prime and composite numbers.

Definition 1.15. An integer p > 1 is called a prime number, or simply a prime, if its only
positive divisors are 1 and p. An integer n > 1 which is not prime is called a composite
number. The numbers 0 and 1 are neither prime, nor composite.

Example 1.16. The integers 2, 3, 13 and 89 are prime; 4, 6, 51 and 837 are composite.

The next theorem provides a necessary and sufficient condition for primality that is
often more useful in number-theoretic proofs than the definition of a prime.

Theorem 1.17. A positive integer p > 1 is prime if and only if p has the property:
Ma,beZ)p|lab = pla or p|b). (1.2)

Proor. “=". Suppose that p is a prime number and a and b are integers such that
p | ab. If p | a, statement (T.2) is true. Now, suppose that p t a. By the definition of
a prime, the only positive divisors of p are 1 and p. Hence, (p,a) is 1 or p. However,
(p,a) # p, because p 1 a. Hence, (p,a) = 1. Since p | ab and (p, a) = 1, it follows from
Theorem [I.13|that p | b. Therefore, (I.2)) is true again.

“&”. Suppose that p > 1 has property (I.2). We must show that p is prime. Suppose
that p is composite. Then p has a positive divisor other than 1 and p: p = ab, where
a,beNand 1 < a < p. In particular, since a < p, we conclude that p 1 a. Note also that

p=ab,a>1 = b<p = pitb.
However, since p | p = ab, it follows from property (I.2) that p | a or p | b; a contradiction.
Therefore, p is prime. m|

The importance of prime numbers comes from the next theorem, which says roughly
that one can use multiplication to build any integer n > 1 from primes, and that there is
essentially a unique way to do so. In other words, one can view the primes as the basic
building blocks of the integers under multiplication.

Theorem 1.18 (Fundamental theorem of arithmetic). Let n > 1 be an integer. Then n has
a unique factorization of the form

n=pipr-pPr&, P1r<p2<-- <Py,

where p1, pa, ..., Pk are prime numbers.

1.4. Congruence modulo m

Definition 1.19. Let m € N, with m > 1, and let a, b € Z. We say that a is congruent to b
modulo m, and write a = b (mod m), if m | (a — b).

Theorem 1.20. Leta,b,m € Z and m > 1. Then a = b (mod m) if and only if there exists
an integer k such that a = b + mk.

Proor. By the definitions of congruence and divisibility,
a=b (modm) < m|(a—-0>)
— a-b=mk
— a=b+mk,

where k € Z. O
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The next theorem summarizes some basic properties of congruences. Properties i)—iii)
demonstrate that congruence modulo m is an equivalence relation on the integers. Proper-
ties iv)—vi) introduce the basic arithmetic operations with congruences.

Theorem 1.21. Let m € N and a,b,c,d € Z. Then:
i) a =a (mod m);
ii) ifa = b (mod m), then b = a (mod m);
iii) ifa = b (mod m) and b = ¢ (mod m), then a = ¢ (mod m);
iv) ifa=b (mod m) and ¢ = d (mod m), then a+ c = b+ d (mod m),
v) ifa=b (mod m) and ¢ = d (mod m), then ac = bd (mod m),
vi) if ac = bc (mod m) and (c,m) = d, then a = b (mod m/d).

Proor. 1) Since m | 0 = (a — a), we have a = a (mod m).
ii) By Theorem|1.20] a = b + km for some integer k, whence

b=a-km=a+ (-k)m.
Since —k is also an integer, it follows from Theorem@]that b =a (mod m).
iii) By Theorem [I.20]
a=sb (modm) = a=b+km, b=c (modm) = b=c+Iim,
where k, [ € Z. Hence,
a=b+km=(c+Im)+km=c+(+km=c+nm,

where n = [ + k is also an integer. Thus, a = ¢ (mod m), by Theorem
iv) By Theorem [[.20]

a=b (modm) = a=b+km, c=d (modm) = c=d+Im,
where k, [ € Z. Hence,
a+c=bB+km)+d+Im)=b+d)+k+Dm=b+d)+nm,

where n = k + [ is also an integer. Thus, a + ¢ = b + d (mod m), again by Theorem
v) By Theorem[1.20]

a=b (modm) =— a=b+km, c=d (modm) = c=d+Im,
where k, [ € Z. Hence,
ac = (b + km)(d + Im) = (bd) + (kd + Ib + kim)m = (bd) + nm,
where n = kd + Ib + kilm is also an integer. Thus, by Theorem[I.20] ac = bd (mod m).
vi) By Theorem

ac=bc (mod m) = ac = bc+km,

where k € Z. Moreover, because (c,m) = d, there exist u,v € Z such that cu + mv = d.
Combining these two identities, we find that

ac=bc+km = acu = bcu+ kmu
=  ald —mv) = b(d — mv) + kmu
= ad = bd — bmv + kmu + amv = bd + nm
= a=b+n(m/d),

where n = —bv + ku + av is also an integer. Thus, yet another appeal to Theorem [I.20]gives
a=b (mod m/d). ]
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Since congruence modulo m is an equivalence relation on Z, it partitions the integers
into equivalence classes called residue (or congruence) classes modulo m. The equivalence
class [a] of an integer a under congruence modulo m is denoted [a],,, that is,

[al, = {neZInEa (mod m)}.

We denote the set of all residue classes modulo m by Z,,. When the modulus m is clear
from the context, we often write the congruence class [a],, just as [a]. We make use of this
convention in the next two examples.

Example 1.22. When m = 2, there are only two residue classes: the set {0, +2, +4,...} of
the even integers is the residue class [k], of any even integer k; and the set {+1, +3,...} of
the odd integers is the residue class [k], of any odd integer k. Thus, Z, = {[0], [1]}.

Example 1.23. When m = 3, there are three residue classes:
[0] = [3] = [6]

[-2] =[1] = [4]

[-1]1=[2] = [5]

{...,-9,-6,-3,0,3,6,9,...},
{...,-8,-5,-2,1,4,7,10,...},
{....=-7,-4,-1,2,5,8,11,...}.

Thus, Z3 = {[0], [1], [21}.
The next theorem generalizes the last two examples.

Theorem 1.24. Let m € N and m > 1. Then [0],[1],...,[m — 1] is a complete list of
distinct residue classes modulo m.

Proor. First, we must show that the congruence class [n],, of every integer n appears
in the above list. By Theorem with @ = n and b = m, there exist integers ¢ and r such
that n = mq + r and 0 < r < m. By Theorem and the definition of congruence class,

n=mg+r = n=r (modm) = nelr].

This proves that the congruence classes [n] and [r] are not disjoint (they both contain n).
Thus, [n] = [r]. Since r is one of the numbers 0, 1, ...,m — 1, this proves that [n] is one of
the residue classes in the above list.

Next, suppose that [a] = [b] for some integers a,b € {0,1,...,m — 1}. Then a € [b],
SO

a=b (modm) =— ml|(ae-b) = a-b=mg,
for some ¢ € Z. On the other hand,

O0<a,b<m = -m<a-b<m = -1<g<l.

Hence, g = 0. We conclude that a — b = 0, which proves that @ = b. Hence, the residue
classes [0], [1], ..., [m — 1] are distinct. O

Remark. You may be familiar with the concept of a “binary operation” on a set. Proper-
ties iv) and v) in Theorem [I.21] can be used to justify the definition of the following two
operations on Z,,: given residue classes [a] and [b] modulo m, we define the sum [a] + [b]
and the product [a][b] by

[a] +[b] = [a + D], [a][b] = [ab]. (1.3)



8 1. ELEMENTARY NUMBER THEORY: A REVIEW

1.5. Complete and reduced systems modulo m

Definition 1.25. A complete system of residues modulo m is a system of integers aj, . . ., d;
such that {[a(],...,[a;]} = Z,, and a; # a; (mod m) when i # j.

Example 1.26. By Theorem [1.24] the numbers 0, 1,...,m — 1 form a complete residue
system modulo m. Another such system is 1,2,...,m. When m is an odd integer, the
numbers 0, +1,..., i%(m — 1) also form a complete system of residues modulo m.

By Theorem [[.24] Z,, contains m residue classes, so any complete residue system
modulo m must contain exactly m integers, which must be pairwise incongruent modulo m.
The next theorem demonstrates that the converse is also true: any m incongruent integers
modulo m form a complete residue system modulo .

Theorem 1.27. If ay,...,a, are integers such that a; # a; (mod m) when i # j, then
ai,...,ay is a complete system of residues modulo m.
Proor. For j=1,...,m, we write
aj=mq;+rj, 0<rj<m.
We claim that ry,...,r, are a permutation of 0,1,...,m — 1. Indeed, r,...,r, are m
integers from the set {0, 1,...,m — 1}. Thus, either each number from this set appears
among ry, ..., Iy, Or some number appears twice: say, r; = r; = r for some i # j. Butin

the latter case, we have
aj—aj=(mqi+r)=(mgj+r)=m(qi—q;) = a;=a; (modm),
which contradicts our assumption about the a;’s. This establishes our claim. Now, since
aj=mq;+r;, we have
aj=r; (modm) = la;]=1[rl,
and we conclude that

{larl,.. s lanl} = {TriL, s [l )

Since [r], ..., [r,] are a permutation of [0], [1],..., [m — 1], this proves the theorem. O

Corollary 1.28. If a,b are integers, with (a,m) = 1, and ry,...,r, is a complete system
modulo m, then
ary +b,ar, +b,...,ar, +b

is also a complete system modulo m.

Definition 1.29. A reduced system of residues modulo m is a system of integers ay, .. ., dy
such that

{lail,....la,1} = {[x]n | (x,m) = 1}
and a; # a; (mod m) when i # j. That is, the residue class [x] of every integer x, with
(x,m) = 1, appears among [a,], ..., [as] exactly once.

Example 1.30. If p is a prime number, the integers 1,2, ..., p — 1 form a reduced residue
system modulo p. Indeed, if (x, p) = 1, then by Theorem [1.24] [x] = [r] for some r with
0 < r < p— 1. Furthermore, if r = 0, we get

x=0 (modp) = pl=x,
which contradicts our assumption that (x, p) = 1. Hence, » > 0, that is r is one of the
integers 1,2,...,p— 1.
Similarly, it can be shown that if p > 2 is prime, the integers +1,+2,..., J_r%(p -1)
form a reduced system of residues modulo p.
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Theorem 1.31. Ifr,...,rgis a reduced system modulo m and (a,m) = 1, then ary, . .., ar
is also a reduced system modulo m.

Theorem 1.32 (Fermat’s little theorem). If p is a prime number and (a, p) = 1, then
a’'=1 (mod p).

Proor. By Example [I.30| and Theorem [[.31] the integers a, 24, ...,(p — 1)a form a
reduced residue system modulo p. Hence, the classes [a], [24],...,[(p — 1)a] modulo p
form a permutation of the classes [1],[2],...,[p — 1]. In particular, the product of the
classes in the first list equals the product of the classes in the second:

[al2a]---[(p — Dal = [1][2] --- [p - 1].
Using ([:3), we deduce
[aCa)---(p=Da)] =[1-2---(p=D] = [ '(p-DI=1[(p-D!.

Rewriting the last identity as a congruence modulo p, we get

a'p-D!'=(p-1D! (mod p). (1.4)
By Corollary .12 with a = p, k = p — 1 and b; = j, we get (p, (p — 1)!) = 1, so the result
follows from (I.4) and part vi) of Theorem [[.21] o

1.6. Exercises
Exercise 1.1. Use the Euclidean algorithm to find the ged’s: (102,222); (981, 1234); (20785,44350).
Exercise 1.2. Prove Lemmal[[.6]
Exercise 1.3. Let (a,b) = d, a = da) and b = db;. Prove that (a;,b;) = 1.

Exercise 1.4. The purpose of this exercise is to deduce Theoremmfrom the well-ordering axiom of the natural
numbers: Every non-empty subset of N has a unique least element.

(a) Leta and b be integers, not both zero. Show that the set
8§ = {ax+by|x,y€Z, ax+by>0}

is a non-empty subset of N. Deduce that 8 has a least element c.
(b) Letd = (a,b). Show that d divides all the elements of 8. Deduce thatd | c.
(¢) By the quotient-remainder theorem, there exist integers ¢ and r such thata = cq + rand 0 < r < c.
Show that r can be expressed in the form r = au + bv, with u, v € Z. Deduce that r = 0, and so ¢ | a.
(d) Argue similarly to part (c) to show that ¢ | b. Deduce that ¢ | d.
(e) Combine parts (b) and (d) to show that ¢ = d.
Exercise 1.5. The purpose of this exercise is to deduce Theorem|[I.T0]from the Euclidean algorithm.
(a) LetS c N, and letd € S divides all the elements of S. Show that d is the least element of S'.
(b) Leta,b e N, with b < a, and let d = (a, b). Show that d divides all the elements of
8= {ax+by|x,yEZ, ax+by>0}A

(c) Letb|a. Use part (a) to show that b is the least element of the set S in part (b).

(d) Let b 1 a. Use induction on m to show that each of the remainders ri,...,r, in the Euclidean
algorithm is an element of 8. In particular, r,, = d is an element of 8. Use parts (a) and (b) to deduce
that d is the least element of 8.

Exercise 1.6. Use mathematical induction to prove Corollary[T.12}
Exercise 1.7. Prove Theorem[I.13]
Exercise 1.8. Prove Theorem[[.14]

Exercise 1.9. If a,b € Z and b > 0, prove that there exist unique integers ¢ and r such that

a=bg+r, 1<r<bh.
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Exercise 1.10. Let p be a prime number and & be an integer with 1 < k < p—1. Prove that p divides the binomial
coefficient () = #—'k)'

Exercise 1.11. Prove Theorem[[31]
Exercise 1.12. Use mathematical induction to show that if # is a positive integer, then 4" = 1 + 3n (mod 9).

Exercise 1.13. Find the least positive residue modulo 47 of: 210, 247, 72010 [HINT. 47 is prime, so Fermat’s
little theorem may be of help.]

Exercise 1.14. Let (m,n) = 1. Use Theorem to prove that if x runs through a complete residue system
modulo m and y runs through a complete residue system modulo 7, the sums nx + my run through a complete
system of residues modulo mn.

Exercise 1.15. Let k > 2 and my,my, ..., my be pairwise relatively prime integers (i.e., (m;,m;) = 1 whenever
i # j). Define M = mymy ---my and M = M/m; = H#j m; for j = 1,2,..., k. Use mathematical induction to
prove that if x1,x2, ..., x; run through complete systems of residues modulo my,ma, ..., m, respectively, then

the sums Myx; + Maxp + - - - + Myx; run through a complete system of residues modulo M. [Hint. The previous
exercise provides the base of the induction and should also help with the inductive step.]

The next couple of exercises review some of the divisibility tests and their proofs. When ag, a1, ..., a; are
digits (i.e., integers between 0 and 9), the integer with those decimal digits is denoted (axai-1 ... aiap)o, i.e.,
(ara—1 . .arap)io = apl0F + ar_ 105" + - + 4,10 + ag. 1.5)

Most divisibility tests use congruences to simplify the right side of (T.3).

Exercise 1.16. In this exercise, we prove the tests for divisibility by 2, 5, 3, 9 and powers of 2 and 5. Let
n = (a . ..a1ao)io-
(a) Compare the two sides of @) modulo 2 to show that: 2 | n if and only if 2 | ap, i.e., if 2 divides the
units digit of n.
(b) Compare the two sides of @) modulo 5 to show that: 5 | n if and only if 5 | ap, i.e., if 5 divides the
units digit of 7.
(¢) Compare the two sides of @) modulo 9 to show that: 9 | nif and only if 9 | (ap + a1 +--- +ax), i.e.,
if 9 divides the sum of the digits of n. [HINT. 10/ = 1 (mod 9) for all j € N.]
(d) Use part (c) to show that: 3 | n if and only if 3 divides the sum of the digits of n.
(e) Compare the two sides of @) modulo 4 to show that: 4 | n if and only if 4 | (ajap)io, i.e., if 4
divides the two-digit number formed from the last two digits of n.
(f) Compare the two sides of @) modulo 8 to show that: 8 | n if and only if 8 | (az2aiap)io, i.e., if 8
divides the three-digit number formed from the last three digits of n.
(g) Compare the two sides of @) modulo 25 to show that: 25 | n if and only if 25 | (a1ap)10, i.e., if 25
divides the two-digit number formed from the last two digits of n.
(h) Generalize parts (e)—(g) to state and prove divisibility tests by powers of 2 and 5.

Exercise 1.17. In this exercise, we prove the tests for divisibility by 7, 11, 13,27 and 37. Let n = (ai ... aiap)1o-
(a) Compare the two sides of @) modulo 11 to show that: 11 | nif and only if 9 | (ap —a1 +ax —---),

i.e., if 11 divides the alternating sum of the digits of n. [HiNT. 10/ = (=1)/ (mod 11) for all j € N.]

(b) Compare the two sides of @ modulo 999 to show that: 999 | n if and only if 999 divides the sum

(aparaz)io + (azasas)io + (agazag)io + -+ - .
(c) Note that 999 = 27 - 37. Use this and part (b) to obtain divisibility tests modulo 27 and 37.
(d) Compare the two sides of @ modulo 1001 to show that: 1001 | n if and only if 1001 divides the
alternating sum
(aparaz)io — (azasas)io + (agarag)io — -+ - -
(e) Note that 1001 =7 - 11 - 13. Use this and part (e) to obtain divisibility tests modulo 7 and 13.



CHAPTER 2

The Law Of Quadratic Reciprocity

In this chapter, we state the law of quadratic reciprocity and some related theorems
and describe their importance for the solution of quadratic congruences in one unknown.

2.1. Polynomial congruences

A polynomial congruence (in one variable) is a congruence of the form
ax"+---+aix+ag=0 (mod m), 2.1

where ag, ay,...,a, are given integers and x is an integer unknown. If x; is a solution of
(2.I) and x; = xo (mod m), then by parts iv) and v) of Theorem [[.21]

apX| + - +aix; +ag = apxg+ - +arxo+ap =0 (mod m),

that is, x; is also a solution of (2.I)). Consequently, if an integer x is a solution of (Z.1)), all
the integers in the congruence class [xo] are also solutions. Thus, we usually describe the
solutions of a polynomial congruence modulo m as a collection of residue classes modulo
m.

Example 2.1. Consider the congruence
23" =32 +x+7=0 (mod 5).

Since there are only five congruence classes modulo 5 and each of them either is a solution
of the above congruence, or is not, we may simply perform an exhaustive search for the
solutions:

2:0*-3-0°+0+7=7%20 (mod 5);
2-1*=3-12+1+7=7%20 (mod 5);
2-D* =312 +(-1)+7=5=0 (mod 5);
2.24-3.224247=29%0 (mod 5);
2(-2)*=3(=2*+(-2)+7=25=0 (mod 5).
Hence, the solutions of this congruence are the integers x in the congruence classes
x=-1 (mod 5) and x=-2 (mod)5).

Clearly, the method used to solve the above example can be applied to any explicit
congruence, and it will eventually find all the solutions of the congruence. However, this
method has two significant weaknesses. First, it can be extremely inefficient—just try to
apply it to the congruence

2010271 + .- 4+ 3x% +2x% + x + 31415926 =0 (mod 10'7).

Furthermore, even when the method can be applied in reasonable time (as in Example[2.1)),
it still provides no insight into the structure of the solutions. These shortcomings of the

11
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brute force method from Example have led to the development of more sophisticated
techniques for solving polynomial congruences. The ensuing theory of polynomial congru-
ences shares many features with the theory of polynomial equations over the real numbers
that you are familiar with. For example, you should be familiar with the following result
from algebra:

If f(x) is a polynomial with real coefficients of degree n, then the equa-
tion f(x) = 0 has at most n distinct roots.

There is a similar result for polynomial congruences modulo a prime modulus p. We state
it here for future reference. The proof is sketched in the exercises.

Theorem 2.2 (Lagrange). Let p be a prime number and f(x) = a,x" + --- + a1 x + ag be
a polynomial with integer coefficients such that p t a,. Then the congruence f(x) = 0
(mod p) has at most n solutions modulo p.

2.2. Linear congruences

A linear congruence (in one variable) is a congruence of the form
ax=b (mod m), 2.2)

where x is an integer unknown. It turns out that it is almost as easy to describe the solutions
of a linear congruence as it is to describe the solutions of a linear equation. First, we
consider the case when (a,m) = 1.

Theorem 2.3. Let a,b € Z and m € N, and let (a,m) = 1. Then the linear congruence
22) has a unique solution modulo m.

Proor. By Theorem|1.10} there exist u, v € Z such that au + mv = 1. Multiplying both

sides of this identity by b, we obtain
aub+mvb=b = a(ub)=b+m(-vb) = a(wb)=b (mod m).

That is, ub is a solution of (2.2).

Moreover, if x and y are two solutions of (2.2)), then by part vi) of Theorem [I.21}

ax=b=ay (modm) = x=y (modm),

that is, any two solutions of (2.2) must belong to the same congruence class modulo m. O

Let (a,m) = 1. In the special case b = 1, the unique solution modulo m of the
congruence ax = 1 (mod m) is called the inverse of a modulo m and is denoted by a*, i.e.,
a* denotes any integer such that aa® = 1 (mod m). By the above theorem, a* is determined
up to congruence modulo m.

The next theorem extends Theorem [2.3]to linear congruences (2.2)), where a and m are
not necessarily coprime.

Theorem 2.4. Let a,b € Z and m € N, and let (a,m) = d. Ifd t b, then the congruence
(2.2) has no solutions. If d | b, then (2.2)) has exactly d incongruent solutions modulo m,

Xx=xo+r(m/d) (modm) (r=0,1,....d—1). (2.3)
Proor. Leta = da; and m = dm,. We note that then (a;,m,) = 1, by Exercise[I.3] By
Theorem[1.20] for each solution x of (2.2)), we can find a k € Z such that
ax=b+km — b=ax—-km=dax—km) = d]|b.

Therefore, the condition d | b is necessary for the existence of solutions of (2.2)). This
establishes the first part of the theorem.
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Now, suppose that d | b and by = b/d. By part vi) of Theorem[I.21} (Z.2) is equivalent
to the congruence
aijx = by (mod my).
Since (aj,m;) = 1, the last congruence has a unique solution modulo m; by Theorem@
Hence, the solutions of (2.2)) are the integers in some congruence class x = xo (mod m;).
Let xo + km;, k € Z, be one of these solutions. By the quotient-remainder theorem, there
exist integers ¢, r such that k = dg + r. Hence,

Xo + kmy = xo + rmy + g(dm;) = xo + rm; (mod m).

Therefore, any solution of (2.2)) belongs to one of the congruence classes (2.3). Conversely,
any integer x that belongs to one of the congruence classes (2.3) satisfies x = xo (mod m;),
and therefore, x is a solution of (2.2). ]

Example 2.5. Consider the congruences 10x = 5 (mod 12) and 10x = 6 (mod 12). The
first congruence has no solution, because (10, 12) = 2 and 2 1 5. The second congruence
has solutions. By parts v) and vi) of Theorem|1.21]

10x=6 (mod 12) = 5x=3 (mod 6),
and
5x=3 (mod6) = -5x=-3 (mod6) = x=3 (mod”6).
Thus, the second congruence has two incongruent solutions modulo 12:

x=3 (mod12), x=9 (mod 12).

2.3. Quadratic congruences. Quadratic residues and nonresidues
Next, it is natural to consider the quadratic congruence
ax* +bx+c=0 (mod m),

where (a,m) = 1. A variation of the classic trick of completing of the square can be
used to reduce any quadratic congruence to congruence of the form x> = d (mod m) (see
Exercise[2.T1), so we shall focus on such congruences.

Definition 2.6. Let a,m € Z, with m > 1 and (a,m) = 1. We say that a is a quadratic
residue modulo m if the congruence x> = a (mod m) has a solution; we say that a is a

quadratic nonresidue modulo m if it is not a quadratic residue.

Example 2.7. Consider the case m = 7: 2 is a quadratic residue modulo 7, but 3 and 5 are
not. In fact, the square of any integer is congruent modulo 7 to the square of one of the
numbers 0, +1, +2, +3. Hence, for any x € Z,

¥*=0,1,20r4 (mod 7).

Therefore, the quadratic residues modulo 7 are 1, 2 and 4, and the quadratic nonresidues
are 3, 5 and 6; O is neither residue nor nonresidue.

Example 2.8. The only quadratic residue modulo 8 is 1. Indeed, the square of any integer
is congruent modulo 8 to the square of one of the numbers 0, +1, +2, +3 or 4. Hence, for
any x € Z,

x*=0,1or4 (mod 8).
Therefore, the quadratic residue modulo 8 is 1, and the quadratic nonresidues are 3, 5 and
7,0, 2, 4 and 6 are neither residues nor nonresidues.
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Lemma 2.9. Let p > 2 be a prime and a be a quadratic residue modulo p. Then the
congruence

¥=a (mod p) (2.4)

has exactly two solutions modulo p.

Proor. Since a is a quadratic residue, there is an integer b such that b> = a (mod p).
Furthermore, we have (-b)*> = b* = a (mod p), so —b is also a solution of (Z4). These
two solutions are distinct modulo p. Indeed, if they were not, we would have

b=-b (modp) = 2b=0 (modp) = b=0 (mod p),

by part vi) of Theorem (note that (2, p) = 1). Hence a = b*> = 0 (mod p), which
contradicts our assumption that a is a quadratic residue. Therefore, congruence (2.4) has
at least two distinct solutions modulo p. On the other hand, by Theorem 2.2} (Z.4) has at
most two distinct solutions modulo p. It follows that (Z.4) has exactly two distinct solutions
modulo p. O

Compare the above lemma with Example the congruence x> = 1 (mod 8) has not
two but four solutions modulo 8. This demonstrates that the primality of p is crucial for
the conclusion of Lemma2.9l

Theorem 2.10. Let p be an odd prime. There are %( p— 1) quadratic residues and %( p—-1)
quadratic nonresidues modulo p.

Proor. If a is a quadratic residue, then (2.4) has solutions x = £b (mod p) for some
integer b € {1, 2,..., %(p - 1)}. Hence, every quadratic residue is congruent to one of the
integers

12,22, i(p - D% (2.5)
These integers are clearly quadratic residues modulo p. Moreover, the integers (2.3)) are
pairwise distinct modulo p. Indeed, if i = j* (mod p), with 1 < i < j < $(p - 1),
then i, —i, j and —j are all solutions of ([2.4) with a = i?; since those four numbers are
incongruent modulo p, this contradicts Theorem Therefore, the integers are
exactly the quadratic residues modulo p. So, there are %(p — 1) quadratic residues modulo
p- Since there are p — 1 reduced residue classes modulo p, we deduce that

#(quadratic nonresidues) = (p — 1) — #(quadratic residues)

=(p-D-3(p-1)=3p-D. o

2.4. The Legendre symbol

Definition 2.11. Let p be an odd prime and (a, p) = 1. The Legendre symbol (%) is defined
by

a\ ]+l ifaisaquadratic residue modulo p,

p) |-l ifaisa quadratic nonresidue modulo p.

Note that the sign of the Legendre symbol (%) tells us whether the congruence (Z.4)
has two solutions or no solution at all, just as the sign of a real number a tells us whether
the equation x*> = a has two real solutions or no solution at all. Thus, we now proceed to
study Legendre symbols. Our main objective will be to find an efficient way of computing

the Legendre symbol (%) for a given odd prime p and an integer a.
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Theorem 2.12 (Euler’s criterion). Let p be an odd prime and (a, p) = 1. Then
(“) =aP V2 (mod p).
p

Proor. Suppose first that a is a quadratic residue and a = b* (mod p), with (b, p) = 1.
Then

a7V = ()72 =1 (mod p),

by Fermat’s little theorem. Therefore, a?~"/? = (%) (mod p).

Now, suppose that a is a quadratic nonresidue. We just showed that every quadratic
residue is a solution of the polynomial congruence

APD2_1=0 (mod p). (2.6)

The degree of this congruence is (p — 1)/2, so by Theorem it has at most (p — 1)/2
solutions modulo p. Since there are exactly (p — 1)/2 quadratic residues modulo p, we
conclude that the solutions of (2.6)) are exactly the quadratic residues modulo p. In partic-
ular, a is not a solution of (Z:6): thatis, p t (a”~"/2 — 1). On the other hand, by Fermat’s
little theorem,

a'-1=0 (mod p) = (a?"?-1)(@”"*+1)=0 (mod p).

Since p t (a'P~V/2 = 1), we deduce that
a? V24120 (modp) = 4P V2=-1= (“) (mod p). O
P

Corollary 2.13. Let p be an odd prime. Then

(—1) _J+1 ifp=1 (mod4),
p) |-1 ifp=3 (mod4).
Theorem 2.14. Let p be an odd prime and (a, p) = (b, p) = 1. Then:
. _ a\ _ (b).
j) ifa =bb (moci p), then (;) = (p),
i) (4)(2) = (%)
Proor. i) Using Theorem [2.12)and the hypothesis a = b (mod p), we get

(“) = 4P=D/2 = pr-D/2 = <b) (mod p).
p p

Since (5) = +1 and (%) ==+1,

RO R

Since p > 3 must divide this difference, we deduce that

(5)-(2)-« n

Corollary 2.15. Let p be an odd prime. The product of two quadratic residues or of
two quadratic non-residues (modulo p) is a quadratic residue; the product of a quadratic
residue and a quadratic non-residue is a quadratic non-residue.



16 2. THE LAW OF QUADRATIC RECIPROCITY

2.5. Quadratic reciprocity

We can now state the main theorem of this course. Gauss, who was the first to give a
complete proof of the quadratic reciprocity law (actually, he found at least eight different
proofs), called it Theorema Aureum (i.e., golden theorem). To this day, it is considered one
of the crown jewels of elementary number theory.

Theorem 2.16 (Quadratic reciprocity law). Let p and g be distinct odd primes. Then

(p) (q)=(—1)i<p—1>-;<q—l>: *h fporg=1 (mod4),
q p -1 ifp=g=3 (mod4).

The law of quadratic reciprocity is usually complemented with a formula for the Le-

gendre symbol (%), which we state in the next theorem.

Theorem 2.17. If p is an odd prime, then

(2>=(_1)<p21>/8= +1 ifp
p -1 ifp

Combining Theorems and 2.17] Corollary and the two properties of Le-
gendre symbols in Theorem we can easily compute Legendre symbols. The next
example illustrates the usual strategy.

+1 (mod 8),
+3  (mod 8).

Example 2.18. The number 9973 is prime. Let us determine whether 19920 is a quadratic

residue modulo 9973. We need to compute ('999%). First, we use Theorem to replace

the number 19920 in the top position of the Legendre symbol by a smaller number:
19920\ /199209973 (9947 (9947 -9973\ [ -26
9973 ) 9973 S \9973) 9973 S\ 9973 )¢

Using Corollary and Theorem [2.17] we get

-1
<9973) =+1, because 9973 =1 (mod 4);

2
) == = .
<9973) , because 9973 =5 (mod 8)

Thus, by part ii) of Theorem [2.14]

(—26 _<—1> 2) 13)_ N 13)_ <13>
9973)‘ 9973 <9973 <9973 =G )(_)<9973 " \973 )"

Now, since 13 = 1 (mod 4), the quadratic reciprocity law yields

13\ /9973 13 9973
— ) (Z2) =1 = [(—)=(Z=2).
(9973)( 13 ) (9973) ( 13 )

Again, we use part i) of Theorem [2.14]to replace 9973 by a smaller number:

(2)- (%) (3)- (3)-~

because of Theorem Therefore,

19920\ [/ -26 _ 13\ (/9973 o
9973 /]~ \ 9973 ) ~ 9973 ) ~ 13 )77

and 19920 is a quadratic residue modulo 9973. O
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The purpose of the remainder of this course is to explain several different proofs of the
quadratic reciprocity law. There are many such proofs. In fact, they are so numerous that
Dr. Franz Lemmermeyer has set up a special website:

http://www.rzuser.uni-hd.de/~hb3/frchrono.html,

with a list of all known (to him) proofs of Theorem@ At the time of this writing (Febru-
ary, 2010), the website lists 233 proofs. Not all those proofs are completely different—and
some are just minor modifications of others, but there is still a great variety of methods.
Our discussion will focus on two main groups of proofs, which rely on Theorems [2.19
and 22T below.

Theorem 2.19 (Gauss’ lemma). Let p be an odd prime and (a, p) = 1. Let u be the number
of least positive residues of the integers a,2a,3a, . . ., %(p — 1)a modulo p that are greater
than p/2. Then (%) =(-D"

Example 2.20. Let p = 13 and a = 7. Then the integers in the statement of Gauss’
lemma are 7, 14,21, 28,35 and 42. Their least positive residues modulo 13 are 7,1, 8,2,9
and 3, of which three are greater than 13/2. Hence, p = 3 and Gauss’ lemma states that

(7) = 1 =-1

In the next theorem, i = V-1 is the imaginary unit. We shall review complex numbers
and the meaning of the complex exponential €277 /m in the next lecture.

Theorem 2.21 (Gauss sum formula). Let m € N. Then
m s—m
ZeZmnz/m — 1 +1. 11 M
p— 1+1~

2.6. Exercises
Exercise 2.1. Solve the linear congruences: 102x =5 (mod 22); 7x =3 (mod 5); 24x = 6 (mod 39).

Exercise 2.2. The purpose of this exercise is to establish Theorem Let f(x) = aux" +---+ajx +ap be a
polynomial with integer coefficients of degree n > 1.
(a) Let r be an integer. Synthetic division gives f(x) = (x — r)g,(x) + f(r), where g,(x) is a polynomial
of degree n — 1. Prove that g,(x) also has integer coefficients and that its leading coefficient is a,.
(b) Suppose that p is a prime and r and s are integers such that » # s (mod p) and f(r) = f(s) = 0
(mod p). Let g,(x) be the polynomial with integer coefficients from part (a). Prove that g,(s) = 0
(mod p).
(¢) Use mathematical induction on n to prove Theorem[2.2}
[Hint. Theorem 23] provides the base of the induction. Your inductive hypothesis should be that the
theorem is true for all polynomials of degree n — 1, where n > 2. Then the inductive step should
establish the theorem for a generic f(x) of degree n. Let r,ra,...,r; be the solutions of f(x) = 0
(mod p). Use part (b) to show that ry, ..., ri are solutions of g,(x) = 0 (mod p), where g,(x) is the
polynomial from part (a); then apply the inductive hypothesis to g,(x).]

Exercise 2.3. Evaluate the Legendre symbols: (%), (%), (%); (%)

Exercise 2.4. Prove Corollary
Exercise 2.5. Prove part ii) of Theorem 2.14]
Exercise 2.6. Use Gauss’ lemma with a = 2 to prove Theorem[2.17]

Exercise 2.7. Let p and g be two distinct primes and (a, pg) = 1.
(a) Prove that if a is a quadratic residue modulo pq, then a is a quadratic residue modulo p and modulo
q.
(b) Prove that if y?> = a (mod p) and y? = a (mod g), then y2 = a (mod pg).
(c) Show that there exist integers u and v such that pu + gv = 1.
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(d) Lety = psu + qrv, where u and v are the integers from part (c). Prove that y = r (mod p) andy = s
(mod g).

(e) Prove that if a is a quadratic residue modulo p and modulo g, then a is a quadratic residue modulo
pq.
[HiNT. Let 7 be a solution of x> = a (mod p) and s be a solution of x> = a (mod ¢). Use part (d) to
construct an integer y such that y? = a (mod p) and y? = a (mod q). Then apply part (b).]

(f) Prove that if a is a quadratic residue modulo pg, then the congruence x~ = a (mod pg) has four
solutions.
[Hint. Every solutiony of x2 = a (mod pq) arises from a solution r of x> = a (mod p) and a solution
s of x> = a (mod g) via the procedure outlined in the hint to part (e). Since the latter congruences
have two solutions each, the congruence modulo pq has four solutions.]

Exercise 2.8. The purpose of this exercise is to establish Gauss’ lemma. Let p be an odd prime and (a, p) = 1,
and let pu be the number from the statement of Gauss’ lemma.

(a) Foreachj=1,2,..., %(p — 1), ja is congruent to one of the numbers +1, £2,..., i%(p —1): that is,
Jja =gjrj (mod p), where 1 <r; < %(p —1)and €; = x1. Prove that (=1)" = g1&3 - - - €(_1)2-
(b) Prove that ry,r2,...,r(p-1)/2 are pairwise distinct.

(¢) Provethat riry -2 = (2(p— D)L
(d) Use parts (a) and (c) to prove that ¢P~D/2 (%(p - 1)) = (—l)”(%(p - 1))! (mod p).
(e) Deduce Gauss’ lemma from part (d) and Euler’s criterion. [Hit. p+ ((p - D)1

Exercise 2.9. This exercise establishes Wilson’s theorem: If p is a prime, then (p — 1)! = —1 (mod p).
(a) Use Theoremsand to show that the numbers 2,3, ..., p — 2 can be partitioned into %(p -3)
pairs a,a” such that aa® = 1 (mod p).
(b) Use part (a) to deduce that (p — 1)! = 1""3/2(p — 1) = -1 (mod p).

Exercise 2.10. Use the quadratic reciprocity law to prove that if p is an odd prime, then
3} _J+1 ifp==+1 (mod 12),
(p) T 1-1 ifp=+5 (mod 12).
Exercise 2.11. Consider the congruence ax? + bx+c = 0 (mod p), where p is a prime and a, b and ¢ are integers
with p t a.
(a) Let p = 2. Determine which quadratic congruences modulo 2 have solutions. [HINT. There are only
four congruences to worry about.]
(b) Let p be an odd prime and let d = b* — 4ac. Show that the congruence ax? + bx + ¢ = 0 (mod p) is
equivalent to the congruence y* = d (mod p), where y = 2ax + b.
(c) Use part (b) to show that if p | d, then the congruence ax?+bx+c =0 (mod p) has only one solution
modulo p.
(d) Use part (b) to show that if d is a quadratic residue modulo p, then the congruence ax* +bx+c=0
(mod p) has two incongruent solutions modulo p.

(€) Use part (b) to show that if d is a quadratic nonresidue modulo p, then the congruence ax?+bx+c = 0
(mod p) has no solution modulo p.

Exercise 2.12. Let m > 1 be an odd integer, and let m = p;p; - - - px be its unique factorization as a product of
primes (cf. Theorem . The Jacobi symbol (E) modulo m is defined for all integers a such that (a,m) = 1 by

- () ()
m i) \p2 )’
where the factors (p%) on the right side are Legendre symbols.

(a) Use Corollary to show that (_ﬁl) = (=1)m=Dr2,
(b) Use Theorem to show that (%) (%) = (%) and that (%) = (%) whenever a = b (mod m).

(c) Use the quadratic reciprocity law to show that if m,n € N and (m,n) = 1, then

(2) (2) -coterio



CHAPTER 3

Complex Numbers

In this chapter, we review the definition and the properties of the complex numbers.
We also extend the definitions of some of some elementary functions from real to complex
argument and give a brief overview of some of the properties of the extended functions.
Most likely, some of the material in this chapter will be familiar from earlier classes and
some will be new (although those who have taken a course in complex analysis will likely
find nothing new).

3.1. Definition and algebraic properties

We start with the definition of a complex number. In lower-level courses, one usually
encounters complex numbers as expressions of the form a + ib, where a,b € R and iis a
non-real “number” such that i> = —1 (hence, we often say “...where i = \/—_1”). What one
usually does not encounter is any explanation where the number i comes from and why it
exists in the first place. Here, we will give a more systematic treatment of the definition of
a complex number. Our definition may seem strange at first, but eventually it will lead us
to the same concept and also will reveal the mystery behind the “imaginary unit” i.

A complex number z is an ordered pair (x,y), with x,y € R. The set of all complex
numbers is denoted by C, that is,

C= {(x,y)lx,yeR}.

The components x and y of the complex number z = (x,y) are called real and imaginary
parts of z and are denoted x = Re z and y = Im z, respectively.

We define the algebraic operations addition, +, and multiplication, X (also denoted ‘-’
or not at all), of two complex numbers z; = (x,y;) and 2o = (x2, y») as follows:

21+ 22 = (0 + X0, Y1 +¥2), 21022 := (X1X2 = Y1Y2, X1Y2 + X2)1). 3.1

We call the complex number (0, 1) the imaginary unit and denote it by i. Further, for
x € R, we identify x and the complex number (x, 0), that is, we write x = (x, 0). With these
conventions, we can use (3.1)) to express a complex number z = (x, y) in the form

2=(xy)=x0+0,1)-(3,0) = x +1iy.
Henceforth, we will always write the complex number z = (x,y) as z = x + iy. That is,
C= {x+iy|x,y€R},
with addition and multiplication given by
2+ 22 = (X1 +x2) iy +y2), 2122 := (X2 — y1y2) +i(x1y2 + x0y1). (3.2)

Note that with these definitions, the imaginary unit i satisfies the relation iZ = —1. This is
where the phrase “...where i = V—1" comes from.

19
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Combining the two definitions (3.2)) with the algebraic properties of real numbers,
we can extend many of those properties to complex numbers. Proposition [3.1] below lists
several such properties. We note that the properties of complex numbers listed in the
proposition establish that C with the two operations defined above is a field.

Proposition 3.1. Letz = x +1iy, 71 = x| +1y1, 220 = X + iy, and z3 = x3 + iy3 be complex
numbers. Then:

) zi+n=2+z;
i) m+2)+z3 =21+ (22 +23);
iii) the number zero, 0 = 0 + 10, satisfies z+ 0 = z;
iv) the number (—z) = (—x) + i(—y) satisfies z + (—z) = 0;
V) 2122 = 22215
vi) (2122)73 = 21(2223);
vii) the number one, 1 = 1 +10, satisfiesz-1 = z;
viii) if z # 0, there is a number 77" satisfying zz7' = 1;
iX) (21 +22)2 = 212+ 222

Proor. The proofs of these properties use the properties of the real numbers. For
example, consider v). We have

7122 = (X1x2 — y1y2) +1(x1y2 + X2y1) by B.2)
= (xox1 — y2y1) +i(x2y1 + x1y2) by the properties of R

=221 by (3.2).

We also remark that the number 7z~

-1 X -y

= +1 .
2+ X2 +)2

in viii) is given by

3.2. Geometric interpretation, moduli and conjugates

It is natural to associate with every complex number z = x + iy the point (x,y) in
the xy-plane. When the plane is used to represent geometrically the complex numbers in
this fashion, it is usually referred to as the complex plane. Oftentimes, it is also useful
to visualize the number z = x + iy as the vector from the origin to the point (x,y). For
example, the sum of z; + z, is represented this way by the sum of the vectors representing
z1 and z, (see Figure [3.1)).

The vector interpretation is also helpful in extending the notion of absolute value of a
real number to C. We define the modulus, |z|, of a complex number z = x + iy by

Izl = V/x2 + 2.

Ficure 3.1. Geometric interpretation of the addition
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The complex conjugate of z is the number 7 = x — iy. Sometimes, we will refer to |z; — 22|
as the distance between z) and z, (since it represents the length of the line segment with
endpoints z; and z;).

Example 3.2. The distance betweenz; =1 —iandz; =3 + 2iis

o1 =2l = =2 =3l = V(=22 + (=32 = VI3.

Proposition 3.3. If z, 71 and z; are complex numbers, then:
i) |2 =2z Rez=3(z+2,Imz=5(:-2. 2=z
i) 21 £22 =21 £ 2, 2122 = %122, 21/22 = 21/ 205
i) |z122] = |21l - 22l 121 /22| = |z1l/ 122y
iv) z=Zifand only ifz € R.

Theorem 3.4 (Triangle inequality). For any pair of complex numbers z, and z,, we have
|21 + 22| < |z1] + [zal. (3.3)
Two alternative formulations of the triangle inequality are
lz1 — 22l < lzil + |22l lz1 = 2o 2 Mlzi] = |z2l- (3.4

Each of the three inequalities in (3.3)) and (3.4) can be used to prove the other two (see the
exercises).

Proor. Since both sides of (3.3) are non-negative, it suffices to show that
1 + 22 < (21 + lza)™. (3.5)
Using the properties in Proposition [3.3] we can represent the left side of (3.5) as
o1 + 22 = (21 + 2)(@1 +22) = (21 + 2)@1 + 22)

=121 t U2 + 227 + 2222 = |Z1|2 +2Re(z122) + |Zz|2,
while the right side of (3.3) equals

1 + 21zl + 22l =l + 20iz] + |22l
Hence, is equivalent to the inequality

21?4+ 2Re(z122) + ol < [P +2lz12) + l2F & Re(zi2) < izl

The last inequality follows from the observation that

Rez<|Rez <[zl VzeC. O

Example 3.5. Suppose that |z| < 1 and bound the expression |72 + 3| from above and below.
Sorution. By the triangle inequality with z; = z? and z, = 3,
2 +3I<lP+BI<1+3=4,
while by the second inequality in (3.4),

2 +31> 3= 1z*| 23— >3-1=2. o
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3.3. Exponential form

Let z = x + iy be a nonzero complex number and let (r, 0) be the polar coordinates of
the point (x,y). Since x = rcos 0 and y = rsin 6, we can express z in the form

z=r(cos O +1isin0). (3.6)

Clearly, r = [z]. It is also clear that the number 0 is determined up to a shift by a multiple
of 27, that is, if 0 satisfies (3.6), so does any number of the form 6 + 2nr, n € Z. Any such
number 0 is called an argument of z and the set of all the arguments of z is denoted arg z:
that is,

argz = {6+2nﬂ|n€Z}.
We also define the principal argument of z, Arg z, as the unique argument of z lying in the
interval -7 < 0 < 7.

Definition 3.6. If 0 € R, we define

ef = exp(if) = cos 0 +isin 6.

In particular, we can write in exponential form, z = re'®.

Example 3.7. If z = —1 + 1, we have

ArgZZ%, argz = %”+2n7r|neZ}, 7= V274,

Proposition 3.8. Ifz1 = re'® and z, = r:e"® are complex numbers in exponential form,
then:

1) z1 = zp ifand only if ry = r; and 01 = 0, + 2nn;
i) 7120 = rre@*9);
iil) z1/22 = (r1/r2)e @ 7%;
iv) 7t = e foralln € Z.

Proor. ii) It suffices to consider the case r; = r, = 1. We have

9% = (cos 0 + isin 0;)(cos 0, + isin 05)
= (cos 01 cos O, — sin 07 sin 6,) + i(cos O; sin 6, + cos O, sin O)

= cos(0; + 0,) +1isin(0; + 0,) = @19, o

Example 3.9 (De Moivre’s formula). By part iv) of Proposition
(cos 0 +isin 0)" = cosnO + isinno.

Comparing this identity and the expansion for the left side that follows from the binomial
formula, we can derive formulas for cos n0 and sin n0. For example, when n = 2, we have

c0s 20 +1isin20 = (cos O +isin 0)* = (cos O — sin® 0) + (2 sin O cos 0),

whence
c0s20 = cos® 0 —sin®0, sin20 = 2sin 0 cos 0.

Example 3.10. We can use the exponential form of V3 —i to compute quickly (\/§ - i) -
We have V3 —i =276 5o

(V3-1) = (2¢7/0) ™ = 2760 = — L.
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3.4. Roots of complex numbers

Definition 3.11. A complex number w is called an nth root of z € C if w" = z. We will
write z!/" for the set of all nth roots of a complex number z: that is,

Z””={w€@|w”=z}.

The notation {/r will be reserved for nth roots of non-negative real numbers, that is, if
r > 0, {/r is the unique real number x > 0 satisfying the equation x" = r.

The number 0 has only one nth root—itself. If z = rel® # 0, a number w = pe'® is an
nth root of z if

p"e"? = re® < p"=r and n¢ = 0 + 2kn for some k € Z
& p=+rand ¢ =(0+2kn)/n for some k € Z.

We observe that among the values of ¢'® there are exactly n distinct, which we can obtain
by letting k run through n consecutive integers, say, k = 1,2,...,nork =0,1,...,n— 1.
Therefore, z has exactly n nth roots:

{/;eiﬂ/n’ \n/;ei(9+27r)/n’ \n/;ei(9+47r)/n’ e, (r/;ei(9+2(n—l)7r)/n.

Example 3.12. We have (-2)"/* = \4/§exp (i(n/8 + kn/2)), k=1,2,3,4.
Example 3.13. We have

4172 = IVl | ;= 1,2} = {267,263} = {2, -2).

3.5. The complex exponential

Definition 3.14. We define the (complex) exponential function, denoted e* or exp z, by
e = e%el = ¢*(cosy +isiny).

Notice that the exponential function defined above agrees with the real exponential
function for real arguments: exp(x + i0) = e*, where the right side represents the real
exponential function from calculus.

Proposition 3.15. The complex exponential function has the following properties:
i) e¥e® = 9% qnd €' [e® = e¥72 forall 71,7, € C.
ii) |e?| = eR% forall z € C.
iii) e“*?" = ¢ for all 7 € C, that is, the exponential function is 2ni-periodic.
iv) The equation e* = c¢ has infinitely many solutions for every ¢ # 0.
v) If m € Nand a,b € Z satisfy a = b (mod m), then e*™14/™m = ¢2rib/m,
vi) If a and m are integers and (a,m) = 1, then the list g2rialm Q2mi2afm - 2mimafm
is a permutation of the list gmim Qmidfm - pdmimfm — |

Proor. i)-iii). These follow from the definition, the properties of the real exponential
function (from calculus), and the properties of ¢ in Proposition
iv) Writing z = x + iy and ¢ = re'®, we can express the equation e = ¢ in the form
e“e? = re'®,
By part i) of Proposition [3.8] the latter equation is equivalent to
ef=r,y=0+2nt (n€Z) < x=Inr,y=0+2n7r (n€Z).
That is, the given equation has infinitely many solutions

zy, = Inlc| + i(Argc + 2n) (n € Z).
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vi) By Corollary [1.28] when k runs through the integers 1,2,...m, the product ak
runs through a complete system of residues modulo m. That is, the numbers in the list

a,2a,...,ma can be rearranged as ny,ny,...,n, so that ny = k (mod m). Then, by part
V), eFrimim — g27ik/m s rearranging the numbers in the list e274/™, gri2alm  g2rimajm aq
exmimim prinafm - p2minn/m yields the desired result. m]

3.6. Trigonometric and hyperbolic functions of a complex argument

We define the (complex) sine and cosine functions, denoted sin z and cos z, by

) elz _ e—lz elZ + e—lZ
sz = o and cosz= —
i

We also define the functions tan z, cot z, sec z, csc z in the usual way:

1

1 z=—", = — = — = —

08z sinz’ cosz’ sinz’
We define the (complex) hyperbolic sine and hyperbolic cosine functions, denoted
sinh z and cosh z, by

e —e* e +et

sinhz = — and coshz= 5

We also define the functions tanh z, coth z, sech z, csch z by

sinh z coshz 1
tanhz = , cothz=— , sechz=——, «c¢schz=
coshz sinh z coshz

sinhz’

We note that, with the exception of sinz and cos z, all these functions are defined (at
least formally) by extending their known definitions from calculus to the complex case.
The definitions of sin z and cos z, on the other hand, extend Euler’s formulas

elX —1X el}( + e—lx

. e
sinx=——— and cosx=

2i 2
from the real to the complex case.

Proposition 3.16. The following properties hold true:

1) sin(z; +22) = sinzj COS 2o +COS 71 Sinzp, €0S(Z; +22) = COSZ; COSZp —Sinzp SiN 2o,
ii) sinz+cos?z=1;
iii) the trigonometric functions are 2m-periodic; the functions tan z and cotz are n-
periodic;
iv) sinhz = —isin(iz), coshz = cos(iz),
v) sinh(z; + z2) = sinh z; cosh z, + cosh z; sinh z,, cosh(z; + z2) = coshz; coshz, +
sinh z; sinh zp;
vi) cosh’z —sinh?z = 1;
vii) the hyperbolic functions are 2ri-periodic; the functions tanh z and coth z are ri-
periodic.
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Proor. i) By part i) of Proposition we have

€08 Z1 COSZp — Sinz; sinzp

eizu + efim eizz + e*izz eim _ efim eizz _ efizz
2 2 2i 2i

el@i+) 4 pii—n) 4 pia-2) 4 p-izi+z) el@it2) _ piti—2) _ pim-2n) 4 p-izit22)
= +
4 4

ei(ZHrZz) + e*i(zlJrZz)
= —— =cos(z; + 22).
2
iii) and vii). The 2x-periodicity of the trigonometric functions and the 27wi-periodicity
of the hyperbolic functions are corollaries of their definitions and the 2mi-periodicity of
exp z. For example,

2 2
exp(iz + 27i) + exp(—iz — 27i)  exp(iz) + exp(—iz)

sec(z + 2n) = secz.

iv) These are straightforward from the definitions of sin z, cos z, sinh z, and cosh z. For
example,

o ) eld) _ piliz) e % — ¢t )
—isin(iz) = (—i - =- = sinh z.
(iz) = (-1) 5 >

v and vi). These (and many other) identities can be deduced from the corresponding

identities for trigonometric functions by means of the identities iv). For example,

cosh? z — sinh? z = [cos(iz)] — [(—i) sin(iz)]? = cos2(iz) + sin’(iz) = 1, byii). O

If f(2) is a trigonometric or a hyperbolic function, the equation f(z) = c has infinitely
many solutions for all but at most two exceptional complex numbers c¢. The exceptional
values of ¢ exist when f(z) is one of the functions tan z, cot z, sec z, csc z, tanh z, coth z, sech z
or csch z; there are no exceptional values for sin z, cos z, sinh z and cosh z. In the next exam-
ple, we illustrate this in the case f(z) = tanz. Note that unlike the real case (the equation
tan x = y has solutions for every value of y), in the complex case the equation tan z = ¢ can
fail to have a solution.

Example 3.17. The equation tan z = ¢, where ¢ € C, has infinitely solutions if and only if
c # +i.

SoruTtioN. Since

the equation tan z = c is equivalent to e* = w, where w is a solution of

w—l_

= (3.7)

When ¢ # —i, the last equation has a unique solution

L+

S l-ci’

whereas when ¢ = —i, (3.7) has no solution. When ¢ = i, the solution of (3.7) is w = 0 and
the resulting equation for z, ¢ = 0, has no solution. When ¢ # =i, we have w # 0. We

w
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write w in exponential form, w = re'® and find

2i 0

et = el e—2y+21x rele

—

= e¥=r, 2x=0+2nr (nez)

= y:—%lnr, x=%6+nﬂ (nez)

= z=%6+nn—%lnr (nez). m|

The next example illustrates that over the complex numbers we can solve the equation
sin z = ¢ for any complex number c. You should compare this with the equation sinx = c,
where ¢ € R and x is a real variable—the latter has no solutions when |¢| > 1.

Example 3.18. We now solve the equation sinz = 4. By the substitution w = €, this
equation reduces to

w—w!

2i
This quadratic equation has two complex roots

. Q2 1/2
S CRET (a VTB)i- (4 VI

Hence, by the proof of part iv) of Proposition [3.15] we obtain two infinite families of
solutions of sinz = 4:

=4 = w-8iw-1=0.

W12

F=w e iz=In(4+ VI5) +i(r/2+2nm) (n€Z)
&= z=x/2+2mm—iln(4+ VI5) (ne)
=w, e iz=In(4- VI5) +i(x/2+2n1) (n€Z)

= z=n/2+2mm—iln(4- VI5) (ne2).
Notice that similarly to the real case, we obtain the solutions in our two infinite series differ
one from another by a multiple of 2, the period of the sine function. O
3.7. The complex logarithm and power functions

Definition 3.19. We define the logarithm log z for all nonzero complex numbers z as the
set of solutions w of the equation " = z, that is,

logz =1Inlz| +iargz,
where In x is the natural logarithm, defined for x > 0 as In x = f 1x L.

Note that log z is not a function but a relation—it is the inverse relation of the expo-
nential function viewed as a relation on C. In order to deal with the complex logarithm as
a function, we introduce the notion of a “branch”. If D is a region in the complex plane, a
function F : D — Cis called a branch of the logarithm if for each z € D, F(z) is one of the
values of log z.

Example 3.20. The simplest example of a branch of the logarithm is the function
Logz=Inlz|+iArgz (—m<Argz<mn),
known as the principal branch of the logarithm.

Proposition 3.21. The logarithms log z and Log z have the following properties:
i) For every z # 0, we have €82 = 7 but not necessarily log (¢*) = z.
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i) If|Imz| < &, then Log (€*) = z.
iii) Ifzi,z0 # 0, then

log(z1z2) = logz; + logzp, log (?) =logz; —logz,.
2

iv) If —m < argz;,arg 7o < m, then the identities
z
Log(z1z2) = Logz; + Logz, and Log (;) =Logz; — Logz
2

may fail.

Note that together parts i) and ii) establish that Logz is the inverse function of the
restriction of exp z to the horizontal strip —7 < Imz < «.

Proor. 1) The first part is the definition of log z. The second part is obvious, since the
function log(e®) is an infinite set, whereas the function w = z has a single value.

ii) This follows from the definition of Log z.

iii) The left-hand side of the identity is

log(z122) = Inlz122| + 1arg(z1z2) = (Infzi| + Inlzz|) + iarg(z122),
and the right-hand side is
logz) +logzy = (In|zy| +iargz;) + (In|z| +iarg zp)
= (Infz1] + In|z2[) +i(arg z; + arg o).

Thus, it suffices to show that

arg(zz2) = argz; + arg 2. (3.8)
Suppose that z; = r1e!% and z, = re'%. Then 7125 = rre @9 5o the left side of (3:8)
is the set

{0 +6,+2nm|nez}. (3.9)
The right side of (3.8)), on the other hand, is the set of all possible sums of a value of arg z;
and a value of arg z,. That is, the right side of (3.8) is

{(01 + 2kn) + (02 + 2mn) | k,m € Z}. (3.10)

Therefore, (3.8) claims that the sets (3.9) and (3.10) are equal. Now, if ¢ = 0; + 0, +2nx is
an element of (3.9), then ¢ is also an element of (3.10): take k = 0 and m = n. Conversely,
if ¢ = (0; + 2kn) + (02 + 2m) is an element of (3.10), then ¢ is also an element of (3.9):
simply take n = k + m. This proves that the sets (3.9) and (3.10) are equal.

iv) Consider, for example, z; = zp = i. Then Logz; = Logz, = % but Log(z;z;) is
not even defined. o

Definition 3.22. If z # 0 and a € C, we define z° by
7% = exp(alog 7).

Note that z* may have more than one value, because log z has infinitely many values.
Whether these infinitely many values yield a single value, a finite number of values, or an
infinite number of values of z* depends on a. Writing log z in the form

logz =1In|z] +i(Argz + 2nm) (n€Z),
we find that
7" =exp [a(ln |z| + i(Argz + Znﬂ'))] = exp [a(ln lz] +1Arg z)] exp(2rina) (n € Z).
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Hence, the number of distinct values of z* is equal to the number of distinct values of
exp(2mina) as n runs through Z. Four different cases can occur:

1) If a € Z, then " = 1 for all n € Z, so z has a single value. In fact, if a = k,
the power function z* equals the monomial z.

2) Ifae Q-Z((i.e.,a = p/q, withg > 1 and (p, g) = 1), then z* has ¢ distinct values.
Indeed, by part vi) of Proposition the numbers e2P/4 @2mi2pla o2riaplq
can be rearranged as ¢*™/4, ¢?712/4_ . ¢?™4/4 = |, The latter are ¢ distinct values.
On the other hand, if # is any other integer, we can write it in the form n = kg +r,
where k,r € Z and 1 < r < g (see Exercise @I) Hence,

e27r1na _ eZm(qurr)p/q — eZmrp/q’

and the latter number is among the ¢ numbers found earlier.
3) If a is irrational, all the values of z¢ are distinct. Indeed, if

e2rina — p2mima  for some m # n,

then
k

n—m

2rina = 2nima + 2nik forsomek€Z — a=

€ Q.

4) If a is not real, all the values of z* are again distinct, since each number e¥mna hag
a different modulus.

Example 3.23. Let us evaluate the expressions (1 — i)' and (2i)!/?. We have

(1-1)" = exp (ilog(1 — ) = exp (i(In |1 — i +iarg(l - i))).
Since |1 —i| = V2 and arg(l —i) = =7 + 2kn, k € Z, we obtain

(1—i) = exp (i(In V2 +i(~T +2kn))) = eI 2 V2 (1 € 7).
Next, we have
(2)'7 = exp (4 log(2i)) = exp (1(In |2i| + iarg(2i))).
Since [2i| = 2 and arg(2i) = 7 + 2kn, k € Z, we obtain
D)3 = exp (2 (N2 +i(Z + 2kn))) = €3 02E+300 = G450 (k€ 7).

Finally, note that the exponential ¢i(s*3% takes on only three distinct values: /6, ¢37i/6
and ¢¥/2. We conclude that

QD)3 = V2G5 (k= 0,1,2).

3.8. Gauss sums

In this section, we use the properties of the complex exponentials covered earlier in
the chapter to compute the modulus of the Gauss sum. The main result is the following
theorem.

Theorem 3.24. Let m € N be odd and let (a,m) = 1. Define
G(m,a) = Z 2miax’/m,

x=1

Then |G(m, a)* = m.

The proof of the theorem uses two lemmas.
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Lemma 3.25. Letm e Nand a € Z. Then

m .
Z eeriax/m — m lfm | a,
= 0 ifmta.

Lemma 3.26. Ler f(x) = a,xX" + --- + a;x + ay be a polynomial with integer coefficients

and let ri, 13, ...,y be a complete system of residues modulo m. Then
m m
Z eZnif(rk)/m — Zesz(k)/m.
k=1 k=1
Proor. Let sy, 57,..., s, be a permutation of ry,r,...,r, such that s; = k (mod m).
Then

m m
ZeZHif(rk)/m — Z eZnif(sk)/m,
k=1 k=1

because the sum on the right is simply a rearrangement of the sum on the left. Furthermore,
sk=k (modm) = ausp+--+arsk+ag=ak"+---+atk+ay (mod m).

Thus, part v) of Propositionm gives 27/ (s/m = Q2mif/m whence

m m
Z eZnif(xk)/m — Z eZﬂif(k)/m.
k=1 k=1

Proor or TaHeorREM [3.24] We have

m

m
Z eZniaxz/m Z e27'riay2/m (by Proposition @
x=1 y=1

IG(m, a)*

m m

Z rias/m Z p2miay?/m (by Exercise 3.13)

y=1

1l
VR
=

11

m

Z 2riax?/m Z o~ 2xiay?/m (by Exercise [3:20)
y=1

m m m m
2 2 o x2 2
— E E eZmux /me 2riay” /m — 2 E eZma(x y )/m'

x=1 y=1

1l
VR
o
1 3

Y

=
1l
—
<
Ul
—_

Next, in the sum over y, we change the summation variable to z = x + y. When y runs
through the numbers 1,2, ..., m, z runs through the numbers x + 1, x + 2, ..., x + m. Also,

=y = (=Y +y) = Qx— (x+ M) (x +y) = 2xz - 2%

Hence,
m X+m
s
|G(m, a))* = § § gria@xz=z/m, (3.11)
x=1 z=x+1
Now, since x + 1,x + 2,...,x + m is a complete residue system modulo m, we can use
Lemma[3.26]to get
X+m m

Z eZnia(sz—zz)/m — Z eZnia(2xz—z2)/m_

z=x+1 z=1



30 3. COMPLEX NUMBERS

Substituting this in the right side of (3.IT)), we obtain

m m m m
: 2 : 2
|G(m, a)|2 — § e2ma(2xz z7)/m — § § eZma(sz z7)/m
x=1 z=1 z=1 x=1

m m
. 5 .
— § e—2maz /m § eZm(Zaz)x/m.
z=1 x=1

By Lemma [3.25] with 2az in place of a, the sum over x equals m when m | 2az and 0
otherwise. Since (m,a) = 1, it follows from Theorem [I.13] that if m | 2az, then m | 2z.
Moreover, since m is odd, if m | 2z, then m | z. In particular, the only number among
2az, 1 < z < m, that is divisible by m is 2am. Therefore, the sum over x vanishes when
z=1,2,...,m— 1 and equals m when z = m. We conclude that
m—1
IG(m, (1)|2 — me—27riam2/m + Z Oe—Zniazz/m — me—Zﬂium —

z=1

3.9. Exercises
3-2i 3+6i
24317 2-i°

Exercise 3.2. Find the complex numbers z such that z> = 2 +i. [HINT. Let z = x + iy. The equation z2 = 2 +1 is
equivalent to a system of two equations in the unknowns x and y. Solve that system to find z.]

Exercise 3.1. Evaluate the expressions: (2 + 3i)(5 — 2i);

Exercise 3.3. Solve the quadratic equation Z2+Q2+)z+2+1)=0.
Exercise 3.4. Prove parts vi), viii) and ix) of Proposition[3.1}
Exercise 3.5. Prove Proposition[3.3]

Exercise 3.6. (a) Use the triangle inequality to prove the two inequalities in (3:4).

(b) Use the first inequality in (3.4) to prove the triangle inequality.
(¢) Use the second inequality in (3:4) to prove the triangle inequality.

Exercise 3.7. Suppose that |z] < 2. Use the triangle inequality to bound the expression 27> — 4z — 3 — i from
above.

Exercise 3.8. Suppose that |z| < % Use the second inequality in (3:4) to show that
22 —4z-3-i| > V10- 3.
Exercise 3.9. Write the given complex numbers in exponential form: 3i; —2; V3 - i; 2+ 2i; -4+ 3i.
Exercise 3.10. Use De Moivre’s formula to derive formulas for: sin30; cos 30; sin40; cos460.
Exercise 3.11. Let 0 € R. Prove Euler’s formulas:
£0 4 o-i0 o0 _ o-i0

S0 = ————, sin0 = -
cos 2 sin %

Exercise 3.12. Describe geometrically the following sets in the complex plane:
{zeCllz-il=3}; {zeClkI>1}; {zeC|l<lz-2/<2}.
Exercise 3.13. Describe geometrically the following sets in the complex plane:
{zeC|Argz=n/4}; {zeCln/3<Argz<2n/3}; {zeC|0<Arglz-2+i)< 3n}.
Exercise 3.14. Describe geometrically the following sets in the complex plane:
{zeClImiz-1) <2}; {zeC|Rez-2+1)>1};
{z€C|Re(z-1-1)<2<Imiz-1-i)}.
Exercise 3.15. Use Proposition@and mathematical induction to prove that for alln > 1,

Attt =ttt U2 i =2 e
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Exercise 3.16. Solve the equations: sinz = 2; sinhz = -2i; % = —1 +i.
Exercise 3.17. Let a € R. Describe geometrically the sets
{¢“|Rez=a}; {&|Imz=a}; {|l=a}.

Exercise 3.18. Prove parts i)—iii) and v) of Proposition@
Exercise 3.19. Prove parts ii), iv), v) and vii) of Proposition@
Exercise 3.20. Prove the identities:

e =¢°, sinz=sinZ, cosz=cosZ ftang=tanZ, sinhz=sinhZ coshz = coshZ.
Exercise 3.21. Evaluate the expressions: (1 — DM (=1 +1V3)%2; Log(1 —1).
Exercise 3.22. Find all the solutions of the equations: sinz = cosh3; coshz =i.

Exercise 3.23. Prove Lemma|[3.23]

Exercise 3.24. Letm € N be even and (a,m) = 1, and let G(im, a) be the sum in Theorem[3:24] Modify the proof
of Theorem[3.24]to prove that
2 ifm=0 d 4),
Gm )t = 4 2" Hm =0 mod®
0 ifm=2 (mod 4).
Exercise 3.25. The purpose of this exercise is to provide an easy proof of the trigonometric identities

sin (%ne) sin (%(n + 1)6)

Sin0 +sin20 + - -+ + sinnd = — (0 # 2km), (%)
sin (40)
sin (n+ $)0) 1
cos9+cos29+~~+cosn9:f—f (0 # 2km). (%)
2sin (56) 2
. . . i(n+1)0 _ 1
(a) Provethat 1 + e + 20 + ... 4 0 = e - o
€0 —

A8 g 02 in (L(n + 1)0)
e —1 sin (%6)

(b) Use Euler’s formula for the sine function to show that

(¢) Use parts (a) and (b) to show that

in6/2 gip (1
2 0 o/ s14n (71(n+ 1)6) .
sin (56)
(d) Prove the identities (+) and (**) by comparing the real and imaginary parts of the two sides of the
identity in part (c).

elO

Exercise 3.26. Prove the identities:
(a) arcsinx = —iLog (ix + VI - xz), where -1 < x < 1;
(b) arctanx = L Log (H——x) , where x € R.
2 i—x
Exercise 3.27. Let n € N. An nth root of unity is a solution of the equation 7" = 1, i.e., one of the n values of
1Y" A primitive nth root of unity is an nth root of unity which is not an mth root of unity for any m < n. For
example, —1 is a primitive second root of unity, but 1 is not, since it is also a first root of unity. Also, i and —i are
primitive fourth roots of unity, but 1 and —1 are not, since they are also second roots of unity.
(a) Prove that ¢ is an nth root of unity if and only if / = ¢*/" for some integer k.
(b) Prove that if { is a non-primitive nth root of unity, then {”* = 1 for some positive integer m with m | n.
[Hint. Let m be the least positive integer such that £ is an mth root of unity. Write n in the form
n =mgq + r, with 0 < r < m, and show that r = 0. Deduce that m | n.]
(c) Prove that ¢ is a primitive nth root of unity if and only if / = ¢>™/" for some integer k with (k, n) = 1.
(d) Prove that if (a, n) = 1, the numbers 1, ¢27i4/n g27i2a/n o 2mitn=Da/n gre g complete list of nth roots
of unity.






CHAPTER 4

Algebra Over The Complex Numbers

4.1. Roots of polynomials with complex coefficients

Recall that a zero (or a root) of the polynomial f(z) = a,z" + - - -+ a;z+ ap is a number
o such that f(a) = 0. If a is a root of a polynomial f(z) of degree n, we can use long
division to express f(z) in the form

f(@) = (z - 0)g2), 4.1)

where g(z) is a polynomial of degree n — 1.

Example 4.1. Let f(z) = z2° + 3z% + 4. Then f(i) = i® + 3i®> + 4 = 0, and long division of
f(z) by z -1 gives
f@ =G@-D(2 +id" =2 — i + 4z + 4i).

If we have g(a) # 0 in (@), we say that a is a simple root of f(z). On the other
hand, if g(a) = 0, we can apply @.I) to g(z) to obtain g(z) = (z — a)h(z), where h(z) is a
polynomial of degree n — 2. Substituting this expression for g(z), we obtain

@) = (z— a)*h(2).

If h(a) # 0, we say that a is a double root of f(z). On the other hand, if A(a) = 0, we
can repeat the above procedure yet again. In general, if a is a root of f(z), we can find an
integer m such that

@) = (z—)"g(2),
where g(z) is some polynomial of degree n — m such that g(a) # 0. The integer m is called
the multiplicity of a, and we say that a is a zero of multiplicity m.

Where roots are concerned, there is a significant difference between polynomials over
the real numbers and polynomials over the complex numbers. Recall that a polynomial
with real coefficients may have no real zeros. For example, f(z) = z> + 1 has no real zeros,
because its value is at least 1 for all real values of the variable z. However, if we allow z to
take on complex values, then we have the following remarkable result.

Theorem 4.2 (Fundamental theorem of algebra). Let f(z) be a polynomial (with complex
coefficients) of degree n. Then f(2) has exactly n complex roots, counting multiplicities.

The phrase “counting multiplicities” means that if a polynomial of degree five has a
zero at z = 2 that is a zero of multiplicity 3 and another zero at z = —1 that has multiplicity
2, then the five zeros of f(z) are —1,-1,2,2,2.

Note that Theorem[4.2]says that a polynomial of degree n has exactly n complex roots,
but it gives no clue how to find those. You know from high-school algebra the quadratic
formula: the roots of f(z) = az® + bz + ¢ are

—b + (b* — 4ac)'?
2a '

A1z =

33
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There are similar formulas for polynomials of degrees 3 or 4. Those formulas resemble the
quadratic formula, except that they are much messier. For example, one of the solutions
(the “nicest” of them) of the cubic equation

2 +pz+q=0

is given by the formula

2 3 2 3
Y L SN U S U
2 4 27 2 4 27

When the degree is 5 or higher, the situation is even worse. Then we have a theorem that
says that, in fact, such a general formula does not exist. That is not to say that we cannot
solve any polynomial equation of degree 5, just that there is no way to express the solutions
in terms of the coefficients using only radicals and the basic arithmetic operations in C.

Although the fundamental theorem of algebra does not yield an algorithm for solving
polynomial equations, it does provide a great deal of valuable information about polyno-
mials.

Corollary 4.3. If f(z) = a,2" + -+ a1z +ap and g(z) = b,z" + -+ + b1z + by are
polynomials of degree n such that f(a;) = g(o,;) for n+1 distinct numbers o, 0y, .. ., Oy,
then f(z) = g(2): thatis, aj = b; for j =0,1,...,n.

Corollary 4.4. If f(2) = a,2" + - - -+ a1z2+ay is a polynomial of degree n and o1, 0, . .., 0y,
are its roots, listed according to their multiplicities, then

f@ =a,z-o)z—02) (2= ay).

Corollary 4.5. Let f(2) = a,7" +- - and g(z) = a,7" + - - - be two polynomials of degree n
with the same leading coefficient and with the same roots, then f(z) = g(2).

Corollary 4.6. Let f(z) = a,z" + -+ and g(z) = a,z" + - -+ be two polynomials of degree
n with the same leading coefficient. If f(a;) = g(a;) for n distinct numbers o, s, . .., 0,
then f(z) = g(2).

Theorem 4.7. Let f(z) be a polynomial with real coefficients and suppose that o is a
complex root of f(z). Then a. is also a root of f(2).

Proor. Let f(z) = a,z" + -+ + a1z + ag, where ag,ay,...,a, € R. Note that since
the a;’s are real, we have a; = a; for all j = 0,1,...,n. Then, on using the identities in

Exercise[3.13}
f(d) = an(a)n + an—l(d)n_1 +eee ald + ap
= @, ()" + Ay ()" + -+ 310+ a

= a,0" + a,_ ;0" +--- +aja + ap

= a,0" + dy_ 10" + -+ a0+ ayg = fla)=0=0.
That is, @ is also a root of f(z). m]

In particular, the non-real roots of a polynomial with real coefficients come in pairs
a + bi.

Example 4.8. Let f(z2) = 22 — 222 + 222 = 3z + 2. Then f(i) = 0, so it follows from
Theorem [4.7)that —i is also a root of f(z). Hence, by Corollary .4 we have

@ = @-DE+DE-a3)z-w)z-0s) =@+ Dgl), say,
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where o3, 04 and os are the remaining three complex roots of f(z). Using long division,
we find that g(z) = 22 —3z+2. Since g(1) = 0, we have g(z) = (z— 1)A(z), and long division
gives
h@) =22 +7-2=(+2)(z~-1).
Hence,
f@ =@+ D=1’ +2).

The idea behind the above example can be used to give an inductive proof of the
following result.

Theorem 4.9. Let f(x) = a,x" + -+ + a1x + ag be a polynomial with real coefficients of
degree n. Then f(x) can be expressed in the form

f) =ay(x—r) - (x— )+ prx+q) - (3 + puX + gu)s

where ry, ...,y are the real roots of f(x) listed according to their multiplicities and p1, q;,
D2:925 - » Pms Qm are real numbers such that p? —4q; < Oforall j = 1,...,m. Also,
k+2m = n.

4.2. Linear algebra over the complex numbers

In linear algebra too, working with complex vectors and matrices sometimes has ad-
vantages. Recall that a (complex) number A is called an eigenvalue of an n X n matrix A
if there exists a nonzero n-dimensional vector x such that Ax = Ax; any such vector X is
called an eigenvector for .. We recall the following theorem from linear algebra.

Theorem 4.10. Let A be an n X n matrix. A complex number \ is an eigenvalue of A if and
only if det(A — M) = 0, where I is the n X n identity matrix. If \ is an eigenvalue of A, the
eigenvectors of A for \ are the nonzero solutions of the linear system (A — M)x = 0.

The determinant det(A — z/) is called the characteristic polynomial of A. Expanding
this determinant yields
det(A —zl) = (-1)"" + b1 + - + by, (4.2)
where .
bi=(=1""> au. by, =detA, 4.3)
a;j being the (i, j)-th entry of the matrix i\_.l In particular, A has exactly n complex eigen-

values, counting multiplicities, because the polynomial (4.2)) has exactly n roots, by the
fundamental theorem of algebra. Let Aj,Ap,..., A, be the eigenvalues of A. By Corol-

lary @.4]

det(A—zD) = (-1)"(z =A@ —22) -+ (2= Ap).
Multiplying out the right side of this identity, we obtain alternative expressions for the
coefficients b; and b, in {.2)):

b= e bo= DT [
k=1 k=1

Comparing these expressions with (.3), we obtain

trA = Zn:akk = Zn:kk, detA = ﬁ}\k 4.4)
k=1 k=1 k=1
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(The sum of the diagonal entries of a square matrix A is called the frace of A and is denoted
trA.)

Example 4.11. Compute the eigenvalues and eigenvectors of the matrix A = [(1) B (1)} .

Sorution. The characteristic polynomial of A is

A -1

_ a2
) _)\—7»+1,

so the eigenvalues are i and —i. Since
-i -1 0 1 -1 0 1 -1 0
1 -1 0 -i -1 0 0 0 0
the eigenspace for A = i contains the solutions x of

X —ixnp=0 < X=x2|:i:| = xeSpan{B}}.

Similarly, the eigenspace for A = —i is Span { {_ﬂ }
Notice that
0 -1|[i| _[-1] _.[i
1ol (17| T
0 —1][-] _[-1 N
[1 0} [ 1] = {—i} _(_l)[ J’

so the vectors [j and [_1

1] are indeed eigenvectors for A = iand A = —i. O

Recall from linear algebra that if A is an n X n real matrix with n real eigenvalues
M, -« -, Ay (listed according to their multiplicities) and n linearly independent eigenvectors
X{,X,...,X, such that Ax; = A;x;, then A is diagonalizable, i.e., there exist an invertible
matrix P and a diagonal matrix D such that A = PDP~!. Moreover,
Ao - 0
P:[XIX2~~X,1], D=": oo
0 - A,
The same is true for complex matrices, except the eigenvalues, eigenvectors and the matri-
ces P and D are allowed to be complex numbers, vectors and matrices.
Example 4.12. Diagonalize (over C) the matrix A from Example|4.11

SorLutioN. We have A = PDP~!, where
i i i 0
P = [1 1] and D = {0 —i} .

Recall that an n X n real matrix A may fail to be diagonalizable over R for two reasons:
it may have fewer than n real eigenvalues (even counting multiplicities); or it may have
n eigenvalues, but fewer than n linearly independent eigenvectors. Because of the funda-
mental theorem of algebra, the former scenario never occurs for complex matrices: every
n X n matrix has n complex eigenvalues. In particular, a real matrix that has fewer than n

O
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real eigenvalues must have some nonreal eigenvalues. Since the characteristic polynomial
of A has real coefficients, by Theorem[d.7] the nonreal eigenvalues of A come in complex-
conjugate pairs a + ib. It turns out that the same holds for the complex eigenvectors of A.
We extend the definitions of complex conjugate, real part and imaginary part of a complex
number to vectors in C" (i.e., n-dimensional vectors with complex entries):

X1 +1iy; X1 — iy Xy Y1

X2 +1y2 _ X2 —1y2 X2 2
for z = : zZ= . , Rez=1| .|, Imz=

Xn + lyn Xn — iyn Xn Yn

With these definitions, we have the following result.

Theorem 4.13. Let A be an nxn matrix with real entries. If ) and ) are a pair of complex-
conjugate eigenvalues of A and 7 is an eigenvector for \, then Z is an eigenvector for \.

Notice that this is consistent with Example we found the complex conjugate
eigenvalues +i, whose respective eigenvectors were also complex conjugate:

if |-
W=

Consider a real matrix A that is diagonalizable over C, but not over R. That is,
there exist an invertible matrix P and a diagonal matrix D with complex entries such
that A = PDP~', but no such matrices with real entries. Is it possible to represent A as
A = QCQ7!, where Q and C are real matrices and C, though not diagonal, is still pretty
simple to work with? Not only is the answer to this question “yes”, but the matrices Q
and C in this representation can be easily derived from the matrices P and D in the diago-
nalization of A over the complex numbers. Since A is diagonalizable over C, we can find
real eigenvalues A, ..., A; and pairs of complex conjugate eigenvalues Wy, fiy, - - . , W, s
altogether n = k + 2m of them. We can also find k linearly independent real eigenvectors
X1,...,X; corresponding to the eigenvalues Ay, ..., A and m linearly independent pairs of
complex eigenvectors zy,Zi, ..., Zy, Z, corresponding to the pairs of complex eigenvalues
Wis s - - Wms . Then the matrix Q in the desired representation has columns X, . . ., X,
Rez,,Imz;,...,Rez,,Imz,, and the matrix C is a block matrix of the form (a block-
diagonal matrix)

A - 00 - 0
0 -+ % 0 - 0
o --- 0 ¢ --- 0] (4.5)
[0 - 0 0 - Cpu
where Cq, ..., C,, are 2 X 2 blocks of the form

C. = Rep; Imup;
77 |-Imp; Rep;|’
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Example 4.14. If possible, represent the matrix

=

Il
— DO O
WO =N O
S = = O O
— N O OO
N - O O O

asA = QCQ!, where Q and C are real matrices and C is either diagonal or block-diagonal
of the form (.5)) above.

SorutioN. The characteristic polynomial of A is

2-% 0 0 0 0
0 2-2 0 0 0
0 1 1-» 0 0 =(z—>\)2(1—>\)‘2;k 2__17"
2 0 1 2-% -1
1 3 0 12—

=2-M(1-M[2-M+1],
so the eigenvalues of A are 1,2, 2, and the two roots of (2 — MN+1=0:
Q2-M=-1 &= 2-A=+i & Ai=2=i

To find the eigenvectors for A = 2 — i, we solve (A — (2 —i))x = 0:

i 0 0 0 00 10 0 0 00
0i 0 0 00 0i 0 0 00
[A-2-DI0=[0 1 -1+i 0 0 O/~ [0 1 —-1+i 0 0 O
20 1 i -10 20 1 i -10
13 o0 1 io0 [13 0 1 i 0
10 0 o0 00 [t O 0 0 0 0]
0i 0 0 00 01 0 0 00
~10 1 -1+4i 0 0 O[~|0 1 -1+i 0O 0 0
00 1 i -10 00 1 i -10
03 o0 1 io0 [03 1 i 0]
10 0 0 00 [t O0OO0OO0O 00
01 0 0 00 0100 00
~10 0 -1+i 0 0 O/~|0 0 1 0 0 0
00 1 i -10 001 i -10
oo o0 1 i0 [0001 i0
1 000 00 [10OO0O0O
0100 00 010000
~100 1.0 0O0[~[00 1000
000 i -10 0001 i00
0001 i o0 |00O0O0GO0O
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Hence, the vector form of the solution of (A — (2 —1)I)x = 0 and a basis for the eigenspace
forAh =2 —1iare

0 0 0
0 0 0
x=|0 |=xs]| 0], 0
—ixs —i —i
X5 1 1

By Theorem[4.13] a basis for this eigenspace A = 2 +1iis

0

0

0

i

|1

Furthermore, computations similar to the above with A = 2 and A = 1 yield the bases

1 3] 0
-2 -1 0
=21, (-1 and 2
5 0 -1
0 5 1

for the eigenspaces for A = 2 and A = 1, respectively.
It follows that A is diagonalizable (over C) and A = PDP~!, where

1 3 0 00 200 O 0
-2 -1 0 0 0 020 O 0
pP=|-2 -1 2 0 0f, D=|0 0 1 O 0
5 0 -1 - i 00 0 2-1i O

0o 5 1 11 00 0 0 2+i

Since A has nonreal eigenvalues, it is not diagonalizable over R, but it can be represented
as A = QCQ~', where

I 3 00 O 20 00 O

-2 -1 0 0 O 02 00 O
og=|-2 -1 2 0 0, C=]0 0 1 0 O
5 0 -1 0 -1 00 0 2 -1

0 5 11 0 00 01 2

O

Theorem 4.15. If L, \y,...,\, are the eigenvalues of the n X n matrix A, then the eigen-
values ofA2 are the numbers ?ﬁ, 7\%, e 7\%.

Proor. Let f(z) denote the characteristic polynomial of A, and let g(z) denote the
characteristic polynomial of A?. By Corollary

) = (1@ =)z =)+ (2= M) = [[ by~ 20

j=1
‘We shall show that

n

8@ =[] (% -2). (4.6)

J=1
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Let m be an integer. Since
A2 —m*l = (A — mI)(A + ml),
we have

g(m?) = det(A> — m*I) = det(A — mI) det(A + ml) = f(m)f(—m)

= [T -m [ [0y +m = T] 05 - m).
j=1 j=1 j=1

This establishes that the two sides of (.6)) are equal when z is replaced by the square of any
integer m. Since the two sides of (4.6) are polynomials of degree n, the identity follows
from Corollary m|

4.3. Review of determinants

You should be familiar with the definition and properties of determinants from linear
algebra. However, the focus of linear algebra courses is rarely on the computation of
determinants, and hence, it is likely that you have a limited experience with proofs of
formulas for special n X n determinants.

Definition 4.16. Let A be an n X n matrix, whose (i, j)th entry is denoted by a;;. The
determinant of A, denoted det A, is defined by the following recursive procedure:

1. fn=1and A = [a;;], then det A = ay;.
2. If n > 2, for each i and j, we introduce the matrix A;;, which is the (n—1)x(n—1)
matrix obtained from A by deleting its ith row and jth column. Then

detA = ay detAy; —appdetAp +--- + (—1)1+”a1,, detAy,. 4.7
Formula (4.7) is known as the expansion of det A along the first row.

Example 4.17. Let A = {Z Z}. Then

ajy=a, ap=b, ay=c, anp=d, Ayp=[d|, Ap=][,
so (4.7) with n = 2 gives
detA = ay1detAy; —ajpdetAy, = ad — be.
Notice that this is the usual expression for the determinant of a 2 X 2 matrix.

Recall from linear algebra that (4.7)) is a special case of a more general formula known
as the cofactor expansion of a determinant. Given an n X n matrix A with entries g;;, the
(i, pth cofactor of A is the number

C,’j = (—1)i+j dCtA,'j.

That is, up to a sign, the cofactor is the determinant detA;;. The sign (=1)"*/ depends on
the position of the entry a;; in the following way:
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In particular, the right side of (@.7) is just the sum of the products of the numbers in the
first row of A and their respective cofactors:

detA = a11Ci1 +apCi+ -+ a1,Chy.
It turns out that we can replace the first row by any row or column of A.

Theorem 4.18. The determinant of an n X n matrix A can be computed by a cofactor
expansion across any row or down any column of A. More precisely, for any i, 1 <i < n,
we have

detA = a,-IC,-l + a,»zCl-z + e+ amC,»,,, (48)
and for any j, 1 < j <n, we have
detA=ale1j+a2jC2j+~~+a,,jC,1j. 4.9)

Formulas (@.8) and (@.9) are called the cofactor expansion across the ith row and the
cofactor expansion down the jth column, respectively. We now show how to use these
formulas to take advantage of possible zero entries.

Corollary 4.19. If A is a triangular matrix, then det A is the product of the entries on the
main diagonal.

Proor. We will prove the corollary for upper triangular matrices. The proof for lower
triangular matrices is similar. We argue by induction on the size of A.

If A = [a;;], then det A = ay;, which is the product of the diagonal entries of A.

Suppose now that n > 2 and the corollary holds for (n — 1) X (n — 1) upper diagonal
matrices. Consider an n X n diagonal matrix

air ap - A
0 an -+ an
A=
0 0 - apy
Expanding det A across the last row, we get
app app o Aip-t
- axpn 0 Ayp-l
detA = (-1)"a,,
0 0 Tt Ap-1,n-1
Since the last determinant is of order n — 1, it equals aj1a - - - @y—1 -1, by the inductive
hypothesis. Hence, detA = ajjaz; - - - dy—1.4-1a4, Which completes the induction. O

Having various cofactor expansions to play with is only useful if the matrix contains
many zeros. If there are no zero entries, no matter which cofactor expansion we use,
we will end up performing tons of arithmetic operations. We can avoid this by using
the properties of determinants to replace the given determinant by an equal one that does
contain many zeros. Here is a list of properties, which are useful in this context.

Proposition 4.20. Let A and B be square matrices. Then:

1) If B is obtained from A by a row replacement, then det B = det A.
ii) If B is obtained from A by the interchange of two rows, then det B = —det A.
iii) If B is obtained from A by multiplying one of its rows by a number k, then det B =
kdet A.
iv) detA’ = detA.
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v) det(AB) = (det A)(det B).
vi) A is invertible if and only if det A # O.

Corollary 4.21. If A is a square matrix that has two equal rows or two equal columns,
then detA = 0.

Next, we shall use the properties of determinants stated in Proposition[d.20]to evaluate

a special determinant. Let n > 2 and let z;,2,,...,2, be complex numbers. The n X n
determinant
1 1 .. 1
Zl ZZ oo Z}’l
2 2 2
V(zi,22,..sz) = | 1 22 Zn
Zrll—l Zg—l . Zz—l
is called Vandermonde’s determinant of the variables z;,z2, . .., 2,.
Theorem 4.22. Let V(z1,...,z,) be Vandermonde’s determinant of the variables zi, . . . , Z,.
Then
Va.w = [ @-w. (4.10)
1<i<j<n
First PROOF OF THEOREM 4.22] If two of the numbers zi, 25, . ..,z, are equal, Vander-

monde’s determinant is zero by Corollary The right side of @.10) is also zero, be-
cause some of the differences in the product is zero.

Next, we consider the case when all n numbers are distinct and argue by induction on
n. When n = 2, we have

=2-21 = H (zj — 2i)-

1<i<j<2

1
V(zi,22) =
(z1,22) ‘Zl 12’

Suppose that n > 3 and @.10) holds for V(zi, ..., z,-1). Expanding V(zi,...,z,) down its
last column, we get

V(Zl," -’Zn) = V(Zh' "7Zn—])ZZ71 + D11272 R Dn—ZZn +Dn—1’
where Dy, D;,...,D,_; are determinants with entries that depend only on zj,...,2Z,-.
Therefore, as a function of z,, V(zy,...,2,) is a polynomial of degree n — 1 with lead-

ing coeflicient
V(zi,. o h20-1) = H (zj — ).
1<i<j<n-1
Further, by Corollary 4.21] we have
V(Zl,""zn—l’zl)zo’ V(Zl""’zn—l’zz)=07 M V(Zl""’zn_l’zn_l)ZOQ
because in each of these determinants the last column equals one of the other columns.
These equations show that the numbers z;, z5, . . ., z,- are roots of V(zi,...,z,) (as a poly-

nomial in z,). That is, V(zy,...,z,) is a polynomial of degree n — 1 with roots zj,...,2Z,-
and leading coefficient V(zy, ... ,z,-1). On the other hand, the right side of (@.10) is

I G-2G=z0 G =z,
1<i<j<n—-1

that is, the right side of (4.10) is also a polynomial of degree n — 1 with roots zi, ...,z
and leading coefficient V(zi, .. .,z,-1). By Corollary 4.5} these two polynomials are equal.
This completes the induction and establishes (@.10). mi
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SECOND PROOF OF THEOREM We argue by induction on n. When n = 2, we have

=n-a= ] G-

1
V(zi,22) = ’z .
! 2 1<i<j<2

Suppose that n > 3 and @.I0) holds for V(z,...,z,). By parts i) and iv) of Proposi-
tion .20} we can subtract the first column of Vandermonde’s determinant from each of the
remaining n — 1 columns to get

1 0 0
21 2 —2 Zn — 21
> > 2 2
V(zi,...nzn) = | < 27 S
7t gt ot 2t -t

22— 2 73— 21 n — 21
B-2 3-77 - z-z
V@i, .. z0) = ) i i : (4.11)

Define So(x,y) = 1 and
S,y =X+ XXy f ey k> .
Using the identity x* — y* = (x — y)S_1(x,y), we can rewrite the right side of @.IT) as

22— 3 — 21 Zn — <1
(22 —z0)81(z1,22)  (3—z)8S1(z1,23) -+ (Za— 2008121, 2n)
V(zi,....z0) =
(22 =28 n-2(z1,22) (23 —20)Sn2(z1,23) - (2 — 2008 p-2(21, 20)

‘We factor out z, — z; from the first column of the latter determinant, z3 — z; from its second
column, etc. to get

1 1 1
" Si1(zi,22) Sizi,z) 0 Sz, 2)
VG = [Je-ax | . . (4.12)
i : : :
Sn2z1,22) Sp2(z1,23) o0 Sa2(z1,20)

Note that
Spx,2) = xS ) =X + XXz F o (T T 1 A = @)

‘We now subtract (in this order):

z times the second-to-last row of the determinant in #.12)) from its last row;
z1 times the third-to-last row of the determinant in (#12) from its second-to-last
row;

z1 times the second row of the determinant in (#12)) from its third row;
z1 times the first row of the determinant in (#.12)) from its second row.
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After multiple applications of (#.13), we obtain

1 1
" 23 Zn "
Vizi,..oz) = [ [ -2 % | =1IG -2 x Va2,
j=2 : : : Jj=2
Z121—2 Zgl_z . ZZ_Z
Hence, {@.10) follows by applying the inductive hypothesis to V(za, . . ., Zn)- a

4.4. The resultant of two polynomials

Sometimes, one wants to determine whether two polynomials have a common root
without actually finding all the roots of the two polynomials. It turns out that this question
can be answered by calculating a special quantity, the “resultant” of the two polynomials,
which can be expressed solely in terms of the coefficients of the polynomials.

Definition 4.23. Let f(z) and g(z) be two polynomials with complex coefficients, and
suppose that they can be factored over C as

f@) =aGz-o)@z-m)-- (-, g@)=bz-P)z-PF2) - @=Pw) (414

respectively. The resultant of f and g, denoted res(f, g), is the number

res(f,g) = a"b" H H(Oti - By)-

i=1 j=1

Corollary 4.24. Let f(2) and g(z) be two polynomials with complex coefficients. Then f(2)
and g(2) have a common root if and only if res(f, g) = 0.

Proposition 4.25. Let f(2), g(z) and h(z) be polynomials, and suppose that f(z) and g(z)
are of the form @14). Then:
i) res(f, g) = a”g(a)g(az) - - - g(au).
i) res(g, f) = (=1)" res(f, g).
iii) res(fg, h) = res(f, h)res(g, h).
iv) res(f, fh + g) = res(f, g).

The definition of the resultant ties it nicely to the roots of the two polynomials, but it is
not particularly convenient for evaluation purposes. The next result expresses the resultant
of two polynomials solely in terms of the coefficients of the polynomials.

Theorem 4.26. Let

f@Q=a "+ +a1z+ay, g2)=bu7"+---+biz+ by
be two polynomials with complex coefficients. Then res(f, g) equals the (n + m) X (n + m)
determinant where:

o if1 < j<m, the jthrowis [00---0 a, a,_1---ap ay O«--O];

j-1
) 1<j< the jth is |00---0 by by—1---b1 by 0---0].
o ifm+1<j<m+n,thej I‘OWlS[ 1 1 bo }

Jj—m—1
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For example, when f(2) = ayz*+a,z+ag and g(z) = baz> +byz>+b z+by, Theoremm
says that
ay a ap 0 0
0 a a a O
res(f,g)=10 0 a» a1 aol.
by by by by O
0 by by by by

Corollary 4.27. If f(z) and g(z) have integer (or rational, or real) coefficients, then the
resultant res(f, g) is an integer (or a rational, or a real number).

4.5. Symmetric polynomials in several variables

Definition 4.28. Let n > 2. A polynomial f(zj,...,z,) of n variables with complex co-
efficients is said to be symmetric if for any permutation z;,,zj,,...,2;, of the variables
21,225+ - - » Zn, ONE has

F @iz s2i) = f@122, 000 20)-

Example 4.29. Let n = 2 and denote the variables by x and y instead of z; and z,. Then
the polynomials
or=x+y and o0 =Xxy
are symmetric. Indeed, in this case, the only possible permutations of the variables are the
trivial permutation x, y and the transposition y, x, and neither of those changes 0| and o7;.
Example 4.30. Let n = 3 and denote the variables by x, y and z. Then the polynomials
ol=x+y+z, Oy=xy+yz+zx, and 03 =Xx)Z
are symmetric, because a permutation of x,y, z simply changes the order of terms and/or

factors in the o’s.

Example 4.31. Letn > 2 and 1 < k < n. Then the polynomial
Te= Y q g (4.15)
1<ii<ip<-<ix<n

is symmetric. Here, the summation is over all k-element subsets of {1,2,...,n}, so we are
adding all the possible product of k distinct variables. Thus,

n
01=§ Zi, 0= E zzj, and 0p =2122° " 2
i=1

I<i<j<n
Note that Examples .29 and [4.30] are just the special cases n = 2 and n = 3 of the present
example.

Definition 4.32. Let n > 2. The symmetric polynomials oy, ..., o, defined by (4.15) are
called the elementary symmetric polynomials in the variables z1, . .., z,.

It turns out that every symmetric polynomial in zy, ..., z, can be rewritten (via substi-
tutions) as a polynomial in o7y, ..., 0, (treated as independent variables). More precisely,
we have the following result.

Theorem 4.33 (Fundamental theorem for symmetric polynomials). Let f(z1,...,2,) be a
symmetric polynomial. Then there exists a polynomial g(w1, ..., w,) such that

f(zlv'~~7zn) =g(0-19--~7o-n)v
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where o\, ..., 0, are the elementary symmetric polynomials &13). Furthermore, if f has
integer (or rational, or real) coefficients, then so does g.

The proof of this theorem goes beyond the scope of these notes, but we can illustrate
the idea of the proof by an example.

Example 4.34. Let n = 2 and consider the polynomial f(x,y) = x* +y°, which is clearly
a symmetric polynomial in x and y. Then

f[iey) = fay) = @ +y)° = fy) - o
is also symmetric in x and y, and (by the binomial theorem)
filx,y) = =5x*y — 10x°y* — 104%y° — 5xy*.
Note that the highest power of x in f(x,y) is smaller than that in f(x, y). Next, consider
Hxy) = filr,y) + 5xy(x +3)* = fi(x,y) + 50207
This polynomial is also symmetric, and we have
flxy) =52y +52°,

so the highest power of x in f;(x,y) is smaller than that in fj(x,y) (which, in turn, was
smaller than that in f(x,y)). Next, we consider

£y = Hxy) = 555 (x +y) = fr(x,y) - 50307
Since f3(x,y) = 0, we have f(x,y) = 5050 . Hence,

f(x,y) =07 + fi(x,)

0} = 50207 + fo(x,Y)

o} = Soy07 + Sa30y

g(o1,02), where g(u,v) = w = 5u’v + 5w’

4.6. Exercises

Exercise 4.1. Observe that 2i is a root of the equation 7! +4z% +4z5+ 16z* +4z2 + 16 = 0 and use this information
to find its remaining nine roots.

Exercise 4.2. Write the polynomial x'0+4x3 +4x°+16x* +4x?+16 as a product of the form stated in Theorem
Exercise 4.3. Prove Corollary 3]
Exercise 4.4. Prove Corollary[F4]
Exercise 4.5. Prove Corollary@
Exercise 4.6. Prove Corollary [{.6]
Exercise 4.7. Prove Theorem[4.13]

Exercise 4.8. If possible, diagonalize the given matrices. If a real matrix is diagonalizable over C but not over
R, then represent it as QCQ~", where Q and C are real matrices and C is block-diagonal.

4 1 0 1 1134
2 30 -2 1 -1 0
A=l 12 5t BSlo 2 0 2
2 -1 0 5 21 -3 2
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Exercise 4.9. The matrix A below has a double real eigenvalue and a pair of complex eigenvalues. Furthermore,
it is known that the real eigenvalue is an integer. Represent A in the form A = QCQ™!, where Q and C are real
matrices and C is block-diagonal.

185 10 -25 —45

-65 -3 1.5 17

8.5 6 -25 -23

5.5 3 -05 -13

A=

Exercise 4.10. Let A be a 7 X 7 real matrix with eigenvalues 1,1,-2,1 +1i,1 +1i,1 —1i,1 — i, and respective
eigenvectors

1 -1 0 2 0 2 0
0 0 0 1+i 0 1-i 0
2 0 0 0 2i 0 -2i
of, =2, 1, |, 3-1], 1], 3+1
0 -1 0 0 0 0
1 0 4 -1 0 -1 0
3 -3 2 2 -5 2 -5

Represent A in the form A = QCQ~', where Q and C are real matrices and C is block-diagonal.
Exercise 4.11. Prove Theorem [4.9]

Exercise 4.12. Evaluate the determinants:

2 1 0 2 1 1 1 1 g ? g ?) (5)
4 2 7 =2 11 1 2 6 8 8 8 7
0 2 1 1 |t 1 3 19 0 8 8 3 0 ’
0 2 3 0 1 4 1 1 08 2 0 0
Exercise 4.13. Use induction on n to prove that
0 0 ¢
0 c 0
= (1" Peiey ey
g -+ 0 0
Exercise 4.14. Let D,, be the n X n determinant
2 -1 0 - 0 0
-1 2 -1 .- 0 0
0 -1 2 0 0
D, = .
0 0 0 -1
0 0 0 -1 2

That is, the diagonal entries of D, are all equal to 2, the entries one position off the diagonal are all equal to —1,
and all the remaining entries are zeros.

(a) Use expansions across the first row to prove that D,, = 2D,,_1 — D;_».
(b) Use part (a) and induction on 7 to prove that D, = n + 1.

Exercise 4.15. Let

A0 O 0 ao
-1 0 0 a
-1 A 0 a
R(\;ap,ay,...,ap-1) =
00 0 - 3 an
0 0 0 -1 7\+an,1
(a) Use an expansion across the first row to prove that R(A; ag, ay, . .., an—1) = ag+AR(\;ay, az, ..., ap-1).

(b) Use part (a) and induction on 7 to prove that R(\; ag, a1, ..., an-1) = N' + @p N + -+« + a1\ + ap.
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Exercise 4.16. Let

ay + by by by ce by
b2 a + bz bz cee b2
D, = b3 b3 az+by - b3
bn bn bn e ap + bn
(a) Use the properties of determinants to prove that
ai+by -ar -a1 - —dai
by ax 0 e 0
D, = b3 0 as e 0
b, 0 0 e an

(b) Expand the determinant in part (a) across the last row to show that D, = a,D,_1 + (-D)"™'b,E,_,
where E,,_j is an (n — 1) X (n — 1) determinant.

(¢) Show that in part (b), E,_1 = (=1)"*'ajas - - ap_y.

(d) Use parts (b) and (c) and induction on n to compute D,,.

Exercise 4.17. A square matrix A = [a;;] is called antisymmetric if a;; +aj; = O for all pairs of indices i, j. Prove
that if 7 is odd and A is an n X n antisymmetric matrix, then det A = 0. [HINT. Use the properties of determinants
to show that det A’ = (—1)" detA.]

Exercise 4.18. Let n be an even integer n and a, b be complex numbers. Define

a 0 0 -~ 0 b
0O a 0 --- b O
0 0 a -~ 0 O
D, =
0O b 0 -~ a O
b 0 0 -~ 0 a
(a) Expand D, across the first row to show that D,, = aE], — bE]/, where E;, and E] are (n — 1) x (n — 1)

determinants.
(b) Show that in part (a), E;, = aD,— and E/ = bD,,_».
(d) Use parts (a) and (b) and induction on 7 to show that D,, = (a® — b*)"/.

Exercise 4.19. Let f(z) = a,Z" +--- + a1z +ap and let a, ay, . .., 0,41 be n+ 1 distinct complex numbers.
(a) Consider the equations
fla) =0, fla)=0, ..., fla1)=0

as a homogeneous linear system for the coefficients ag, ai, . . ., a,. Prove that this system has a unique
solution. [HiNT. This has something to do with Vandermonde’s determinant.]
(b) Use part (a) to prove that if f(a;) =0 for j=1,2,...,n+1, then f(z) = 0.

Exercise 4.20. Let f(z) = arZf+---+ayz+ap and A be an nXn matrix with eigenvalues A1, A2, ..., A,. Generalize
the proof of Theorem given above to establish that the matrix f(A) = atA* + - + a1 A + ag has eigenvalues
FOD, fA2), ..o ).

Exercise 4.21. Prove Corollary@

Exercise 4.22. Prove Proposition[4.23]

Exercise 4.23. Compute res(z”, f(z)), where f(z) is a polynomial of degree m.

Exercise 4.24. Prove Corollary [£.27]

Exercise 4.25. Show that if f(zy,...,z,) and g(z1, ..., z,) are symmetric polynomials, then so are
af@@i,...,zn) +bgzr,....zn) andf(zi, ..., 281, - - - 2n)-

Exercise 4.26. Which of the following polynomials are symmetric polynomials in x and y: x*> — y>, x%y + xy?,
x4 xy+yt, x4 2y + 30922
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Exercise 4.27. Which of the following polynomials are symmetric polynomials in x, y and z:

Sy 42, Py+yiz+dx, B +y?
Exercise 4.28. Express the following symmetric polynomials as polynomials of the elementary symmetric poly-
nomials o1, 07,...:

Pyt +d, APy ?, eyttt g+
Exercise 4.29. A polynomial f(x,y) of the form
F6y) = and + ap Xy + -+ ar " + agy”,
where at least one of the coefficients ag, ay, . .., a, is nonzero is called a homogeneous polynomial of degree n.
(a) Show that if f(x,y) and g(x,y) are two homogeneous polynomials of degree n, then f(x,y) + g(x,y)
is either a homogeneous polynomial of degree n, or identically 0.
(b) Show that if f(x,y) and g(x,y) are two homogeneous polynomials of degrees n and m, respectively,
then f(x,y)g(x,y) is a homogeneous polynomial of degree n + m.
(c) Show that if f(x,y) is a homogeneous polynomial of degree n with real coefficients, then either the
equation f(x,y) = 0 has the unique solution x = y = 0, or it has infinitely many solutions, given by

the points on k lines through the origin, where 1 < k < n. [HINT. The solutions of f(x,y) = 0 are
related to the solutions of the equation g(z) = 0, where g(z) = f(z, 1).]






CHAPTER 5

Fourier Series

In this chapter, we provide a brief introduction to Fourier series, a topic which may be
new to many of you. Moreover, even those who have encountered Fourier series in earlier
courses are likely to be familiar mainly with Fourier sine and cosine series, whereas we
shall focus on complex Fourier series, in which the sine and cosine functions are replaced
by complex exponentials.

5.1. Definition

The usual definition of Fourier series starts with a p-periodic real function f (often
p = 2nr for convenience). The Fourier series of f then is

ao = .
> + Zl (a,, cos(2nnx/p) + b, s1n(27mx/p)), 5.1
where the coefficients ag, ay, b1, ..., a,, b,, ... are given by the formulas
2 [P 2 [P
a, = ;/ f(t) cos(2nnt/p) dt, b, = ;/ f(#) sin(2nnt/ p) dt. (5.2)
0 0

In these notes, we shall give preference to an alternative definition that uses complex ex-
ponentials instead of sines and cosines. Also, we shall allow our functions to be complex-
valued.

Definition 5.1. Let f : R — C be a 1-periodic function. The Fourier series of f is

oo N
. _ 2rinx _ 13 2minx
S(fix) = Z; cpe™™ = lim _Z_chne : (5.3)
where the coefficients ¢, are given by the formula
1
Cy = / feTndr  (neZ). (5.4)
0

5.2. Calculus of complex-valued functions

In order to make sense of the formulas in (5.3) and (5.4), we need to extend some
definitions from calculus to complex-valued functions. Let {z,},.,, z, = X, + iy,, be a
sequence of complex numbers. We say that this sequence converges to the complex number
¢ = a+1b, and write lim z, = c, if the two real sequences {x,},~, and {y,},~, converge to

n=1
n—oo

a and b, respectively:

lim(x, +iy,) =a+ib < limx,=a, limy, =b.
n—oo n—oo

n—oo

51
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Similarly, the series . | z, if the two real series > .~ x, and ) ., y, converge, and

o0 (] [ee]
E Zn = E X, +1 E Vn-
n=1 n=1 n=1

Furthermore, if f : D — C is a complex-valued function of a real argument, then it
can be expressed in the form f(¢) = u(¢) + iv(¢), where u and v are real functions defined
in the same domain D as the function f. We say that f is differentiable (resp., integrable)
if both u and v are differentiable (resp., integrable), and define the derivative f’(¢) and the

integral [” f(r)dt of f by

b b b
(@) =@ +1V (), /f(t)dtz/ u(t)dt+i/ v(t) dt.

With these definitions, most integration and differentiation rules from calculus remain true
for complex-valued functions. Below, we list some integration formulas for complex-
valued functions, which will be useful later.

Theorem 5.2 (Newton—Leibnitz). Let a,b € R and f : [a,b] — C have a continuous
derivative on [a, b]. Then

b
/ f@dt = f(b) - f(a).

Proor. Let f(¢) = u(t) + iv(¢). Then

b b b b
/f’(t)dtz/ (u’(t)+iv'(t))dt=/ u’(t)dt+i/ V' (t)dt.

Since u and v are real-valued functions, we can evaluate the two integrals on the right side
of the above identity by the fundamental theorem of calculus. We get

b
/ f@dt= (u(b) - u(a)) + i(v(b) - v(a)) = f(b) - f(a). O
Theorem 5.3. Suppose that a,b € R, o € Cand f, g : [a,b] — C are continuous on [a, b).
Then:
D [Pafayde=a [’ fe)ds;

ity [*(f@t)+g®)dt=[" f@ydr+ [ g(r)ds;

iii) ifa <c<b, then [" f(tydt = [ frydi + [ f(r)ds;

iv) if f is p-periodic and b — a = p, then fab f(Hdt = fop f(Hdt.

Theorem 5.4 (Integration by parts). Suppose that a,b € R and f,g : [a,b] — C have
continuous derivatives on [a, b]. Then

b b
/ f(ng'(ndt = f(b)g(b) - f(a)g(a) - / [ (g dt.

Example 5.5. Let o = p + ig be a nonzero complex number and f(f) = ¢*. Then
f(t) = (e cos gt + e singr)” = (e” cosqt)’ +i(e” singt)’
= (pe" cos gt — ge’ singt) +i(pe” sin gt + ge”" cos qr)
= (p +ig)e’ cos gt + (—q +ip)e” sin gt
= (p +ig)e’ cos gt +i(p + ig)e! sin gt

= (p +1ig)e” (cos gt + isingr) = ae” e = ae™.
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Hence, by Theorem[5.2]and part i) of Theorem

b b
/ e“dt =o' / F®dt=a’' (f(b) - fl@) =a ' (e — ™). (5.5)
Taking o = 2mim, a = 0 and b = 1, we obtain the following important formula.

Lemma 5.6. Let m € Z. Then
/1 eZnimt dt = 1 lfm = O’

5.3. An example
Example 5.7. Let f(x) be the 1-periodic function (see Figure[5.1]) defined by
f=x* (d<1/2),  fx+1)=f).

Let us compute the Fourier series of this function. When n # 0, we have
12

1
Cy = / f(t)e—2ﬂint dt — f(t)e—Zninz dt
0

-1/2
1/2 _1 [

— / tze—Znint dt = - / [2 d(e—Zﬂim‘>
~1/2 2min J_1)2

—1 12 oin 12 1 2 ~2rint g( 2
— [P [ e

2min 2min J_1)2
1 min _ 1 ,—nin 172
e — e 1 i
_ % +— te—2mnt dt
2min mn J_12
1 1/2 o -1 172 27
= — te™ ™" dt = 7/ td(e ™
min J_ip 2min)* J o1y ( )
1 axini1 1/2 L[ o
_ te” int - e—me‘ dt
222 [ }—1/2 2n2n? -1/2
1 i L i :
) le min Eemn _ 1 e—27rint dt = ﬂ
27212 2rn2n? ), 2mn?
Also,
. 12 172 1
o = / f(t) dt = f(t) dt = / t2 dt = —.
i i, 12 12
Hence,

. 1 1 (_l)neZﬂinx
S(f,x)zﬁ"‘ﬁziz .

n#0

Ficure 5.1. 1-periodic extension of f(x) = X2 lx <172
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Note that the above series is absolutely convergent: the series whose terms are the moduli
of the terms of S (f; x) is

N )
1 1 1 1 1 1 1
— + lim — -+ — ==+ —,
12 7 NS 22 Z} <n2 (—n)2> 22 ; 2
which is a convergent p-series (p = 2).

5.4. Representing functions by Fourier series

The question now arises: Is there a relation between f(x) and the sum S (f; x) of its
Fourier series? The next theorem establishes the connection between them. However,
before we state the theorem, we need to introduce some notation. We shall write

fla=0)=lim f(x) and f(a+0)= lim f(x)

for the left and right limits of f(x) as x — a. Also, we say that f has at most a jump
discontinuity at x = a, if both of the above limits exist. Note that this means that: either f
is continuous at x = a (then f(a—0) = f(a+0) = f(a)); or f has a removable discontinuity
at x = a (then f(a — 0) = f(a + 0) # f(a)); or f has a jump discontinuity at x = a (then
fla—=0) # f(a+0). If f: R — Cis a function such that every real number is at most a
jump discontinuity of f, then we define the function f : R — C by

JECEUR L)
When f is continuous at x = a, f is also continuous at x = a and f(a) = f(a). When f has
a removable discontinuity at x = a, f is continuous at x = a and f(a) equals the common
value of f(a + 0) and f(a —0). And when f has a jump discontinuity at x = a, f also has a
jump discontinuity at x = a and f(a) is the midpoint between f(a + 0) and f(a — 0).

(5.6)

Theorem 5.8. Suppose that f : R — C is a 1-periodic function that is continuous on
[0, 1], with the possible exception of a finite number of points ay, a, ... ,a, at which f has
at most jump discontinuities. Then the Fourier series of f converges for all x € R and
S(f;x) = f(x), where f is the function defined by (5.6).

Example 5.9. Returning to the Fourier series from Example we can now say that

1 1 (_l)neZKinx
2 _ 7 <1/2). v
X= st n§¢0 — (x < 1/2) (5.7)

Indeed, because the function f in Example is continuous at all real numbers, we have
f(x) = f(x) for all x € R. Hence, Theorem gives S(f;x) = f(x) for all x e R.
When x = 1, equation (5.7) gives
1 1 1 (=remn 1 1 1 1 1 1
—=— 4+ — — = — 4+ — —=—+ = =,
4 12 2x? ; n? 12 2n? ; n2 12 g2 ; n?

whence

i I n?

— n 6’
This formula was first proved by L. Euler in 1735. At the time, the question of com-
puting >, n~2 was an open problem known as the Basel problem. Before Euler, many
mathematicians had tried and failed to compute the sum of this series. Not only did Euler
succeed, but he was in fact able to find a method for computing the sums Y -, n=%* for all
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k € N. His solution of the Basel problem brought Euler instant fame and established him
as the premier mathematician of the day.

Example 5.10. Let f(x) be the 1-periodic function (see Figure[5.2)) defined by
fO=x (-1/2<x<1/2),  flx+1) = f(0).

When n # 0, we have
1/2

1
Cy = / f(t)e—zrrint dt — f(t)e—ZHint dt
0

-1/2

1/2 ) -1 1/2 )
— / te—Zmnl dt = - td(e—Zmnt)
~1/2 2min J_yp

1/2
-1 [te—Znint] 172 + 1
2min -1/2 2min -1/2

1 ,—nin 1 7in 1 +1
e ™+ e 1 iy -1
2 2 / e 2mint dt = (

0

e—2mnt dt

5 + ; —.
—2nin 2min 2min

1 172 1/2
co = / f(®dt = / f®dt = / tdr = 0.
0 -1/2 -1/2

Hence, the Fourier series of f is
-1 (_ 1 )n eZﬂinx
S(fix) = — —_—
(2 2mi ; n

Note that the above series is not absolutely convergent: the series whose terms are
the moduli of the terms of S (f; x) is essentially the harmonic series, which is divergent.
Nonetheless, the series S (f; x) converges and S (f;x) = f(x) for all real numbers except

for+1, 432 +3 . When x is one of these values, we have

Also,

=220
N . N
-1 (-1)'e™ =1 1
S(f;t+k)=lim — —— = lim — =0,
v ) N 2mi Z n N 2mi N
n#0 "a20

because the terms with opposite values of n in the last sum cancel each other. Notice that
this is consistent with Theorem [5.8} at the points of discontinuity of f, the Fourier series
converges not to f(x) (which equals —%) but to f(x) (which equals 0).

Ficure 5.2. The saw-tooth function
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5.5. Poisson’s summation formula

We start this section by defining the Fourier transform of a function.

Definition 5.11. Let f : R — C be a continuous function such that the improper integral
ff; | f(x)| dx is convergent. The Fourier transform of f, denoted f(y), is defined by

fo)= / ) F(x)e ™ dx.

00

The main result of the section is the following theorem.

Theorem 5.12 (Poisson’s summation formula). Let the function f : R — C be continuous
everywhere, except possibly for a finite number of points ay,as, ..., a, at which f has at
most jump discontinuities. Suppose also that at the points ay,as, . .. ,a,, we have

fa)) =5 (fa;=0)+ f(a; +0)),

and that the improper integral f_ozo |f(x)| dx converges. Then

> fm=> f,

n=—oo n=—o0o
where f(y) is the Fourier transform of f.

We do not prove Theorem [5.12]in these notes, but we do sketch the main idea of its
proof in a special case. Our next example is essentially the proof of the theorem when
f(x) = e for some ¢ > 0.

Example 5.13. Let r > 0 and define the function

0(x) =0(x; 1) = Z gm0’ (=00 < x < ).

m=—o00

By Exercise[5.8] the above series converges. Moreover, we have 0(x + 1) = 6(x), because
the mth term in the sum defining 6(x + 1) is the same as the (m + 1)th term in the sum
defining 0(x). Let us compute the nth Fourier coefficient of 0(x).

Suppose that |x| < % If M € N, we have

0(x) = 01(x; M) + 02(x; M),
where
M
01(x; M) = Z e ) (x; M) = Z iy
m=-M |m|>M
The nth Fourier coefficient of 0(x) is
12 4
n = / 0(x)e™ " dx = Iy (n, M) + Ix(n, M), (5.8)
-1/2
where

1/2 ) 1/2 ]
Li(n, M) = / 01(x; M)e ™™ dx,  L(n,M) = / 0,(x; M)e™ 2 dx.
-1/2 -1/2
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We find that
05(x; M) = Z (e—ﬂ'(m+x)2t 4 e—ﬂ(x—m)zz) <2 Z e—ﬂ(m—l/2)2t
m=M+1 m=M+1

o0 (o]
_ 2 _
:2§ :e n(k+1/2)zs2§ :e nklng’ say.
k=M k=M

Hence, Exercise[5.7] gives

172 , 12
Lm0l / [B20x; M)e™| dix < / e dx = ey, (5.9)
-172 -12
On the other hand,
M 1/2 , A
Li(n,M) = Z / e*”("ﬂx) l672mnx dx
m=—M -1/2
M m+1/2 ) '
= Z / e—ﬂu“te—Zmn(u—m) du (I/l N m)
m=—M m—=1/2
M m+1/2
= Z / e—mtzle—Zninu eZﬂinm du
e Jm=1/2 \:TJ
M+1/2 , A
= / e*ﬂu te—27r1nu du. (510)
-M-1/2

Combining (3.9) and (5.10), we conclude that

Jim (Ii(n, M) + Ly(n, M)) = / e e gy = (),

—00

where (f) is the Fourier transform of ¢p(u) = ¢(u; 1) = et
Since the left side of (3.8) is independent of M, by letting M — o in (5.8), we deduce
that ¢, = &)(n). Therefore, the Fourier series of 0(x) is

SO:x) = e,

n=—oo

As it can be shown (see Exercise [5.9) that 6(x) is continuous at all real x, it follows that

(&9 (o9
A . 2
0 =D dn+xin= Y e, ot =e™"
n=—oo n=—oo
5.6. Exercises
Exercise 5.1. Let f(x) be the 1-periodic function defined by
fo=x" <12,  fa+)=f).
(a) Find the Fourier series of f(x).
(b) Use part (a) to prove that >, nt = %n“.
Exercise 5.2. Let f(x) be the 1-periodic function defined by

f@=x" (x<1/2,  fl+1) = f0).

Use the Fourier series of f(x) to obtain a formula for 3o, n7°.
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Exercise 5.3. Let fi(x) be the 1-periodic function defined by
fi=2 <1/, fix+ D= fiw.

Use the Fourier series of fi(x) and mathematical induction to prove that Zf;l n~2k = Apn?*, where Ag is a
rational number.

Exercise 5.4. Prove Theorem[5.3]
Exercise 5.5. Prove Theorem[5.4]

Exercise 5.6. Use equation (3.3) to prove the formulas

/b o cos gt di = ePb(gsingb + p cos qb; - epza(q singa + p cos qa) ’
a p-+q
/b e sin gt di = ePb(psingb — g cos qb; - epz‘l(p singa — g cos qa) .
a p-tq
[Hint. Compare the real and imaginary parts of the two sides of (5.3).]

Remark. Let g : [a,b] — R. For each n € N, define a sequence of Riemann sums

n

Sa(®) =Y gla+kA)A, Ay =(b-a)n.
k=1

Recall from calculus that if g is continuous, then

b
/ g(x)dx = lim S,(g).
a n—oo

Exercise 5.7. Leta,b € Rand f : [a,b] — C be continuous. Prove that

b b
/ fxdx| < / [f(0ldx.

[HINT. Let f(x) = u(x)+iv(x). Use the above remark to write the left side of the inequality as | lim (S ,, () +iS ,(v))|.
n—oo

Then use the triangle inequality to show that the last limit is < lim S,(|f[). Complete the proof by using the
n—oo

remark one more time.]

. . _ 2 . a(e—m)?
Exercise 5.8. Let? > 0 and x € R. Prove that the series > s e ™™*9" and the series >_pp_; ¢ * ™! both
converge. Deduce that the series used to define the function 6(x; ) in Examplcmalso converges.

Exercise 5.9. The purpose of this exercise is to establish that the function 6(x) in Example@is continuous at
all real numbers. Let a be an arbitrary real number with |a| < 1. Since 0(x) is a 1-periodic function, it suffices to
show that it is continuous at any such a.
(a) Fix an € > 0. Prove that there exists an integer N such that for all x intherangea -1 <x<a+1,
we have

N
‘e(x)_ Z e—n(n+x)2t <

n=-N

€
3
. 2, . .
(b) Prove that the function 3 09" s continuous at x = a.
(¢) Use parts (a) and (b) to prove that there exists a number & > 0 such that
x—al<d = 10(x)-0(a)<ece.
Deduce that 0(x) is continuous at x = a.

Exercise 5.10. The purpose of this exercise is to establish the connection between the Fourier sine and cosine

series of a function and its complex Fourier series. Let f : R — R be a 1-periodic function. For n € Z, we define
the sequences

1 1 1
a, =2 / f(®cosnnt)dt, b, =2 / f(OsinQrnt)dt, ¢, = / F@e 27 gy,
0 0 0

(a) Show that ag = 2¢¢ and that, forn > 1, a, = ¢, + c—, and b, = i(c, — c_y).
(b) Use Euler’s formulas and part (a) to show that

N

N
ap . ;
> + E 1 (a,, cos(2rnx) + by, sm(27mx)) = g Nc,,ez’“”x.
n= n=-—



5.6. EXERCISES

Exercise 5.11. Let f : R — C be a continuous function such that f_ozo X2|f(x)| dx converges.
(a) Letx,ye R. Show that

e -1

L 5 (1 —=cos(xy) . xy-—sin(xy)
—ix = —yx > +i 5 .
y (xy) (xy)
Observe that the functions (1 — cos #)/#2 and (¢ — sin )/#% are bounded to deduce that
ixy _ 1
¢ = ix +yx’g(x, ),

where g(x,y) is a complex-valued function such that |g(x, y)| < C for some constant C > 0.
(b) Let f (v) be the Fourier transform of f, and let 7 € R. Use part (a) to show that

M - / h F()e™ 0 (=2mix) + d4n*ha g(~2mx, b)) dx,

where g is the function from part (a).

(c) Use part (b) and the bound for g from part (a) to prove that f(y) is differentiable and

f o) =-2ni / h xf(x)e” 0 dx.

—o0

Exercise 5.12. The purpose of this exercise is to compute the Fourier transform of the Gaussian density function
2
b)) =2

(a) Show that f_o; xze’xz/ 2dx converges.
(b) Use part (a) and Exercise[5.11]to show that

&' (y) = —2ni / xe 1272 g1y

—o0

(c) Note that xe 2 dx = —d (e"z/ 2) and use integration by parts to show that
/ xe—x2/2e—27riyx dx = —27Tiy/ e_xl/ze—zmyx dx.

(d) Combine parts (b) and (c) to show that J)(y) satisfies the differential equation &)’ = —4n2y<f). Deduce
that ¢(y) = ce=™ for some constant ¢ > 0.

(e) By part (d), $(0) = c. On the other hand, it is known from calculus and probability theory that

Deduce that $(y) = VZre 27",

Exercise 5.13. Let ¢(x;1) = ™ In Example(5.13| we showed that
D o= o).

()
nez nez

(a) Use Exercise|5.12]and a change of variables to show that (f)(y; 1= e /i
(b) Use part (a) and () above to show that the function

0= ™" (t>0)
nez
satisfies the identity 0(1/7) = v10(r). The function 0(¢) is a special case of Jacobi’s theta-function;

the identity is known as its transformation formula.

Exercise 5.14. Recall the Maclaurin series expansions of the sine and cosine functions: for all real x,
)C3 5

2n+1 X2 x4 xZn
31 = _—— ] - I‘li e Q = _—— —_— e e n e
sinx = x T + 51 + (1) e + s cosx =1 o0 + 0 +(—1) ) +
(a) Use the definition of ¢™* and the above Maclaurin expansions to prove that

i (" 7

1x _ —

¢ _z; o=l (x €R).

n=

This shows that the Maclaurin expansion of the real exponential e* can be extended to the the case
of complex exponentials e'*.

59
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(b) Recall that if Zf;o a, and Z;’;O b, are absolutely convergent series with real terms, then

00 [es] (S n
(Za)(Zon) =3 (s,
n=0 n=0 n=0 k=0
Show that this identity remain true for the series with complex terms.
(¢) Use parts (a) and (b), the Maclaurin expansion of e* and the binomial formula to prove that
2

. =7 z
e«:zazl+z+i+--- (z€Q).
n=0



CHAPTER 6

Algebraic Numbers And Algebraic Integers

6.1. Definition

Definition 6.1. An algebraic number is a complex number o that is a root of a polynomial
f(x) =ayx" + -+ + ajx + ag, where ay, ay, ...,a, € Q. An algebraic integer is a complex
number o that is a root of a polynomial f(x) = x" + by X"V + - + bix + by, where
bo, by, ...,b,—1 € Z. In this context, we refer to the elements of Z as rational integers.

Example 6.2. Every rational number m/n is algebraic, because it is the root of f(x) =
mx — n.
Every rational integer n is an algebraic integer, because it is root of f(x) = x — n.
Every root of unity { = 2mkin where k,n € Z, is an algebraic integer, because it is
root of f(x) = x" — 1.

Theorem 6.3. If a rational number r € Q is an algebraic integer, then r € Z.

Proor. Let r = p/q, where p,q € Z and (p,q) = 1. Since r is an algebraic integer,
there exist integers b, by, .. ., b, such that

(P/Q)" + ba_i(p/@)"" + -+ +bi(p/g) + by =0
= p'+bp" g+ +bipg +bog" =0
= P =q(=bpap" = —bipg" = bog"").

It follows that ¢ | p”, whence (g, p") = |g|. On the other hand, since (p,q) = 1, Corol-
lary gives (¢, p") = 1. We conclude that ¢ = +1, and hence, r € Z. O

6.2. The ring of algebraic integers

In this section, we shall show that the set of all algebraic complex numbers is a field
and the set of algebraic integers is a commutative ring.

Lemma 6.4. Let 01,0,,...,0, be complex numbers, not all equal to 0, and define the set
M =M(©0,06,,...,0,) = {6161 + 0+ +¢,0, | c1,62,...,c € Q}.
If a € Cis such that 00; € M for j = 1,2,...,n, then o is an algebraic number.
Proor. Since a0; € M, we have
a0; = ¢ 101 +cpby + -+ +¢;,0, for some ¢;; € Q.

Combining these identities, we find that 61, 05, ..., 0, is a nontrivial solution of the homo-
geneous linear system

AX=0ax & A-aDx=0,

61
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where A is the square matrix A = [¢;;]. The above system has nontrivial solutions if and
only if

Cip —a C12 Cln
21 Cp—a --- Con 0
Cnl Cn2 e Con — Q

The value of the determinant is an expression of the form
(=D + @y "+ -+ aja + ag,

where each qy is a rational number, because it is a finite sum of products of ¢;;’s. Therefore,
o is a root of a polynomial with rational coefficients. O

Theorem 6.5. Let oo and P be nonzero algebraic numbers. Then so are a.+ B, aff, B~ and

a/p.
Of course, if a or 8 is zero, o + 3 and of} are also algebraic.

Proor. Suppose that
apo" + -+ aa+ap =0, buP™ + -+ b1+ by =0,
where ag, ay,...,a,,bo,b1,...,b, € Q, a, # 0, and b,, # 0. It follows that
o' =a, 0" + -+ adjo+ ap, " = b, ™ + -+ b\p + b, (6.1)
where a;, = —ay/a, and b}, = —by/b,,. Let M be the set of all sums of the form

n— -1

3

1
cijol B, (6.2)
=0 j
with coefficients ¢;; € Q. Note that M is a set of the type considered in Lemma
To prove that o+ f3 is algebraic, we show that (o +)a'f/ € M foralli =0,1,...,n—1
and j=0,1,...,m— 1, and then we apply the lemma. We have

((X+ B)alﬁj — O{H]Bj + (Xiﬁj-H.
When i < n—1and j < m—1, the sum on the right is of the form (6.2)) with ¢j1 ; = ¢; j+1 = 1

and all the other coefficients equal to 0. Wheni =n—1and j < m — 1, we use (6.1) to
obtain

Il
f=}

o'B + o B = a o B+ dfaB + agB + B

and the sum on the right is again of the form (6.2)). Similarly, wheni <n—1and j = m—1
ori=n-1and j=m- 1, we can use to express the sum o’/ + "' B/*! in the form
(6.2). This proves that o + {3 is algebraic.

The proofs that a —  and af are algebraic are similar; f~! is algebraic, because it is
a root of the polynomial byx" + by x*~! + --- + b,,, which has rational coefficients. Finally,
to show that o/ is algebraic, we observe that it is the product of o and B!, both of which
are algebraic. O

The proofs of the next two results are similar to those of Lemma|[6.4]and Theorem|[6.5]
so we leave them as exercises.

Lemma 6.6. Let 01,0,,...,0, be complex numbers, not all equal to 0, and define the set
M =M(@0,,0,,...,0,) = {0161 +c0,+---+¢,0, | c1,c2,...,Cy EZ}.

Ifo.€ Cis such that 00; € M for j = 1,2,...,n, then o.is an algebraic integer.
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Theorem 6.7. Let o and B be algebraic integers. Then so are o. = § and aof.

Remark. In the terminology of abstract algebra, Theorems [6.5] and [6.7] establish that the
set of algebraic numbers and the set of algebraic integers are, respectively, a subfield and a
subring of the field of complex numbers.

6.3. Congruences between algebraic integers

Let Q denote the ring of all algebraic integers.

Definition 6.8. Let w € Q, with w # 0, and let a, p € Q. We say that a is congruent to {3
modulo w, and write oo = B (mod w), if & — f = @ for some 1 € Q.

Remark. Suppose that a,b € Z and m € N. Then a,b and m belong also to Q, so the
notation @ = b (mod m) now has a double meaning: according to Theorem[I.20} it means
that a — b = mk for some k € Z; and according to the above definition, it means that
a — b = my for some 1 € Q. The ambiguity is, however, superficial. Indeed, if a — b = mn,
with a,b,m € Z, m # 0 and 1 € Q, then

n=(@-b)/meQnNQ.
Therefore, it follows from Theorem@]that if a — b = mm, with n) € Q, then in fact, 1 € Z.

The next theorem summarizes some basic properties of congruences between alge-
braic integers. Note the similarities between the properties below and the properties of
congruence modulo a rational integer m listed in Theorem [I.21] The proof of the theorem
is also similar to the proof of Theorem [I.21] so we leave it as an exercise.

Theorem 6.9. Let w € Q, with o # 0, and o, B,v,0 € Q. Then:

1) a=a (mod w);
il) ifa=f (mod w), then f = o (mod w);
iii) ifa =P (mod w) and f =y (mod w), then o =y (mod w);
iv) ifa=f (mod w) andy =98 (mod w), thena+y =P+ 0 (mod w);
v) ifo. =P (mod w) andy =906 (mod w), then ay = fO (mod ).

Lemma 6.10. Let p be a prime number and let o, 3 € Q. Then
(a+B)YP =ao?+p” (mod p).

Proor. By the binomial theorem,

p—1
(a+ PP =af +p7 + (i) ock[:}”‘k.
1

=~
]

By Exercise (f) =0 (mod p) forall k = 1,2,..., p — 1, so multiple applications of
parts iv) and v) of Theorem [6.9]show that

p—1

> <Z) opP*=0 (modp) = (a+P)P=0o”+p" (mod p).

k=1
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6.4. A proof of Theorem 2.17]

Let / = ¢¥/3 and 7 = £ + ¢! Note that / and /! are algebraic integers, since both
are roots of the polynomial x* + 1. Also, T € Q by Theorem Furthermore, we have

=424 =424 =42 -i=2.

Raising both sides of the above identity to the (p — 1)/2 power and using Euler’s criterion,
we obtain

2
- (TZ)(P*I)/2 =2-D/2 o <p) (mod p),

P+l = (i) 2= <i> 2 (mod p). (6.3)

Next, we make use of congruences between algebraic integers. By Lemma([6.10]

=+ =+ (mod p),

whence

whence,
= (P + )T (mod p).
Note that the value of the sum {” + {77 depends only on the residue class of p modulo 8:
) Y
PP = §3+§ . ?fp=i1 (mod ),
£+ ifp=4+3 (mod 8).
Thus, when p = =1 (mod 8), we have
=72 =2 (mod p);

and when p = £3 (mod 8), we have

= ((3 +(3) (g_'_(l) —A P2+t =22 (mod p).

Since the expression (p? — 1)/8 is even when p = +1 (mod 8) and odd when p = +3
(mod 8), we can summarize the above computation as

P = (=)P*=VB82 (mod p).
Comparing this congruence with (6.3]), we deduce that

<;) 2=(=DPVB2 (mod p).

We proved this congruence as a congruence between algebraic integers, but since both
sides and the modulus are in Z, our earlier remark shows that the same congruence holds
modulo p. Since (2, p) = 1, we can now cancel the 2’s from the last congruence to obtain

2

() = (=1)"DB  (mod p).

4

Since both sides of this congruence are equal to 1 or —1, their difference is +2 or 0. Since

that difference must be divisible by p > 2, it can only equal 0 and Theorem follows.
O
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6.5. Exercises
Exercise 6.1. Let m,n € N. Show that 4/m is an algebraic integer.

Exercise 6.2. Show that V2 + V7 is an algebraic integer without using Theorern

Exercise 6.3. Show that \/W - m is an algebraic integer without using Theorem
Exercise 6.4. Provide the details of the proof of Theorem@fer af.

Exercise 6.5. Prove Lemmal[6.6]

Exercise 6.6. Prove Theorem[6.7]

Exercise 6.7. Prove Theorem[6.9]

Recall that a set X is called countable if either X is finite, or there exists a bijection from X onto N, the set
of natural numbers. Recall also the following fact.

IfX1,X2,..., Xy, ... are countable sets, then their union U, X, is also countable.

Exercise 6.8. The purpose of this exercise is to show that the set = of all algebraic numbers is countable.
(a) Let E, be the set of algebraic numbers o that satisfy polynomial equations over Q of degrees < n,

and” +---+aja+ap =0 (a; € Q).

Show that E,, is countable.

(b) Use part (a) and the above fact to show that = is countable.

(c) Use part (b) to show that there exist complex numbers that are not algebraic (such numbers are called
transcendental).

Exercise 6.9. Let a € C be algebraic, and let p(x) € Q[x] be a non-zero polynomial with rational coefficients
that has the least degree among all polynomials that have o as a root. Then any polynomial f(x) € Q[x] such that
f(a) = 0is divisible by p(x).

Exercise 6.10. Consider C with the operation of addition of complex numbers and the operation of multiplication
of complex numbers by rationals.

(a) Show that C, with the above operations, is a linear space over Q.

(b) Show that the set E of all algebraic numbers is a linear subspace of the linear space from part (a).
The purpose of the remainder of the exercise is to show that = is an infinite-dimensional subspace.

(c) Show if the linear subspace = from part (b) is n-dimensional, then every algebraic number a satisfies
a polynomial equation with rational coefficients and of degree at most n.

(d) Let{ = ¥/ m e N, andlet p(x) = x* + ar_ 1 x¥"! +--- + a;x + ap € Q[x] be the monic polynomial
of least degree that has { as its root. Use Exercise@to show that p(x) divides x™ — 1. Deduce that
all the roots of p(x) are of the form ¢/, [ € N.

(e) Use part (d) to show that |a;| < (lj‘) forall j=0,1,...,k— 1.

(f) Use parts (c) and (e) to show that if = is an n-dimensional subspace of C, then there are only a finite
number of distinct numbers of the form ¢ = e2mim 1y e N. Observe that the numbers of this form
are, in fact, pairwise distinct, and deduce that = must be an infinite-dimensional subspace of C.






CHAPTER 7

Proofs Of The Law Of Quadratic Reciprocity

This chapter consists of a series of exercises that develop six proofs of the law of
quadratic reciprocity.

7.1. S.Y. Kim’s elementary proof

Our first proof is a relatively recent one: it was published by S.Y. Kim in 2004ﬂ It uses
only elementary properties of congruences and some basic combinatorics. It also uses the
results of Exercises 2.7]and

Exercise 7.1 (First proof of the law of quadratic reciprocity). Let p and ¢ be distinct odd
primes and define

R={aeN|1<a<i(pg-1), (apg =1}, 1'[=Ha.
(a) Provethat T C S and that R =S — T, where ack

S={aeN|l<a<i(pg-1), (ap) =1}, T={q2q....5(p-1yq}.

(b) Use part (a), Wilson’s theorem (Exercise @]) and Euler’s criterion to prove that
M= (—1)<q-'>/2(%) (mod p).

(¢) By switching the roles of p and ¢ in part (b), show that IT = (—1)(”")/2(5)
(mod g).

(d) Use parts (b) and (c) to prove that (—1)(’1’1)/2(%) = (—1)(1”1)/2(5) if and only if
II==+1 (mod pg).

(e) Let U = {a €R|a*=+1 (mod pq)}. Prove that IT = + [ a (mod pg).

acU
[Hint. For any a € R, exactly one of a or pg — a is also an element of R. Denote

that element of R by a*. Then aa® = =1 (mod pgq) for all a € R. Pair the elements
of R — U into pairs a,a*.]

(f) By Exercise the congruence x> = 1 (mod pgq) has four solutions: +1 and +a.
for some integer a.. Show that only two of these four solutions are congruent to
integers in U: 1 and one of o and —a..

(g) Use Exercise[2.7]and Corollary [2.13to prove that when p = 3 (mod 4) or g = 3
(mod 4), the congruence x*> = —1 (mod pg) has no solution.

(h) Use Exercise[2.7]and Corollary [2.13]to prove that when p = g = 1 (mod 4), the
congruence x*> = —1 (mod pg) has four solutions.

(i) Let p = ¢ = 1 (mod 4) and let B be one of the four solutions of x> = —1
(mod pq). Prove that the other three solutions are —3 and +af3, where a is the
integer from part (f). Show that only two of these four solutions are congruent to
integers in U: one of § and —f and one of aff or —af3.

!An Elementary Proof of the Quadratic Reciprocity Law, Amer: Math. Monthly 111 (2004), 48-50.
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(j) Use parts (e)—(i) to prove that IT = +1 (mod pq) if and only if p = ¢ = 1
(mod 4).
[Hint. The set U is either {1, xa} or {1, xa, *f, *xaf}, where each % denotes either
+ or — sign.]

(k) Use parts (d) and (j) to prove that (—1)("")/2(%) = (—1)(1"1)/2(5) if and only if
p=qg=1 (mod 4).

(I) Deduce the law of quadratic reciprocity from part (k).

7.2. Eisenstein’s lemma and counting lattice points

Our second proof of the law of quadratic reciprocity is a variant of one of Gauss’s
proofs. It uses a lemma of the German mathematician Eisenstein and a counting argument
for lattice points in the plane.

Exercise 7.2 (FEisenstein’s lemma). Let p be an odd prime and a an odd integer with
(a, p) = 1, and define
(p—-1D/2
T(a,p)= »_ Lja/pl.
j=1
(a) Forj= 1,2,...,%(p—1),letja = pq+r;with0 < r; < p. Show that g; = [ ja/p]

and r; # 0.
(b) Define
o if0<r;<p/2,
= p-—rj ifp/2<r;<p.
Prove that uy, us, . .., uc,-1y,2 are pairwise distinct. Deduce that

23] +u2+-~+u(p_])/2 = 1+2+"'+%(p— 1)
(c) Let u be the number from the statement of Gauss’ lemma. Prove that
rotrp+trp-np =S U Uyt Up-pp2 T U (mod 2).
[HINT. p—uj=u; + 1 (mod 2).]
(d) Use parts (a), (b) and (c) to prove that
(p—D/2 (p-1)/2
a ) j=pT@p+ Y j+p (mod2).
Jj=1 j=1
Deduce that T(a, p) = n (mod 2).
(e) Use part (d) and Gauss’ lemma to prove that (%) = (-1)T@p),
Exercise 7.3 (Second proof of the law of quadratic reciprocity). Let p and g be dis-
tinct odd primes and let R be the rectangle with vertices O(0, 0), A(p/2,0), B(0, g/2) and
C(p/2,q/2).
(a) Prove that the number of lattice points (that is, points (x,y) with integer coordi-
nates) inside Ris 2(p — 1) - 2(g - D).
(b) Prove that there are no lattice points on the diagonal OC of R.
(c) Let T(a, p) be the quantity defined in Exercise Prove that the number of
lattice points inside the triangle T with vertices O, A and C is T(q, p).
(d) Prove that the number of lattice points inside the triangle T, with vertices O, B
and Cis T(p, q).
(e) Use parts (a)~(d) to prove that T(p,q) + T(q. p) = 3(p— 1) - (g - D).
(f) Deduce the law of quadratic reciprocity from part (e) and Exercise [7.2)e).
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7.3. Another proof of Eisenstein’s
In this section, we present a proof published by Eisenstein in 184ﬂ

Exercise 7.4 (Third proof of the law of quadratic reciprocity). Let p and g be distinct odd
primes. Define the function f(z) = €*™ — ¢ = 2isin(2nz), where i = V-1.

(a) Prove that if n € N is odd, then x" — y" = [[}=y (fx— ¢~ y) where ¢ = e¥/",
[Hint. Consider both sides of the identity as polynomlals in x. Show that those
polynomials have the same roots and the same leading coefficients.]

(b) Use part (a) to prove that if n € N is odd, then

(n=1)/2
=@-y) [ (x=2") (Fx=2y).
k=1
[HiNt. If k > n/2,then j=n—k <n/2and t*x — ¢y = Ix = ¢y.]

(¢) Prove that f(z+ 1) = f(2) and f(-z) = —f(z), and that the only real zeros of f(z)
are the numbers n/2, where 7 is an integer.

(d) Prove that if n € N is odd, then

(n-1)/2
o () (=3)
1@ H ! ( Tn)
[Hint. Use the identity from part (b) with x = €% and y = e~27%]
(e) Prove thatif (a, p) = 1, then

(p-1)/2 ja (p-1)/2 .
I(5)=(5) I o(5):
[HINT. Forj=1,2,...,§(p—1),deﬁnerj€{1,2,...,§(p—1)}andsj=il as in

Exercise [2.8{a). Prove that f(ja/p) = f(erj/p) = &;f(r;/p). Take the product
of these identities, then use Exercise a, b) and Gauss’ lemma.]

(f) Prove that
(g-D/2 (p-1)/2 j ik
()= I (5-5)r(5-5)

[Hint. By part (¢) witha = ¢, (£) = [12,"" f(ja/p)/ f(j/p). Apply the identity
in part (d) withn =gand z = j/p to the Jjth factor of the last product.]

(g) Use part (f) and the analogous expression for ( ) to prove the law of quadratic
reciprocity.

7.4. An algebraic proof: Gauss sums are algebraic integers
Recall that the Gauss sum is defined for m € N and a € Z by

m
G(m,a) =Y _ e¥iaim, (7.1)

n=1
In this section, we present a proof that uses some algebraic properties of G(m, a). In par-
ticular, we use that G(m, a) is an algebraic integer.

2Application de I’algebre a I’arithmétique transcendante, J. Reine Angew. Math. 29 (1845), 177-184.
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Exercise 7.5 (Fourth proof of the law of quadratic reciprocity). Let p and ¢ be distinct odd
primes and let G(m, a) be the sum defined in (7). Also, set p* = (=1)*=D/2p,

(a) Use Exercise[I.14]to show that the numbers
S (1<n < pg)
are the same as
2mitax+py)’Ipa (I1<x<p 1<y<g.

(b) Use part (a) to prove that G(pg, 1) = G(p, 9)G(q, p).
(¢) Let (a, p) = 1. Prove that

p-1
=55 (2) .

x=1

[HinT. Show that G(p,a) =1 +2 Zr e¥mMarlp where r runs through the quadratic
residues modulo p. Then show that (%) +1 equals 2 when x is a quadratic residue
and 0 when x is a quadratic nonresidue. Deduce that G(p,a) = 1+ 77} ((3)+
1)eax/P Use Lemmato complete the proof.]

(d) Let (a, p) = 1. Use part (c) to prove that G(p,a) = (g)G(p, 1).
[Hint. By Theorem [I.31] as x runs through 1,2,..., p — 1, the products ax also
run through a reduced residue system modulo p.]

(e) Show that G(p, 1) = G(p, —1) (the bar denotes complex conjugation). Use this
identity and part (d) to prove that |G(p, 1)]*> = (%)G(p, 1)32.

(f) Use part (e), Corollary and Theorem m to prove that G(p, 1)> = p*.

(g) Use part (f) and Euler’s criterion to prove that G(p, 1)?°! = (%) (mod g).

(h) Prove that G(p, 1) is an algebraic integer.

(i) Prove that G(p,1)? = G(p,q) (mod g). Use this congruence and part (d) to
deduce that G(p, 1) = (%)G(p, 1) (mod g).

(j) Use parts (f), (g) and (i) to prove that G(p, 1)?*! = (%)p* = (%)p* (mod g).

(k) Observe that (p*, ¢) = 1 and deduce from part (j) that (%) = (%) (mod q).
(1) Use part (k) to prove that (%) = (%)
(m) Deduce the law of quadratic reciprocity from part (1).

7.5. A proof using the formula for the Gauss sum

In this section, we demonstrate that the law of quadratic reciprocity follows from a
closed formula for the Gauss sum (7.I). The idea goes back to Gauss. Note that there is
some overlap between this proof and the previous one, but this proof requires the exact

formula in Theorem [2.21] In the following two sections, we present two different proofs
of that formula.

Exercise 7.6 (Fifth proof of the law of quadratic reciprocity). Let p and g be distinct odd
primes. For m € N and a € Z, define

m
G(m,a) = Z g2mant(m,

n=1

(a) Use Exercise[I.14]to show that the numbers

2rin’ Ipa (1<n<pg
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are the same as
eZni(qx+p)')2/M (1 <x< D, 1< y < q)

(b) Use part (a) to prove that G(pg, 1) = G(p, 9)G(q, p).
(¢) Let (a, p) = 1. Prove that

p-1
= 55 (£) .

x=1

[Hvt. Show that G(p,a) = 1 +2 ", ¢*%/P where r runs through the quadratic
residues modulo p. Then show that (%) +1 equals 2 when x is a quadratic residue
and 0 when x is a quadratic nonresidue. Deduce that G(p,a) = 1+ 77} ((3)+
1)e?ax/P, Use Lemmato complete the proof.]

(d) Let (a, p) = 1. Use part (c) to prove that G(p, a) = (g)G(p, 1).
[Hint. By Theorem as x runs through 1,2, ..., p — 1, the products ax also
run through a reduced residue system modulo p.]

(e) Use parts (b) and (d) to prove that G(pg, 1) = (g) (%)G(p, 1)G(q, 1).

(f) Deduce the law of quadratic reciprocity from part (e) and the explicit formula for
G(m, 1) in Theorem 2.21]

7.6. An evaluation of the Gauss sum using Fourier series

In this section, we deduce Theorem from Poisson’s summation formula (Theo-

rem[5.12).
Exercise 7.7 (First evaluation of the Gauss sum). Suppose that m is a positive integer.
(a) Define the function f : R — C by

So(x = 0) + fo(x + 0)’ fox) = {"’MXZ/'" if0<x<m,

fx) =

2 0 otherwise.

Apply Poisson’s summation formula to f to prove that

G _ —nimnz/Z /el 27rimy2
(m)=m Z e e dy. (%)

nez -n/2

(b) Show that the improper integral y = ff; 2 dt i convergent if and only if the
improper integrals
/ * sin(2mu) du and * cos(2mu) du
1 Vu 1 Vu

are both convergent.
(c) The following test for convergence of improper integrals is due to Dirichlet:

Let f and g be functions continuous on the interval [a, o) and such that:
1) there is a number K > 0 such that | fab f(x) dx| <K forallb > a;
ii) g is a decreasing function and lim g(x) = 0.
X—00
Then the improper integral fam f(x)g(x)dx is convergent.

Use Dirichlet’s test and part (b) to show that the improper integral v is conver-
gent.



72 7. PROOFS OF THE LAW OF QUADRATIC RECIPROCITY

(d) Use part (a) to prove that G(m) = y(1 +1i™™) y/m. [Hint. The contribution to the

. . Zktl o o
sum in (*) from the even values of nis ), f_kk+ ¢¥m” gy, and the contribution

from the odd values of nisi™ ", fjfll/zz e¥m” gy

(e) Deduce Theorem from part (d).

7.7. An evaluation of the Gauss sum using matrices

Note that our fifth proof of the quadratic reciprocity law requires Theorem [2.21] only
in the special cases m = p, m = q and m = pq. In this section, we give another proof
of Theorem in those special cases. This proof uses linear algebra over the complex
numbers.

Exercise 7.8 (Second evaluation of the Gauss sum). Let m be an odd integer, and A be the
m X m matrix with entries e/¥/™ (0 < j k < m — 1: that is, the entry in the (j + 1,k + 1)
position of A is 27 /k/m,

(a) Show that G(m, 1) = Z;":] Aj, where Ai, Ay, ..., Ay, are the eigenvalues of A.
(b) Use Lemma3.25]to prove that

m 0 --- 0 0 0 m

0 0 m 0
AT = | . ,  where B =

: B : o

0 m -+ 0 0

(c) Prove that the characteristic polynomial of A2 is —(x — m)"™+D/2(x + m)m=D/2,

[Hint. See Exercise [d.18}]

(d) Show that among the eigenvalues }\%, )\%, ..., A2, of A? there are (m + 1)/2 equal
to m and (m — 1)/2 equal to —m. Deduce that all the eigenvalues of A are of the
forms + /m or +iy/m and use part (a) to show that

G(m, 1) = ((a = b) + (c — d)i)Vm, ()

where a, b, c and d are the numbers of eigenvalues of A equal to /m, — \m, ivim
and —i+/m, respectively.

(e) Showthata+b=(m+1)/2andc+d = (m—1)/2 and that detA = MAy--- N, =
i2b+c—dmm/2.

(f) Use part (c) to show that det A% = (=1)""=D/2p Deduce that
detA = +{"m= D2/,
(g) Use Theorem@]to evaluate det A. Then use the identity
e HIm — il = (1) DM sin (n(k — j)/m)
to obtain that

detA =i""V2 T (2sin (nk - j)/m).

0<j<k<m—1

(h) Combine parts (f) and (g) to show that det A = i”"=1/2+/pym.

(i) Let p be an odd prime. Show that G(p, 1) = G(p, —1) (the bar denotes complex
conjugation). Use this identity and Exercise d) to prove that |G(p, D)? =
(=H)G(p. 1™

P
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(j) Use part (i), Corollary and Theorem to show that G(p, 1)> = (=1)?~D/2p,
Deduce that

+ ifp=1 (mod 4),
Gp.1y={ VP 1P =
iy/p if p=3 (mod 4).
(k) For m = p, use parts (d) and (j) to prove that:
a=b+1, c=d when p=1 (mod 4);
a=>b, c=d=+1 when p =3 (mod 4).
(I) Use parts (e), (h) and (k) to deduce from (x) that
G(p,1) = 1(17—1)2/4\/1—7 _ \/ﬁ %fp =1 (mod 4),
iyp ifp=3 (mod 4).

(m) Let p and g be two distinct odd primes. Use part (j) and Exercise[7.6{e) to prove
that G(pq, 1)> = (=1)?~D/2+@=D12 py Deduce that

G~ (LN ey
(n) For m = pgq, use parts (d) and (m) to prove that
a=b+1l, c=d when p =g (mod 4),
a=>b, c=d=+1 when p #¢g (mod 4).
(0) Use parts (e), (h) and (n) to deduce from (x) that

Vpg ifp=gq (mod4),

G(pg, 1) = i(Pq—1)2/4 —
(pg. 1) \Z ivpg ifp#q (mod4).

7.8. A proof using polynomials and resultants

Exercise 7.9 (Sixth proof of the quadratic reciprocity law). Given variables x,y and an
integer k > 1, define the polynomials

or=x+y, 03=2xy, Sk:xk+yk.
Throughout this exercise, m and n denote odd positive integers and p an odd prime.
(a) Show that§, = o0T,, where
Tn — xn—l _ xn—Zy Foeee— xyn—2 +yn—1.
Use the fundamental theorem for symmetric polynomials to deduce that
Sn = o1 fulot, 02,
where f,(u,v) is a homogeneous polynomial with integer coefficients of degree
(n—1)/2.
(b) Let f,(u,v) be the homogeneous polynomial from part (a), and define f,(z) by
f2(2) = fu(z, 1). Show that f,(z) is a monic polynomial with integer coefficients
of degree (n — 1)/2 and f£,(0) = (=1)®D/25. [Hit. Use S,(x,0) and S ,,(x, —x).]
(¢) Use the binomial theorem to show that §, = o-f + pG(x,y), where G(x,y) is

a homogeneous polynomial with integer coeflicients of degree p which is also
symmetric in x and y.
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(d) Let f,(z) be the polynomial from part (b). Write
(p-3)/2
F@ =274 Y T ed (e D).
k=0
Use part (c) and the fundamental theorem for symmetric polynomials to show
that p divides all the coeflicient ¢z, 0 < k < (p — 1)/2. Deduce that

res(fy, f,) = res (fn,z(p*l)/z) (mod p).
(e) Use part (b), Exercise and the properties of resultants to show that
res (fn 2D12) = nP-DI2,

(f) Use parts (d) and (e) and Euler’s criterion to show that if (n, p) = 1, then

res(fu, f) = (Z) (mod p).

(g) Show thatif (m,n) = 1, then 1 is the only common root of the polynomials 7" — 1
and 7" — 1. Deduce that ged(z" - 1,7" - 1) =z - 1.

(h) Let (m,n) = 1. Use part (g) and the analog of Theorem [I.10| for polynomials
to show that there exist polynomials P(z) and Q(z) with integer coefficients such
thatz— 1 = P(2)(z" - 1) + Q(2)(Z" - 1).

(i) Let (m,n) = 1. Apply the result of part (h) with z = —x/y to show that there exist
an integer k and homogeneous polynomials with integer coefficients H(x,y) and
K(x,y) such that 0'1yk =Hx, S, + K(x,y)S,.

(j) Let (m,n) = 1. Use the result of part (i) to derive the identities

o Y = K HGGY)S )+ K(x,0)S ),
o1 X = Y (H(y, 08 + K, 0 ).

Use these identities to show that there exist homogeneous symmetric polynomi-
als with integer coefficients M(x, y) and N(x,y) such that

O'%O'g = M(x’y)sm +N(x7y)Sn~

(k) Use the fundamental theorem for symmetric polynomials to show that the poly-
nomials M(x,y) and N(x,y) in part (j) can be rewritten as o U (o-%, 0,) and
o V(o-%, o), respectively, where U (u, v) and V(u, v) are also homogeneous poly-
nomials with integer coefficients. Deduce that

0} = U0, 02) ful07,02) + V(071, 02) [0, 072).
(1) Use part (k) to show that if (m,n) = 1, then there exist polynomials U(z) and

V(z) with integer coefficients such that U(z) f,,(z) + V(2)f(z) = 1.
(m) Use part (1) and Proposition[d.25|to show that if (m, n) = 1, then

res(fum, fu)res(fm, V) = 1.

Since both resultants are integers, deduce that res(f,,, f,) = 1. [HINT. Start
from res(f,,, 1) = 1.]

(n) Combine parts (f) and (m) to show that if (n, p) = 1, then (%) = r1es(fn, fp)-

(0) Deduce the law of quadratic reciprocity from part (n) and Proposition .25
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